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OI'JIABJIEHUE

BBEIEHUE

I'TABA I

IIPOCTEWNIIINE MATEMATUYECKUE MOJIIEJIN
M OCHOBHDBIE ITOHATUSA
MATEMATUYECKOI'O MOOEJIMPOBAHUS

§ 1. DjeMeHTapHBIE MAaTEMATUUECCKUE MOOEIIN

1. dynnamenrTanbHble 3aKOHBI npuponsbr (11). 2. Bapwmanmuonnsie npuununsr (16).
3. Ilpumenenme amasormii mpu noctpoenmm Mmonesen (19). 4. Mepapxmueckuin mom-
xom K mostyuenuio monesieir (21). 5. O HenmuenmHOCTM MaTeMaTudeckux momesnen (23).
6. IlpenBapurenbHbIe BHIBOAEL (25). Ynpaxuenus (26).

§ 2. Ilpumepsr Momeseli, MOJIyYaeMbIX 13 QYyHAAMEHTAJIBHBIX 3aKOHOB IIPUPOMBI
1. TpaexTopus BCIIIBITUA HOABOLHON jonku (26). 2. OTKIIOHEHNE 3aDXKEHHON YaCTHU-
OBl B JIEKTPOHHO-nyueson TpyOke (28). 3. Kone6anusa konen Carypua (30). 4. IIen-
JKEHUe MIAPUKAa, MPUCOEOUHEHHOrO K npyxuue (32). 5. 3axmouenue (33). Ynopaxue-
aus (34).

§ 3. BapumanmoHHBbIE IIPUHIXNBI ¥ MAaTEMATUIECKUE MOIEITU
1. O6masn cxema npuuHnuna [lamumnasrona (34). 2. Tperuin cnocolb mONydeHUs MOLE-
Ju CuCTeMbl «urapuk—upyxuaa» (35). 3. Kone6anus MasTHUKA B IOJE CHII TAXKEC-
T (37). 4. Bakmouenune (39). Ynpaxnenus (40).

§ 4. Ilpmmep mepapxuu Momesen
1. Paznmunble BADUAHTHI OeACTBUs 3ananHon BHemHen cubl (40). 2. IIBuxkenne TO4-
KU KPeIrJIeHus, IpPYyXUHA Ha Bpamatomemcs crepxkue (41). 3. Yuer cui Tpenus (42).
4. IIpa TuUma HEJIWHENHBIX MOIEJIEll CUCTEMBbl «IIapUK—IOpyxkuHa» (44). 5. 3akmoue-
aue (47). Ynpaxuenus (47).

§ 5. YHUBEPCAJIPHOCTH MATEMATUUECKUX MOLEJIeN

1. 2Kunxoctes B U-o6pasuom cocyme (48). 2. KonebaTenbHbIN 3JIEKTPUYECKUN KOH-
Typ (50). 3. Masnsre kome6anmus NpW B3aMMONENCTBUU ABYX OMOJIOTWHUECKWX ITOITYJISA-
nuni (50). 4. [IpocTeitmas MOOenb U3MEHEHM 3apmaaThl u 3auatoctu (51). 5. 3akmro-
uenue (52). Yupaxuenus (52).

§ 6. HekoTopble MOmenm mpOCTENININX HEJIUHENHBIX 00HEKTOB

1. O mpoucxoxnmenun uHemuuennocTU (53). 2. Tpum pexuMa B HEIMHENHON MOOEIIU
nonynauum (53). 3. BramsHue CUIBHON HEJIMHEAHOCTH HA Hpouecc kosebammii (55).
4. O uucnennbix metonax (56). Ynpaxumenus (57).

I'TABA II

IIOJIYUEHMUE MOIEJIEN
N3 ®YHIAMEHTAJIbHBIX 3AKOHOB IIPUPOIOBI

§ 1. CoxpaHeHMe MAaCCHI BEIIIECTBA,

1. ITorok wactun B TpyGe (58). 2. OCHOBHBIE NPENIONIOXNKEHUSI O TPABUTAMUOHHOM
pexume TeueHus rpyHToBbIx Bon (60). 3. Bamanc maccer B smemente rpyuta (61).
4. 3ameikaHue 3ak0HA coxpaneHus Macchl (63). 5. O HEKOTOPBIX CBOACTBAX YyPABHEHUS
Byccunecka (64). Ynpaxueuus (66).

§ 2. CoxpameHue >HEPrum

1. IlpenBapuTenbHble CBeOeHUs O mponeccax remsonepenauu (66). 2. Brisom 3akona
Pypbe U3 MOJEKYJIAPHO-KMHETHYECKUX npencrasienunt (68). 3. YpasHenue Gamanca
Tema (70). 4. [locTaHOBKA TUNWYHBIX KPAEBBIX YCJIOBUII IJIA yPABHEHUS TEILJIONIPO-
sogHOCTH (72). 5. O6 0cobennocTax momenen remnonepenaqan (74). Ynpaxuenus (76).

§ 3. CoxpaHeHNMe YMCJIIa YACTHUIL]

1. OcHOBHBIE MHOHITHUS TEOPUM TEIJIOBOrO m3jaydeHus (76). 2. Ypasuenme Gajamca
qucna ¢poronos B cpene (78). 3. HexkoTopnie CBOMCTBA ypaBHEHMs IEPEHOCA M3JIyde-
aus (80). Ynpaxuenus (82).
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§ 2.

§ 3.

OI'NIABJIEHUE

CoBmMmecTHOE IIPMMEHEHINE HECKOJIBKNX QJYHI[a,MeHTaJ'[bHBIX 3aKOHOB

1. [IpenBapuTenbHBbIE NOHATUS ra30Bol auHaMuku (82). 2. YpasHeHUE HEPA3ZPBIBHOC-
TH O cxxmMmaeMoro rasa (83). 3. YpasHeHms nsuxkeHus rasa (84). 4. YpasueHue
sueprum (85). 5. YpasBHeHUs ra30BOWl NUHAMWKM B JIATDaHXKeBBIX KoopanuHaTrax (86).
6. Kpaesrle ycioBus miis ypasHeHu#n raszoson nunavuku (88). 7. Hekoropsie ocoGen-
HOCTH MOzmenen raszoson nuuamuku (90). Ynpaxnaenus (92).

' IABA III

MOIEJIN U3 BAPUAIINOHHBIX IITPUHIIUNIIOB,
UEPAPXUN MOJIEJIEN

ypaBHeHI/IH ABUXCHWA, BADUALNOHHBIC ITPDUHITUITEI X1 3aKOHBI COXPAaHCHHUA B
MEXAHUKE
1. YpaBHeHUs OBUXKEHUS MEXAHUYECKON CHUCTEMBI B qaopMe HBIOTOHa (93) 2. Ypas-
HeHusa naeuxkeHus B popwme Jlarpamxka (95). 3. Bapmanmomnemi npumumun INaMuneTo-

Ha (99). 4. BakoHBI COXpaHEHUA U CBOWCTBA TpocTpancTBa-Bpemenu (101). Ynopax-
menus (105).

Monenn HEKOTOPBIX MEXaHNYECKNX CHUCTEM

1. MasTuuk Ha csoGommon momsecke (105). 2. Hemoremumamenble komebGanusa (109).
3. Mansie konebanusa crpynsr (111). 4. Daexrpomexanwmueckas amasorumsa (115).
Yupaxuenns (117).

Ypasuernune BojsibiiMaHa U OIPOM3BOMHEIE OT HErO e

1. OnmucaHue COBOKYHIHOCTH YACTUI C IIOMOIIBI0 (PYHKINN PACIIPENESICHS (118)
2. Ypasuenue Bompumana nna dyskouwm pacupenenenus (120). 3. Pacmpenenenme
Maxkceenma u H-teopema (121). 4. YpasHeHus mjs MOMEHTOB (DYHKIIAM PaCOpeEnese-
Hus (124). 5. Henouka ruapoauaaMuyueckux moxeseii raza (130). Ynpaxuenus (135).

'TABA IV

MOIOEJIN HEKOTOPBIX
TPYITHOPOPMAJIN3YEMBIX OB'BEKTOB

yHI/IBep(Za.TILHOCTL MaTEMATHUUYECCKIX MOMEeJIen

1. Nuuamuka ckomeHmsa ame6 (136). 2. CayualiHBII MAPKOBCKHUII TPOIECC (140)
3. IlpuMepsl aHAIOrWII MEXKIYy MEXAHUYECKUMU, TEPMOOWHAMMUYECKUMHU U SKOHOMU-
geckumu o6bekTamu (146). Ynpaxuenums (150).

HekoTopbie Momenu pUHAHCOBBIX M SKOHOMWYECKUX IIPOIIECCOB
1. Opranumsamus peknamuonn kammanuum (150). 2. Bzaumosauer mosaros npenmpus-

Tuit (154). 3. MakpoMmonens paBHOBeCUs PBIHOUHON skoHOMuKH (160). 4. Makpomonens
skoHOMUYIECKOro pocrta (167). Ynpaxuenus (169).

HeKOTOpLIe MOOeJI COIICpHUYCCTBA

1. B3amMOOTHOIIEHNS B CHCTEME «XMINMHUK —XKEDTBa> (171) 2. IN'ouka BOOpYykeHMIT
Mmexny neyms ctpanamu (173). 3. Boeswie meiicTBusa neyx apmwuit (175). Ynpaxue-
aus (179).

JluHaMuKa pacIpeneeHns BIIACTU B MEPAPXUN

1. O6mas nmoctanoska 3anauu u tepmumuonorus (180). 2. MexanusMmbl mepepacnpene-
JIEHUS BJIACTU BHYTPU MEPapXU4UecKon cTpykTyps! (186). 3. Bananc BinacTtu B uHCTaH-
UM, yCJIOBUSA HA €€ TPAHUWIAX M Mepexon K HenpepbisHOU Mmozmenu (189). 4. [Ipasosas
cucreMa «BJacCTb—OO0ImecTBO». CTranmuoHApHBIE DACIPENEJIeHUs M BBIXOL BJIACTU 33
pavkm monaOoMounii (194). 5. Ponk OCHOBHBIX XapPaKTEPUCTUK CHACTEMBI B (JEHOMEHE
npesbrmienus (mpuHmxkenus) snactu (198). 6. UnrepnpeTranus pe3yIbTAaTOB W BHIBO-
net (199). Ynpaxuenus (201).

'IABA V
NCCIJIIENOBAHUE MATEMATUYECKNX MOIEJIEN

IIpumenenne meTomoB momobus e e e e e

1. Amanus pasmepHOCTelN u rpynmoeon ananms monesent (202). 2. Apromonensrbie (ca-
monono6usie) mpoueccet (208). 3. Pasnuuabie pexXuMbl PACOPOCTPAHEHU S BO3MYIIIEHIIT
B HeJIMHEMHBIX cpenax (214). Ynpaxknenms (221).

IIpuHnun MakCMMyMa U T€OPEMBI CDABHEHU S

1. ®opmynuposka, HekoTopsie ciencteusa (221). 2. Knaccudpukanusa pexxumMos ¢ 060CT-
permem (226). 3. Pacmupenue «aBTOMOLEIBLHOTO MeTona» (229). Ynpaxuenus (234).

Meton ocpemHeHUs

1. JlokanuzoBaHHBIE CTPYKTYPBI B HeJMHENHBIX cpemax (235). 2. Pasjnwmunbie crioco-
661 ocpenuenmus (238). 3. Knaccudpmkanusa pexmMOB T'OPEHUs TEIIJIONPOBOMNHOW Cpe-
oet (241). Ynopaxuenus (246).
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§ 4.

§ 1.

§ 2.

§ 3.

OI'NTIABJIEHUE

O repexone K AMCKpPETHBIM MOOEJIAM

1. Heo6xoonMOCTh YUHCIIEHHOTO MOLEJIMPOBAHNS, 3JIEMEHTAaPHBIE MOHATUS TEOPUU Pa3-
HOCTHBIX cxeMm (246). 2. Hemocpencreennas dopmanmpHas annpokcumanms (251).
3. Murerpo-marepnonsumonuein Meron (256). 4. IIpmHuun nonHOX KOHCEPBATUB-
woctu (259). 5. IlocTpoeHme PA3ZHOCTHBIX CXEM C IOMOIIBI0 BAPUAIMOHHBIX ITPUH-
nunos (262). 6. cnonp30BaHMe MEPAPXUUECKOTO TOAXONA K TIOJIYYEHUIO AUCKPETHBIX
monmestenn (265). Ynpaxueuus (269).

I'NTABA VI

MATEMATUYHECKOE MOIEJINPOBAHUE
CJIO2KHBIX OB'BEKTOB

3amaum TEeXHOJIOTUM M SKOJIOTUN

1. Pusuuecku «6e3zonacubIi» anepublii peakTop (270). 2. 'mopomoruueckuil «6apbep>»
OpOTUB 3arpsAsHeHus rPyHTOBbIX BOm (274). 3. CrnoxHble pexumMmbl O0TEKAHUS TEJI
razom (277). 4. DKOTOTUYECKU MPUEMIIEMBIE TEXHOJOTUM CXKUTAHUS YTIEBOOODOMHBIX
Tomnus (281).

q)}’H,[[aMeHTa.TIbHBIe HpO6.TIeMbI €CTECTBO3HAHIA . e e e

1. Henuuennsie sddexTh B Ja3zepHOn TepMmosmepHon nimasme (283). 2. Maremaru-
uyeckas pecraspanusa Tynrycckoro demomena (288). 3. Knmmaruueckume OOCIIEOCT-
Bus snepHOro koudumkra (292). 4. MarmmrormpnponmHamm4aeckoe «nmHamos» ComnH-
ma (296).

BrruncnuTenbHBIN SKCIEPUMEHT C MOIENISIMU TPYIHOPOPMAIN3YyeMBIX

00BEKTOB
1. JuccunarusHble Guosiorudyeckme cCTPpyKTypol (299). 2. [Ipomeccsl B IepexomHON 9KO-
somuke (302). 3. ToramuTapHBIE 1 AHAPXUYECKUE SBOJIIONUAN PACIIPENEIIEHUS BJIACTH
B nepapxusax (306).

CIINCOK JINTEPATYPBEI
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Ceemaoti namamu axademura
Andpea Huxoaaesuua Turonosa
NOCAUWAEMC

BBEIEHUE

HeBo3MOx)HO mpencTaBuTh cebe COBpEMEHHYIO HayKy 0Oe3 HIMpPOKOTO
TIPUMEHEHUs MaTEeMaTUIeCKOTO MonenupoBaHus. CyIIIHOCTE 3TON METOHO-
JIOTUX COCTOUT B 3aMeEHE UCXOMHOTO OOBEKTA €T0 «00pa3oM» — MaTeMaTH-
YEeCKON MOMENIbI0 — U OAJIbHEUINeM U3yUeHUUW MOMENIN C IOMOIILIO peasiu-
3YEMBIX Ha KOMIIBIOTEPAX BBIUUCIUTEILHO-JIOTUIECKAX AJIITOPUTMOB. DTOT
«TPETUR METOM» MO3HAHUS, KOHCTPYUPOBAHUS, IPOEKTUPOBAHNIS COUETAa-
eT B cebe MHOTUME MOCTOMHCTBA KAaK TEOPHUU, TaK U dKcrepuMeHTa. Pabdo-
Ta HE C CAMUM OOBEKTOM (SABJIEHUEM, TIPOIECCOM), & C €0 MOMEINbI0 MAeT
BO3MOXKHOCTB 0€300J1e3HEHHO, OTHOCUTEJIBHO OBICTPO 1 0e3 CyIIeCTBEHHBIX
3aTPaT UCCIENOBATH €r0 CBONCTBA U IMOBENEHUE B JIFOOBIX MBICIAMBIX CU-
Tyanusax (IpemMyIecTBa Teopun). B TO ke BpeMs BLIYUCIUTEIbHBIE (KOM-
NBIOTEPHBIE, CAMYJISITUOHHBIE, UMUATAIIMOHHLIE ) SKCIEPUMEHTHI C MOIEIISIMU
00BEKTOB TTO3BOJISAIOT, ONMUPAsCh HA MOIL COBPEMEHHBIX BBIUYUCIUTEILHBIX
METONOB M TEXHUYIECKUX WHCTPYMEHTOB MHDOPMATUKU, TOOAPOOHO U TITy-
00KO M3ydaTh OOBEKTHI B JOCTATOUYHON MOJHOTE, HEMOCTYIHOM YUCTO TEO-
peTudeckuM nonxomaM (IperMyIlecTBa SKCIepuMeHTa). HeynuBurenbHo,
YTO METONOJIOTUS MATEMATUIECKOTO MOMEIIUPOBAHUS OyPHO PA3BUBAETCH,
OXBATHIBAs BCE HOBHIE CHEPHI — OT Pa3pabOTKM TEXHUUECKUX CUCTEM WU
yIOPaBIEHUA UMU OO aHAJMU3A CIIOXKHEUITINX SKOHOMUYECKUX U COIUAITHHBIX
IIPOIIECCOB.

DJIeMEHTHI MATEMATUIECKOTO MOMEITMPOBAHUS MCIIOIL30BAJINCH C Ca-
MOTO HAJaJIa TMOIBJIEHWS TOYHBIX HAYK, W HE CIYYAWHO, UYTO HEKOTOPHIE
METONbI BBIUMCIIEHUN HOCAT WMEHa TaKmX KopudeeB Haykwm, Kak Hbro-
TOH U DUJEp, a CIIOBO «AJIITOPUTM®» MPOUCXOONUT OT WMEHU CPEIHEBEKO-
BOTO apabckoro ydeHoro Amnb-Xopesmu. Bropoe «poxmeHues 5Toil METO-
IOJIOTUU TIPUILIOCh Ha KoHell 40-x—muauayio 50-x rogoB XX Beka u OBLIIO
00yCJIOBIIEHO TIO KpaliHelr Mepe NByMs npuumHamu. IlepBas m3 HUX — mo-
apnenre IBM (KOMIBIOTEPOB), XOTsI M CKPOMHBIX I10 HBIHEIITHUM MEpPKaM,
HO TeM He MeHee M30aBUBIINX YUEHBIX OT OTPOMHON IO O0BEMY Py TUHHON
BLIUMCIIUTEIILHON paboThl. BTOpas — OecrnpeneneHTHRIN CONUAIbHBIN 3a-
Ka3 — BoInojiHeHne HanmoHaJIbHBIX nporpamM CCCP u CIHIA mo cosnanuto
PAKEeTHO-SIEPHOTO IITATA, KOTOPhIE HE MOTJIN OBITH PEAJIN30BAHBI TPAIUAIIN-
OHHBIMU MeTomaMu. MaTeMaTuueckoe MOMeIMPOBAHNE CIIPABUIIOCH C DTON
3aIaUen: SMepPHbIE B3PBIBLI U MOJETHI PAKET U CIHYTHUKOB OBLIM IIpENBa-
PUTEILHO «OCYIIECTBIEHLI» B Henpax OBM ¢ moMoInbo MaTeMaTuIecKux
MOMEeJIel U JIUIIb 33aTeM IIPETBOPEHBLI Ha MPAKTUKE. JDTOT YCIeX BO MHO-
TOM OIPEeNensl NaJIbHENIIne NOCTUXKEHUS MEeTOMOJIOTUN, Oe3 MpUMeHEeHU
KOTOPOW B PA3BUTHLIX CTPAHAX HU OAWH KPYITHOMACHITAOHBIA TEXHOJIOTH-
YeCKUU, DKOJIOTUUYECKUN MU SKOHOMUYECKUN IIPOEKT Teneph BCEPbe3 He
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paccMaTpuBaeTcs (CKa3aHHOE CIPABEIJIMBO U IO OTHOIIEHWIO K HEKOTO-
PBIM COIUAIILHO-TIOIUTAYECKUM ITPOEKTAM ).

Ceftuac MaTeMaTUIECKOE MOMEIMPOBAHUE BCTYIAET B TPETUN MPUH-
UIIAAITLHO BAXKHBIA 3TAIl CBOETO PA3BUTUS, «BCTPAUBAICH®> B CTPYKTY-
PBI TaK HA3BLIBAEMOTO UHPOPMAYUOHH020 0buecmaea. BriewaTnaronmi mpo-
Tpecc CpencTB nepepaboTKM, Iepenadr U XpaHeHn s WHPOPMAIIUN OTBEUYAET
MWPOBBIM TEHAEHIUSIM K YCIIOXHEHUIO U B3aUMHOMY ITPOHUKHOBEHUIO Pa3-
JIMYHBIX CcHEp YeIOBEUECKON mesTelbHOCTU. be3 Bianenus muGOpMaInoH-
HBIMI «PECypCaMmU®» HeJIb3s W AyMaTh O pelleHnu Bce 0ojiee YKPYIIHSIO-
IMUXCS W Bce Oojiee pasHOOOPA3HBIX MPOOJIEM, CTOSIINX IEPel MUPOBBIM
coobittecTBoM. OnHako nHGOPMANU KaK TAKOBas 3a4aCTYIO MaJjo UTO Ia-
eT MJIs aHAJIM3a W IIPOTHO33, M IPUHSITHUS PEIICHUN U KOHTPOJII 33 UX
rcnosHeHneM. HyXHBI HameXHBIE CIIOCOOBI MmepepaboTKu WHPOPMAIIMOH-
HOTO «CBIPbSI» B TOTOBBIN «IPOOYKT®», T. €. B TOouHOe 3HaHme. McTopus
METOHOJIOTUY MATEMAaTUIECKOTO MOOEIIMPOBAHUS YOEXKITAET: OHA MOXKET U
MOJIKHA, OBITH UHMEAALKMYAAbHBIM A0POM THOGOPMAIMOHHLIX TEXHOIOT U,
BCETO TpoIecca MHGOPMATU3AIUYA ODITIECTBA.

Texuuueckue, 5KOIOTUUECKTE, SKOHOMUYECKAE U WHBIE CUCTEMBI, 13-
yuaeMble COBPEMEHHON HAyKO, OOJbIlle HE MOMMAIOTCS UCCIENOBAHUIO (B
HYXKHOI TOJIHOTE W TOYHOCTU) OOBLIYHBIMU TEOPETUUECKUMU METOMAMU.
[TpsMoit HATYPHBIA SKCIEPUMEHT HAM HUMU [OJIOT, MOPOT, TacTO JmbO
omaceH, OO MOMPOCTY HEBO3MOXKEH, TaK KAaK MHOTWE U3 DTUX CUCTEM
CYIIIECTBYIOT B «EIMHCTBEHHOM 5K3eMIigpes. [lena ommbok u mpocueToB
B OOpallleHUM C HUMU HEOOIyCTUMO BBICOKA. IlosToMy mamemamuueckoe
(wupe — undopmayuonnoe) Mo0deauposanue A6ATEMCT HEUZOEHCHOT CO-
CMasATIOUET HAYUHO-METHUUECKO20 NPOSPECCE.

Cama mocTaHOBKA, BOIIPOCA O MATEMATUIECKOM MOMEIITMPOBAHIM KAKO-
ro-nmrb0 00BbEeKTa MOPOXKIAET UeTKAN IIJIaH OeNCTBUN. ETO MOXHO yCIIOBHO
pa3buThb HA TPHU STANA: MOJeAb — AAOPUMM — NPOPAMMA (CM. CXEMY ).

‘ O6wekT

[Iporpamma Anroputm

Ha mepBoMm sTame BeIOUpaeTcs (M CTPOUTCS) «IKBUBAIEHTS OOBEK-
Ta, OTPAXKAIIIANA B MATEMATAYIECCKON (POPME BaKHENIIINAE €TI0 CBOMCTBA —
3aKOHBI, KOTOPBIM OH TOMUYUHSIETCS, CBSI3U, IPUCYIIINE COCTABJIISIONIAM €r0
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yacTsaM, U T. 0. MaremaTuueckas Monenb (uiu ee GparMeHThI) UCCIENy-
€TCsI TEOPETUUECKNMU METONAMU, UTO IIO3BOJISIET MIOJIYUYUTH BaXKHBIE IIPE-
BapUTeNIbHBIE 3HAHUI 00 0OBEKTE.

Bropoii sTan — Bei6op (1 pa3spaboTKa,) aJropuTMa AJIs PEATU3AIUN
MOIEeNI Ha KoMmbioTepe. Moment npencTapiaseTcs B dopMe, yIOOHO! HIIs
NIPUMEHEHUST YUCIEHHBIX METOIOB, ONIPENESISIeT s OCIEeNOBATEIbHOCTD BhI-
UNCIATENbHBIX U JIOTUYECKNX ONEPAIINT, KOTOPBIE HYKHO IIPOU3BECTU, UTO-
OBbI HAWTU UCKOMBIE BEJIMUYMHBI C 33JaHHON TOYHOCTHIO. BhraucianTenbHbIe
AJITOPUTMBI NOJIXKHBI HE UCKAXKATh OCHOBHBIE CBONCTBA MOMEJN U, CIIeNOBa-
TeJIbHO, UCXOOHOTO OOBEKTA, OBITH SKOHOMUYHBLIMU U 0AITUPYIOIIAMUCS
K OCOOEHHOCTSIM PeIIaeMbIX 33034 U UCIOIb3yEeMBIX KOMIBIOTEPOB.

Ha TperbeMm sTame cO30AIOTCS MPOTPAMMBI, IIEPEBOMISIIINES MOMIEND
7 JIITOPUTM Ha MOCTYIHBIA KOMIBIOTEPY sA3bIK. K HUM Takxke mpenbsB-
JISIOTCS TPeOOBAaHMS YKOHOMUYHOCTHY U aalTUBHOCTHU. IX MOXHO Ha3BaTh
«3JIEKTPOHHBIM> SKBUBAJIEHTOM U3YYAEMOTO OOBEKTA, VKe IPUATOIHBIM IJIsI
HEIIOCPENCTBEHHOTO MCHBITAHUS Ha «YKCIEPUMEHTAJILHOU yCTAHOBKE» —
KOMTIBLIOTEPE.

CosmaB mpuady «MOmEIb—AaJITOPUTM—IIPOTPAMMA®, UCCIENIOBATEND
MOJIy4YaeT B PYKU YHUBEPCAJBHBIN, TUOKUN U HEOOPOTOM MHCTPYMEHT, KO-
TOPBIA BHAYAJIE OTIAXKUBAETCI, TECTUPYETCS B KIIPOOHBIX®> BHIUUCIUATEIb-
HBIX YKcrepuMenTax. [locme Toro kak adexeamuocms (HOCTATOIHOE COOT-
BETCTBUE) TPUAIBI UCXOTHOMY OOBEKTY YIAOCTOBEPEHA, C MOMEINILIO TPOBO-
NITCA Pa3zHOOOpa3HbIE U MONPOOHBIE OMBITHIY, MHAIIIKE BCe TpedyeMble
KaUueCTBEHHbIE U KOIMUECTBEHHBIE CBOUCTBA U XaPAKTEPUCTUKUA OOBHEKTA.
ITporecc MmomenmupoOBaHMS COMPOBOXKMAETCS YIIYUIIIEHNEM U Yy TOUHEHNEM, IO
Mepe HeOOXOMUMOCTU, BCEX 3BEHBEB TPUAIHL.

Bynyun meTomonoruen, MmaTeMaTUIeCKOE MOMEITMPOBAHME HE TTIOMMEH -
eT coboil MaTeMaTuKy, GU3nKy, OMOJIOTUIO U APYyTUe HAydYHbIEe MUCIIUILIIN-
HBI, HE KOHKypupyeT ¢ HuMu. HaobopoT, TPpymHO TEepeoleHuTh €T0 CUH-
TesupywiIiyo poib. Co3manve ¥ MpUMEHEHWE TPHUAOBI HEBO3MOXKHO 0e3
OIOPHI HA CaMble PAa3HbIE METONBI U TOAXONLI — OT KAa4eCTBEHHOTO aHa-
JIN3a HEJIMHEWHBIX MOMAEJIEN 10 COBPEMEHHBIX SI3BIKOB IPOTPAMMUDPOBAHUS.
OHo maeT HOBBIE MOMOJTHUTEIBLHBIE CTUMYJIBI CAMBIM PAa3HBIM HAIIPABIICHU-
SIM HAYKMU.

PaccmaTpuBas BOpoc 1mpe, HATOMHUM, YTO MOMIEITUPOBAHUE TIPUCY T-
CTBYEeT MOYTU BO BCEX BUAX TBOPUYECKOU aKTUBHOCTU JIIOONEU PA3ITUYHBIX
«CIEeNUAJIBbHOCTEN> — HUCCIEOOBATEIIEN U IIPEAIPUHIMATEIEN, TOJIUTHUKOB
” BOEHAYaJILHUKOB. [IpuBHEeCeHUE B 5TU chepbl TOUHOTO 3HAHUS TTOMOTAET
OTPAHUYUTH UHTYUTUBHOE YMO3PUTEIBHOE «MONEJIMPOBAHUES, PACIIUPSIET
TIOJI€ MTPMIIOXKEHNUHN PAIMOHAJILHBIX METONOB. KOHEUHO XK€, MaTeMaTUIeCKOe
MOJIEIUPOBAHME TIJIONOTBOPHO JINIIL IIPU BBITOIIHEHUYW XOPOIIO U3BECTHBIX
Npo(eCCUOHAJILHEIX TPeOOBAHUN: UYeTKasl POPMYIUPOBKA OCHOBHBIX IMOHS-
THUN U TPENTIOIOXKEHNN, ATIOCTEPUOPHBINA aHAJIN3 aJeKBATHOCTU UCIIOIb3ye-
MBIX MOfeJell, TapaHTUPOBAHHAS TOUHOCTH BEIUUCINTEILHBIX aJITOPUTMOB
u T. 0. Ecim Xe roBopuTh 0 MOOEIMPOBAHUYU CUCTEM C YUIACTUEM KUEJIO-
BEYECKOTO GaKTOpa», T. €. MPYIHoPopMasu3yembls 00bexmos, TO K DTUM
TpeboBaHUAM HEOOXOMUMO NOOABUTH AKKYPATHOE Pa3rpaHUUYeHEe MaTeMa-
TUYECKUX U KUTEHCKUX TEPMUHOB (3ByUAIMX ONMHAKOBO, HO MMEIOIIUX
PA3HBIA CMBICH), OCTOPOXHOE ITPUMEHEHHNE YKe TOTOBOTO MATEMATUIECKO-
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ro almapaTa K U3YUYEHUIO SBIIEHUN U MPOIECCOB (IPENNOUYTUTENEH MY Th
«OT 337aY’ K METOMY>», & He Ha00OpOT) U psif NPYTUX.

Pertras mpobieMbl nHGOPMAIIOHHOTO 00111eCTBa, OBIIIO OBI HAMBHO YIIO-
BaTh TOJBKO HA MOIb KOMIBIOTEPOB U MHBIX CpencTB uHbDopMmaTuku. Ilo-
CTOSTHHOE COBEPIIIEHCTBOBAHUE TPUAMBI MATEMATUIECKOTO MOMEITMPOBAHMS
U ee BHEOpPEHMWE B COBPEMEHHBIE WH(POPMAIMOHHO-MOMEIUPYIOIINE CUCTE-
MBI — Memodoao2uueckuti umnepamus. JIUIIb ero BHIMOJHEHNE AET BO3-
MOXHOCTBH IIOJIy4aTh TaK HYXHYIO HaM BBICOKOTEXHOJIOTUYHYIO, KOHKY-
PEHTOCTIOCOOHYIO 1 PA3HOOOPA3HYIO MATEPUAIILHYIO U MHTEIIIEKTYAJIbHYIO
TIPOMYKITHIO.

PasnuunbiM acmekTaM MaTeMaTUIECKOTO MOOETUPOBAHUS ITOCBIIIIEHO
HEMAJIO, XOTS IBHO HENOCTATOUYHO, XOPOIIINX U pa3HbIX KHUT. [Ipu Hanmuca-
HUM NAHHOW KHUTU aBTOPHI CTABUIM mepen coboml I1ejib OTOOpaTh U U3-
JIOXKWUTH TMOAXONLI K TOCTPOEHUIO M AHAJIMU3Y MATEMATUUECKUX MOIENel,
obiime s pas3iInuHbIX O0IacTel 3HAHUS, HE 3aBUCIIINE OT KOHKPETHOUN
crrentmuku. OKpyKaOMINA JTIOOe MUP €NUH, U UCCIIemoBaTenn YPHEK TUB-
HO WCIIOJTB3YIOT 3TOT Map MPUPOMLI, BHIPAXKAIOIITANCI B TOM YUCIIE B YHU-
8EPCAALBHOCTNY MATeMaTUIeCKnX Momenenn. Komeuno, comep:kaHume KHUTH
CBSI3aHO B OIPENENEHHON Mepe C JIMYHBIM OIBITOM aBTOPOB. 1'eM He MeHee,
MIPUAEPXKUBASICH CHOPMYITUPOBAHHON BBIIIIE TOUKM 3PEHUs, HAM OBIJIO JIeT-
e PACHIuPITh PAMKU M3JIOXKEHUS U NEMOHCTPUPOBATH IITMPOKUAE BO3MOXK-
HOCTU MATEMATUIECKOTO MOAEIIMPOBAHUS — OT MEXAHWKU MO COIUAITHLHBIX
HAyK. OTHUM, KaK HOJIAral0T aBTOPHI, MJAaHHAS KHATA U OTJIMIAETCSI OT KHUT
HAITAX KOJIJIET.

Yto KacaeTcs CTWIIST KHUTW, TO MBI CTPEMWINCH M30eraTh TPOMO3]I-
KUX ¥ CTPOTUX Mpouenyp (KOTOpBIE 3aMHTEPECOBABIIUNCS UATATETb MO-
XKEeT HAUTHU B CIEIUAJIbHBIX U3MAHUSX), 8 O0PAIaJn OCHOBHOE BHUMAHUE
Ha OMMCAHWE UMIEN W COOTBETCTBYIOIUX UM IIpuMepoB. [loaTomy kHUTA CO-
NEPAKUT OOITBINIOE KOJIMUECTBO UJLTIOCTPAIIAN U YIIPAXKHEHUN, ee MaTepuaJl
0e3 0COOBIX 3aTPYMHEHUN MOXKeT OLITH UCIOIIBL30BAH IJId (POPMUPOBAHUS
yIeOHBIX KYPCOB TI0 PA3JIMYHBIM KOHKDPETHBIM HAIPABIECHUSIM MATEMATH-
JIECKOTO MONETMPOBAHUS.

Hebompmion 06beM KHUTY HE TIO3BOJIUII OCBETUTH PSAI BAaXKHBIX TEM;
XOTeNoCh OBl O60JIee TONPOOHO PAaCCMOTPETH MOAXOABI K TTOCTPOECHUIO MUC-
KPETHBIX MOJMENIEN U YUCIEHHBIE METOMBI, BOITPOCHI «OCHAITIEHUST> MOIEIIEN
1 UX UOCHTUDUKAIINT, X CUHTE3a 1 JeKOMIIo3uuy u T. 1. ITo sTon xe mpu-
YWHE CIIUCOK JTUTEPATYPHI BKIIFOUAET JIUIITL HEOOXOMUMBIN MUHUMYM — 3TO
60 paboThI, Pe3yIbTATHI KOTOPHIX HEMOCPEICTBEHHO OTPAXKEHBI B TEKC-
Te, MO0 KITFOUYEBBIE KHUTHY, T/I€ MOXHO HAUTU MAJTHHENIITNE CCHUITKN.

[Tonbop MaTepumasia U MaHEpPa €r0 M3JIOXKEHUs OTBEUYAIOT KOHIICHIIN-
SIM OT€YECTBEHHOW MIKOJIBI MATEMATUIECKOTO MOMEIUPOBAHUS, BCETIa Ha-
XONWBITIENCS HA MUPOBOM YPOBHE M IIMMPOKO TPAKTYIOIIEW MAHHYIO Me-
Tomosiornio. [losToMy MBI He MOXKEM Ha3BaTh BCEX CBOUX KOJJEr, 00-
IMEHEe C KOTOPLIMU TaK WM WHAaUe IIOBJIUSJIO HA CONEPXKAHUE KHUTH.
ABTOpHLI cuMTaT CBOMM MPUITHBIM HOJITOM MOOJIATOMAPUTHL MOKTOPA,
dusuko-maTemaruueckux Hayk H. B. 3mMurpenko, B3saBiero na cebs me-
JIETKAW TPYI IO MPOYTEHUIO PYKOIMCH W CHEJIABIIETO PNl MEHHLIX 3aMe-
JaHUN, TOKTOPOB du3mko-maTemaTumueckunx Hayk b. H. UerBepymikuhna,
B. ®. Tumxkuna n akamemuka PAH A. A. IlerpoBa 3a mpemocrabiien-
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HBIE MATEPUAJIBL U IJIONOTBOPHLIE MUCKYCCHAN MO AKTYAJIbHBIM IpobiieMaM
MAaTEMaTUIECKOTO MOMEIINPOBAHMUsI. ABTODPBI IPU3HATEIbHEI TAKXKe JOKTO-
py ¢usuko-marTemaruueckux Hayk B. J. KapnoBy, xanmumaty ¢usmko-
maremaTudeckux Hayk A. K. KopomeBy, kaHoumaTy TeXHUYECKUX HAYK
B. A. Oscsuuukony, umnxenepy B. U. 3enenueny, skonomucty O. A. By-
ceiruny, dunancucty H. U. Konernbko 3a monesnoe obCcy kK meHne HEKOTOPBIX
CIeIUaJIbHBIX BOMPOCOB. MbI 6i1aromapHbl TakXke coTpynHukam MuctuTy-
Ta maTemarudeckoro momenuposanus PAH H. I'. Cuporenko n A. C. Bos-
IapeBy, MIPO(EeCcCHOHAIBLHO N3TOTOBUBIINM OPUTMHAJI-MAKET KHUTH.

Hameemcst, uTo Haia kHura OymeT MHTEPECHA U IOJIE3HA, KAK HAUN-
HAIOIIUM, TaK U ONBLITHBIM MCCIIEOOBATEISIM U IeOaroraM, UCIOIb3YHOIIIM
METOOBI MATEMATUYECKOTO MONEIIMPOBAHNS I BHIUMCINTEIHLHOIO SKCIIEPH-
MEHTAa B CBOEU HAYUYHOU OESITEILHOCTH.

MockBsa, wions 1997 . A. A. Camapcruii, A. II. Muzaiinos

Brrmienmiee B ¢cBeT OKOJIO TPEX C TIOJIOBUHOM JIET HA3a,1 IEPBOE U3NAHTE
HAIleN KHUTHU (€€ aHTIIUNCKU mepeBof OymeT OmyOIMKOBAH B TEKYIIEM TO-
Iy KPYIHBIM OpuTaHCKUM u3maTeabcTBOM « Taylor and Francis publishing
group>» mox HasBauueM «Universal Principles of Mathematical Modellings)
0Ka3aJI0Ch BECHhMA BOCTPEOOBAHHBIM — MBYXTBICIUHBIA TUPAXK PA3OIIIEJICS
B TeUeHUe TPeX-deThIPeX MecsIeB, MHOTHUEe KOJJIErn OOpaIlajuch K HaM C
IIpoCchOOM TOMOYBb B ee mpuobperenuu. K coxaieHunio, O0JIBIITMHCTBO DTUX
pOCkO aBTOPHI YIOBIIETBOPUTH HE Moryu. MBI Ha/leeMcst, 9TO BTOPOE, MC-
MIPaBJIEHHOE U3/IaHUE B 3HAUUTEJILHON CTENEHU CMATUUT 3TOT OObICHUMBIN,
HO HeXeJIaTeIbHBIN Ne(UITUT U TOMOXKET, Uepe3 paclIupeHrne Kpyra duTa-
TeJIel KHUTHY, OaJbHENIIEMY PA3BATHUIO OTE€UYECTBEHHON MIKOJIBI MATEMATH-
YECKOTO MOMEJIMPOBAHUS.

Mockea, mapT 2001 r. A. A. Camapcruii, A. II. Muzaiinoe



'JTABA I

IIPOCTENINNE MATEMATUYECKHWE MOJIEJIN
N OCHOBHBIE IIOHATNA
MATEMATAUYECKOI'O MOIEJINPOBAHWUA

§ 1. BHemeHTaprle MaTeMaTn4dYecKne MoaeJin

PaccmMoTpuM HEKOTOpPBIE TOAXOMBI K IMTOCTPOEHUIO IIPOCTERINNX MaTe-
MaTUUIECKUX MOIEIIeN, MILTIOCTPUPYIOIINE IpuMeHeHne QyHIaMeHTAIbHBIX
3aKOHOB IIPUPOALI, BAPUAIIMOHHBIX IPUHINIIOB, AHAJIOTUN, NEPAPXUTIECKIX
neriouex. HecMoTps Ha TPOCTOTY, IPUBIIEKAEMBIA MATEPUAI TACT BO3MOXK-
HOCTH HAYaTh OOCYXIOEHME TAKUX MOHITUM, KAK aJeKBATHOCTL MOIENEN,
X «OCHAIIIEHWE>, HEIMHEMHOCTD, UNCJIEHHAS PeAIU3alus U PAma APYyTUxX
MPUHIUTUAJILHBIX BOIIPOCOB MATEMATUYECKOTO MOIEIUPOBAHUS.

1. dyHnmaMeHTalIbHBIE 3aKOHbI Hmpupoabl. Hambomee pacmpo-
CTPAHEHHBLIA METOI TMOCTPOEHUs MOMAEJEel COCTOUT B NpuUMeHeHuu GyH-
MAMEHTAJbHBIX 3aKOHOB MPUPONLI K KOHKPETHOW CATYAIUU. DTU 3aKOHBI
OOIIETTPU3HAHBI, MHOTOKPATHO MOATBEPXKAEHBI ONBITOM, CIIYXAaT OCHOBOW
MHOXKECTBa, HayYHO-TEXHUUECKUX MOCTXeHuit. [losTomy mx 0o60CHOBaH-
HOCTH HE BBI3BIBAET COMHEHUI, UTO, IOMUMO BCETO IIPOUYETO, 0OECIIeUnBAET
MCCJIENOBATEITIO MOITHYIO TICAXOJIOTUYECKYI0 TonnepxkKy. Ha mepBuIi mtan
BBIIIBUTAIOTCSI BOITPOCHI, CBI3AHHBIE C TEM, KAKOW 3aKOH (3aKOHBI) CIIENyeT
MPUMEHSITh B IAHHOM CJIYYae M KaK HTO NeIaTh.

a) Coxpanenue nepeuu. ITOT 3aKOH U3BECTEH IMOYUTU IBECTU JIET
7 33aHUMACT, MOXKAJIYH, Hambojiee MOUYEeTHOE MECTO CPEOU BEJIMKUX 33aKO-
HOB nipuponnl. [lomarasce Ha HEro, SKCIEPT 1O
GaJIICTHUKE, KETAMOLUMH OLICTPO ONPENenTh A
CKOPOCTHb PEBOJILBEPHOU MyJIM W HE UMEIO- .
AN TTOOTM30CTU CHEUAIBHON 1a00paTOpun, B
MOXET BOCIIOJIB30BATHCS OTHOCUATEJIBLHO IIPOC- 14 '
TBIM YCTPOUCTBOM THUNA MasSTHUKA — TPY3a, .
MIOZIBEIIIEHHOTO HA, JIETKOM XKECTKOM U CBOOOIHO
BparatoineMcs crepxue (puc. 1). [lymna, sacr-
pABIIAA B IPy3e, COOOLIMT CHCTEME «Iynd— =Y | M |
TPY3» CBOIO KMHETUUECKYIO SHEPTUIO, KOTOPAs
B MOMEHT HAMOOJBIIETO OTKJIOHEHUS CTEPKHS
OT BEPTUKAIIN MTOJTHOCTHIO IEPENAET B MOTEHINAIBHYIO SHEPTUIO CUCTEMBI.
OTu TpaHCHOPMAIINHU OMUCHIBAIOTCS METIOYKOW PABEHCTB

Puc. 1

2 2

:(M+m)v7:(M—|—m)gl(1—cosa).

muv
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3mecs mu? /2 — KuHeTWJYecKas SHEPrus ILyJu MAacCHI 11, UMEOIIEN CKO-
pocTb v, M — macca rpysa, V' — CKOPOCTH CUCTEMEI IIYJIS—TPY3» cpasy
TIOCJIe CTOJIKHOBEHUsS, § — YCKOpEHUe CBOOOMHOTO MmaneHus, | — JIuHa,
CTEepXHA, & — YyIOJ HanOOJILIIIEr0 OTKIIOHEHUS. I/ICKOMa,ﬂ CKOpPOCTB OIIpe-
nensieTcs: popMyIIon

v:\/2(M—|—m)gl(1—cosoz)’ (1)

KOTOpas OyneT BIIOJTHE TOYHOI, €CJINM HE YUNTHIBA€MbIe HAMU IOTEPU YHEP-
TUY Ha Pa30rPeB IYJU U TPy3a, HA MPEOMOJIEHUE COMPOTUBJIEHUS BO3MY-
Xa, PA3TOH CTEPXHs W T. O. HEBEJIUMKU. JTO, HA TEPBLIA B3LJIIO, Pa3yM-
HOE PACCyXKIeHme Ha, CaMOM Oejie HeBepHO. [Iporecch, mpoucxomsiime npu
«CIUTIAHUT YA U MASTHUKA, VXKe He ABIISIOTCS YUCTO MEXAHUIECKIMU.
[TosToMy mpuMeHEHHBIN IJIS BEIYUCIIEHNS] BEJIMYUHEL |/ 3aKOH COXPaHEHUS
MEXaHWIECKON SHEPT U HECIIPABENJINB: COXPAHIETCS IIOTHAS, & HEe MEXAHU-
veckas dHeprus cucteMbl. OH DaeT JUNIbL HUXKHIOI T'DAHUITY JIS OLEHKU
CKOPOCTU TyJiu ([JIsl IPABUJILHOTO PEIEeHUsT 3TON MPOCTON 330a9K HAJMO
BOCIIOJIb30BATHCS TAKKE 3aKOHOM COXPAHEHUS UMITYJIBCA, — CM. yIp. 1).
CxomHble pacCyXOeHUs MOXKET NMPUMEHUTH W WHXKEHED MJIs OIEHKU!
BPEMEHU %, CBEPJIEHUS CJIOS MEeTaJIIa, TONINWHEL [ j1a3epoM € MOITHOC-
Tei0 W, u3mydenre KOTOPOro NePpHeHUKYISIPHO TOBEPXHOCTY MATEPUAIIA,
(puc. 2). Eciu sHeprus jasepa MOTHOCTHIO UOET HA UCIAPEHUE CTOIOUKA

W w W
t=20
(1)
Yvy Y L
_________ A
0<t< g I(t+ dt)
yasssss B B I B Vi I

=1

PI/IC. 2. Haqaanaﬂ, IIPOMEXYTOYHAA 1 KOHCYHAA CTaOUM CBEDJICHUA METAJIIIA
J1a3epoM

meTasia Maccel LSp (S — obmyuaemas mnomans, LS — obbem cTonbuka,
p — IUIOTHOCTD BEITIECTBA), TO 3aKOH COXPAHEHUS YHEPTUM BHIPAXKAETCS
PaBEHCTBOM

Eo = Wt = hLSp, (2)

roe h — sHeprusd, TpebyeMmas Iiid UCIAPEHNs eNMHUIL MAacChl. Benmmunna,
h umeer cocrasuyio cTpykKTypy: h = (Tun — T') h1 + ho + h3, TOCKOIBKY
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MaTepraj HeoOXOMUMO MOCIENOBATENHHO HATPETH 10 TEMIIEPATYPHI IIIaB-
neuus Tn;, a 3aTeM PaCIVIABUTL U mpeBpatuTh B map (I — ucxomuas
TeMIIEpaTypa, hi — yIOelnbHas TEINIOEMKOCTD, ho 1 h3 — COOTBETCTBEHHO
yIeIbHAS TEIJIOTA, IABJIEHUS U MapooOpPa30BAHNS ).

N3menenve riybunsl BoieMku /(1) O BpeMEHEM OMpPENessieTCs U3 [e-
TaJILHOTO OaJjlaHCa SHEPTruM B IIPOMEXYTKe BpeMeHu OoT t mo t + dt. Ha
UCIIAPEHHYIO 33 5TO BPEMS MacCy

(¢ +dt) — 1(t)] Sp = dI Sp

TpaTutcs sueprus dl hSp, pasuas sueprun W dt, coobiiaemoir BemecTBy
JIa3€POM:

dlhSp =W dt,
OTKyna nony4daercsa nudpdepeHnaIbHOe YpaBHEHNAE

a_w
dt — hSp’

Ero unTerpupoBanme (C yueToM TOro, 4TO HaYabHAas [iIyOMHA BLIEMKU
paBHA HYJIIIO) HAET

w E(t)
I(t) = t= , 3
B=175,"" 75, (3)
roe F(t) — BCs 5HEpPrus, BHIIEJIEHHAS JIA36POM K MOMEHTY BDEMEHU .

CnenoBarenbHO, MIyOMHA BBIEMKN IIPOIOPINOHAILHA, 3aTPAUCHHON SHEP-
ruu (IpryueM BeIuduHa ty, korna [(ty) = L, coBnamaeT ¢ BEIMACIEHHOR 110
dbopmyite (2)).

B mericTBUTETBEHOCTM TPOIECC CBEPIIEHUS TOPA3N0 CIOXKHEE PACCMOT-
PEHHOU CXEMBI — DHEPTUSA TPATUTCS HA HATPEB BEIMIECTBA, HA yIaJICHUE
MMApPOB M3 BBIEMKW, KOTOPas MOXET MMETh HENMPAaBWIbHYIO (GOpMy, U T. II.
[TosToMy yBEepEHHOCTH B MPABMITHLHOCTY MPEMIIOKEHHOTO MATEMATUIECKOTO
OMUCAHUS 3HAYUTEIILHO MEHBITIE, YeM B ciTyuae ¢ myJiern. Bormpoc o cooTBeT-
cTBUM OOBEKTA U €r0 MONEJIN — ONWH U3 MEHTPAIBHBEIX B MATEMATUIECKOM
MOMEJTMPOBAHUN, U B MAJbHENIIIEM MBI OyfleM HEOMHOKPATHO K HEMY BO3-
BPAIIATHCS.

6) Coxpanenue mamepuu. UMeHHO 5TUM COOOpaKEHNEM PYKOBOICTBY-
€TCs IIKOJIbHUK, PELIAoIIN 3a0ady O 3alOJIHeHun OaccerHa BOMIOU, BTe-
KaIOIel U BLITEKatoIen u3 nByx Tpyb. Koneuno xe, 061acTh IPUMEHEHUSI
ATOTO 3aKOHA, HECDABHEHHO TITHAPE.

[TIycThb, HATpUMED, UMeeTCs HEOOIIBIIOE KOJIMYECTBO PATUOAKTUBHOTO
BEIeCTBA (yPaHA), OKPYXKEHHOI'O TOJICTBIM CJI0EM «OOBIYHOrO®» MATEpU-
ayia, (CBUHIIA), — CUTyalus TUIUYHASA JUOO MPU XPAHEHWUM OEJISIIUXCSI
MATEPUAJIOB, JuOO MPU UX UCIONL30BaHuu B SHepretuke (puc. 3). Ilon
CIIOBOM «HEOOITBITION®» OAPA3yMEBAETCS YIPOIIAIoNIee 00CTOATENLCTBO, &,
MMEHHO TO, UYTO BCE MPOMYKTHI PACIaNa, HE UCIBITHIBASI CTOIIKHOBEHUN C
aTOMaMHU BEIECTBA, OECIPEnITCTBEHHO MOKumaioT obmacthk 1. Hpyrumm
CJIOBAMU, OJINHA, CBOOOMHOrO IIpobera MpOonyKTOB Paclana A\ B IEPBOM Be-
ITECTBE 3HAUUTENIHLHO OOJIbINle XapaKTEPHLIX Pa3MEpPOB CaMOTO MaTepua-
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aa Ly, T. e. A\t > Li. CioBa «TONCTHIA CJION» O3HAYAIOT, YTO B COLJIa-
cCrumy C 1eJjiaMm XpaHeHHﬂ I'[pOIIYKTbI JEJICHNS ITOJIHOCTBIO ITOTJIOIIIAIOTCA B
obnactu II. OTo rapanTupyer-

CsI TIPY BBIIOJIHEHNN IIPOTUBOIIO-

11 \ JIOXKHOTO ycyoBus A < Lig, roe

\ A1 <€ L \ Al — OiuHaA npobera MpOoyK-
TOB Paclamga BO BTOPOM BEIIIECT-

Be, L1 — ero xapaxTepHBIA pa3-
Mep.

NrTak, Bce, UTO BBIIETAET

n3 obmactu I, mormoraercs B

obmactu II, m cymmapuas macca

oboux BeIeCTB CO BpeMeHeM He

MEHSIETCSI. DTO U €CTh 33aKOH CO-

Puc. 3 XpaHEHUsS MaTepuu, IPUMEHEH-

HBIA K MAHHOU CUTyalnuu. Ecim

B HAUAJILHBIA MOMeHT BpeMmenu t = 0 maccel BemecTs Obutn paBubr My (0)
u Mi1(0), TO B 06O MOMEHT BPEMEHU CIIPABEIIINE OATAHC

MI(O) + MH(O) = MI(t) + MH(t). (4)

Onuoro ypasuenus (4), OY€BUIHO, HEMOCTATOUHO IIIsI ONPEEIICHUST Te-
KyIIUX 3HadYeHui nByx macc — Mi(t) m Mi(t). Hma sambikanus MaTema-
TUIECKON GOPMYIIUPOBKY HEOOXONMMO IPUBIIEUD MOIOIHUTEIFHOE COOOpa-
XKeHre 0 xapakrepe pacuana. OHO IIacuT, ITO CKOPOCTH PAcnana, (dIucio
ATOMOB, PACIATAOIINXCS B €AWHUITY BPEMEHU) IPOIOPINOHAIBLHO 00IIIeMy
YICITy ATOMOB PAANOAKTUBHOIO BEIIECTBA. 3a HeOOobIoe BpeMs di MexX Iy
MoMmeHTaMu t u t + dt Bcero pacuameTcs

NI(t-}-dt)—NI(t):—OéNI (t+£dt), a>0 0<&<,

aTOMOB. 37eChb BTOPUYHO KCIIOIB30BAH 33aKOH COXPAHEHWUs BEIeCTBA, HO
IPUMEHUTEILHO He KO BCeMY NPOLECCY, a K OTPe3Ky BpeMeHu dt. B sTtom
yPaBHEHHUN, OMUCHIBAIONIIEM OAlaHC aTOMOB, B NIPABON YACTU CTOUT 3HAK
MuHYC (BelecTBO yObIBaeT), a BenuuuHa Ni(t + £ dt) orBeuaeT HEKOTOPO-
My CpenHeMy 3HAUeHHIO JICIIa aTOMOB 3a paccMarpuBaeMoe BpeMs. Ilepe-
nuiteM ero B nuddepeHnuaabHon hopMe:
dN—I(t) = —OzNI (t)
dt

YuureiBast, ato Mi(t) = purNi(t), roe pp — aTOMHBIR Bec BerecTsa 1, mo-
Iy IaeM

dM;(t)
dt

IIpu camMonpom3BOILHON PATNOAKTUBHOCTU JIIOOON aTOM MMEET HEKO-
TOPYIO HE 3aBUCIIIYIO OT COCTOSHUSI OKPYKAIOIIETO BEIIECTBA BEPOITHOCTD
pacnama. [losTomy yem Gombliie (MEHBIE) CAMOTO PATUOAKTUBHOIO Be-
IIIECTBA, TeM OObIe (MEHbBINE) BBLIAEISETCS MPOMYKTOB PACIANA B eIu-
nuiy Bpemenu. Koshduiment nponopiumonasibHoct o > 0 (nocmogunas
pacnada) ONPeneNnseTcs KOHKPETHLIM BeIleCTBOM.

= —OzMI(t). (5)
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Ypasuenus (4), (5) BMecTe ¢ ycnmoBusamu A1 > L1, A < Ly, a Takxke
Benuuuaamu «, Mi(0), M11(0) m COCTaBISIOT MATEMATUYECKYIO MONENh
paccMaTpPUBAEMOrO OOBLEKTA.

Nurerpupys (5), momyyaeM, 9TO Macca AEJISAIIETOCS MATEPUAIIA, YObI-
BaET IO SKCIIOHEHITMAIILHOMY 33aKOHY

Mi(t) = Mp(0) e,

u pu t — 00 B ob6sacTu | BEIecTBO MOIHOCTBIO NCUE3ALeT.
Tak xak cymMMapHas Macca B COOTBETCTBUM C (4) OCTAETCS MOCTOSH-
Holt, TO B obmacTu Il xomuduecTBO BeliecTBa PacTeT:

My (t) = My (0) + My(0) — M1(0) e = My (0) + My(0) (1 —e™**),

u Ipu t — 0O MPOAYKTHI PacIana MOTHOCTBIO mepexonsaT mu3 obmactu I B
obmacts II.

B) Coxpanenue umnyavca. HemonBuxuo crosias B 6e3BeTPEHHYIO [TO-
oMy Ha IMMOBEPXHOCTU 03€Pa JIOAKA HAUHET OBUTATHCS BIEPEn, €CIIN CAEIATh
HECKOJILKO ITIarOB OT ee HOCa K KopMe. Tak mposBisgeT cebsa 3aKOH COXpaHe-
HUSI UMOYIIBCA, YTBEPKOAIONINNA: TOJIHBIA UMIYILC CUCTEMBI, HE UCIBITHI-
BaIOIIEll NeCTBUS BHEIIHUX Cuil, coxpaHsercs. Ha mepenBuxenne rpebia
JIONKA pearupyeT CMeHleHrneM B IPOTUBONOIOXKHYIO CTOPOHY.

[TprHIIMTT PEaKTUBHOTO OBUXKEHUS TOJOXKEH B OCHOBY MHOTHUX 3aMe-
JaTEJIbHBIX TEXHUYECKUX YCTPOUCTB, HAIIPUMED, PAKETHI, BEIBOASIIIEN HA
OpbUTy BOKPYT 3eMIIM UCKYCCTBEHHBLIW CIIYTHUK, IJIs Yero el TpebyeTcs
pas3sBUThL CKOPOCTH mpuMepHo 8 km/c. [Ipocreitmas maTemMaTudeckas Mo-
eJIb OBUXKEHUS PAKEeThl HMOIYydaeTCsl U3 3aKOHA COXPAHEHUS NMITYJILCA B
npeHeOpeXXeHN COMPOTUBIIEHNEM BO3MyXa, I'PABUTAINEN U OPYTUMU CU-
JIaMU, UCKJII0Uasi, KOHEYHO, TITy PEAKTUBHBIX OBUTATEIIEN.

[TycTh mpOmyKTHI CrOpaHus PAaKeTHOrO TOIIUBA IMOKUIAIOT PACIIOIO-
XKEHHBIE B KOPMOBOI YaCTU BBIXJIOMHBIE COIJIA CO CKOPOCTHIO U (mis co-
BPEMEHHBIX TOIUIVB BEIMYINHA U PABHA 3—H KM/c). 3a MaJIbIA IIPOMEXKYTOK
BpeMeHu di Mexny MoMmeHTaMmMu t U t + di 9acTh TONJIWBA BLITOpENa, U
MaCCa PAKeThI M3MEHUIIACH Ha BeNMUUUHY dm. 3MeHuIICs Takxe UMITYIIbC
pakeThl, OMHAKO CYMMAaPHBIA UMIYJIbC CUCTEMBI «PAaKeTa IITIOC TPOAYKTHI
CTOPAHUST» OCTAJICS TEM XK€, UTO U B MOMEHT {, T. €.

m(t)v(t) = m(t + dt)v(t +dt) — dm[v(t + dt) — u,

rae v(t) — ckopocThb pakeTsl, v(t + dt) —u, 0 < & < 1— cpenuss 3a mpo-
MEXYTOK df CKOPOCTB UCTEKAOIINX U3 COMeIT ras3oB (06e ckopocTu GepyTcst
oTHocuTeNHHO 3emiin). [lepBoIil ueH B IPaBOil YaCTH S5TOrO PABEHCTBA, —
UMITYJIEC PAKETHI B MOMEHT & + dt, BTOPON — MMITYJIbLC, IEPENAHHLIN UCTE-
KaIOIM Ta30M 33 BpeMs dt.

Yumtesas, ato m(t + dt) = m(t) + (dm/dt) dt + O(dt?), saxon coxpa-
HEHUSI UMITYJIbCA, MOXKHO IIEPENNCATh B Bume NudPepeHnajbHOr0 ypaBHe-
HIS

dv dm

ar T "
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B KOTOpPOM wieH — (dm/dt) u, O4eBUOHO, HE UTO MHOE, KAK CUJIA TICU Pa-
KETHBIX IBUTATENEN, 1 KOTOpoe, Oynyuu npeoOpa3OBaHHBIM K BULY

dv u d(lnm)
dt dt '

JIETKO UHTETrPUPYETCH:

Mo
v(t) =vo+uln | —= |,
m(t)
rIe Vg, Mg — COOTBETCTBEHHO CKOPOCTH M MAaCCA PAKETHI B MOMEHT { =
= 0. Ecnu vy = 0, TO MakcuMaJibHasi CKOPOCTb PAKETHI, TOCTUTAEMas TIPU
TIOJTHOM CTOPAHUY TOIUIMBA, PABHA

v=uln (L) : (6)
mp + Mg

3mech m,, — mone3Has Macca (Macca CIly THHKA), s — CTPYKTYPHASI Macca
(Macca COOGCTBEHHO PAKETHON KOHCTPYKIIMKA — TOIUIMBHBIX 0AKOB, IBUTA-
TeJlell, CUCTEM YIPABIEHUS U T. I.).

[Ipoctas popmyna [uonkosckoro (6) mo3possieT caenarh GyHIAMEH-
TAJILHBIA BEIBOI O KOHCTPYKIMM PAKETHI JIs KOCMUYECKUX IIOJIETOB. BBe-
IIEM BEJIMUYUHY A\ = L, KOTOpas XxapakTepusyet npu m, = 0 oTHO-

mo —Myp
IICHNE CTPYKTYPHO! 1 HAYAJIBLHON MACC PaKeTHl. Torma misd Ipak TUIeCKN
peanbHbIX 3HaueHU A = 0,1, = 3 kM/c nmonyvaeMm npu my, = 0

v=uln(1/A) =7 xkm/c.

Orcroma caemyer, 4TO HaXe B CAMOU MOCAILHON CATYAnnn (ITOJIe3HAs
MacCa PaBHA HYJIIO, OTCYTCTBYIOT TPABUTAIAS W COMPOTUBJIEHNE BO3MY-
Xa U T. II.) PAKETa PACCMATPUBAEMOrO TUMA HE CIOCOOHA NOCTUYDL TEPBOM
KOCMUYIECKON CKOPOCTHU. TeM caMbIM HEOOXOMMMO UCITOITb30BATH MHOTOCTY-
TIEHYATHIE PAKETHI — BBIBOM, K KOTOPOMY TPUIIIIA OCHOBOITOJIOXKHUKY KOC-
MOHABTUKM.

ITaHHBIT TpUMED MIITIOCTPUPYET TAKXKe CBOETO POMa MPUHITAT «HAW-
O0JBbITIETO OIATONPUSATCTBUSY, YaCTO UCTOIIB3YEMBIN HA HAYAIILHON CTA AN
MaTEMATUIECKOTO MONEJIMPOBAHUS CIIOXKHBIX OOBEKTOB: eCl OOBEKT, TO-
CTABIEHHBLIA B HAWITYUIIIE YCIIOBUS, HE B COCTOSHUU NOCTUYL TPEOyeMbIX
XapaKTEePUCTUK, TO HAOO M3MEHUTH CaM ITOAXO0N K OOBEKTY TNOO CMITYUThH
TpebOBaHMS K HEMY; €Ciii XKe TpeOOBaHWS B MPUHIIAIE MOCTUXKWUMBI, TO
CITEMYIONIAE TITAary CBSI3aHBI C MCCIIEMOBAHUEM BJIMSHUS HA OOBEKT JOIOII-
HUTEIbHBIX OCJIOXHSIOINX (PAKTOPOB.

2. BapuanuonHble nmpuHOUNbI. File oquH Moaxom K moCTPOEHUIO
MOMEJIEN, IO CBOEN IITUPOTE U YHUBEPCAIBLHOCTH COIOCTABUMBIN C BO3MOXK-
HOCTSIMU, NaBaeMbIMU (PYHIAMEHTAJbHBIMU 3aKOHAMU, COCTOUT B IIPUMeE-
HEHUU TaK HA3LIBAEMBIX 6apPUGUUOHHBIT NPpunyunos. OHU TPENCTABIISIOT
coboil BeCbMa, O0IIMe YTBEPKIECHUSI O PACCMATPUBAEMOM 00BEKTE (CucTe-
Me, SIBJIEHWUN) U TJIACAT, UTO U3 BCEX BO3MOXHBLIX BAPUAHTOB €r0 TOBEICHISI
(mBUXKEHUs, YBOIIONNY) BLIOUPAIOTCS JIAIIL T€, KOTOPLIE YIOBIETBOPSIIOT
onpeneleHHoMy yciaoBuio. OOBIYHO COTJIACHO HTOMY YCJIOBUIO HEKOTOpPAs
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CBsI3aHHAs C OOBEKTOM BEJIUUMHA HOCTUTAET SKCTPEMAJILHOTO 3HAUECHUS
IIPU €ro Mepexolie U3 ONHOIO COCTOSIHUS B OPYTOE.

HomycTum, aBTOMOOUIL, OBUXYIIIANCS C IMOCTOSHHOW CKOPOCTBIO U,
IIOJIXKEH TIOMACTL U3 TOUKM A B TOUuKy B u mpm 5TOM KOCHYTBHCS HEKOTO-
poit ipsimont simuuu C (puc. 4). Bonurens aBToMoOuUIs O4€HL TOPOIUTCS
1 BEIOMPAET U3 MHOXKECTBA TPAEKTOPUN Iy Th, TPEOYIONINNA MIHUMAIBHBIX

A

- >

Puc. 4. Paznuuseie TpaeKTOpUU ABUXEHUS U3 TOUKU A B TOUKy B ¢ KacaHUeM
npsvont C'. 2KupHOl nuHuer BhIAeIeH OBICTPENIINA Iy Th

3aTpatT BpeMmenu. IIpemcTaBumM 3aTpadeHHOe BpeMs KaK GYHKIINIO BEJINYIN-
HBI (¢ — YIJIa MEXIY IIPSIMOM 1 OTPE3KOM IIyTH OT TOYKU A mo mpsMoii:

a b
vsina  wvsinf(a)

t(a) =

3neck a u b — OIVHBI EPIEHANKYIAPOB, OMYIIIEHHBIX U3 TOYeK A u
B na npawmyio, ,8(04) — YTOJI MeXOy OPSIMON WM OTPE3KOM IyTHU U3 TOUYKU
KaCaHUs IO TOYKU B.

Y ciioBre 5KCTPEMAJIBLHOCTH t(a) IO APT'YMEHTY (¢ O3HAUAET, UTO

dt(a)
da

=0,
A=Cext

nJjim
acosa  beosfB(a) dB _
sina  sin® B(a) do

g mo0bIX 3HAUEHWN (@ CIIPABENJIMBO PABEHCTBO

_a N b

- )
tgar  tgf(a)

2 A. A. Camapckwmii, A. I1. Muxaitnos

C
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rie ¢ — PACCTOSIHUE MeXy mpoekiusaMu Touek A u B Ha npsamyio (omu-
HAKOBOE IJIs Beex TpaekTopuil). HuddepeHnupys ero, moaydaeMm COOTHO-
ITIEHUE

Ty, ®

sin?a  sin? B(a) da

KOTOpPOE BMECTE C YCJIOBHEM MUHUMAIBLHOCTH (7) O3HAUAET
cosa = cos B(a),

T. €. PABEHCTBO yriioB & u (3 (cM. ymp. 5).

Iastee HETPYOIHO HANTU CAMU 3HAYEHUS Oppin, tmin I€PE3 3aIaHHLIE Be-
JUYUHBL a, b, ¢. O@HAKO ceryac OJIsi HAC BaXXHO APYroe — yCJIOBUE MUHU-
MAaJIbHBIX 3aTPAT BPEMEHHU ITPUBEJIO K BEIOOPY COOTBETCTBYIOIIEN TPAEKTO-
PUU TIO MIPABWJIY <YTOJI MAaIEHUs PaBEH yIJiy oTpaxeHuss. Ho Benb Takomy
3aKOHY MONYUHSIETCS U XOII CBETOBOTO JIy4a, MOMAMAIOIIEr0 Ha OTPAXKAIO-
I1y0 MOBEPXHOCTL! MoxeT 6bITh, 1 B OOIIIEM CILy4ae JIyYn CBETA, IBUXKY TCSI
IO TPAEKTOPHUSIM, O0ECTIEeUNBAIONINM OBICTPENIIIee ONAIaHNEe CAUTHAJIA U3
OMHOW TOYKMU B Apyryio? Ila, MMEHHO TaK ¥ MPOUCXOMNUT COTJIACHO U3BECT-
HOMY BapUAIMOHHOMY IpuHIuUNy Pdepma, OmUpasch Ha KOTOPBIN, MOXKHO
MIOJIyUUTH BCE OCHOBHBIE 3aKOHBI T€OMETPUUECKON OINTUKH.

[Tokaxxem 3T0, pacCMOTPEB MPEJIOMIIEHNE JIYUEN Ha TPAHUIIE IBYX CPEIl
(puc. 5). Cser, BeIXOOAIINIA U3 TOUYKU A, IBUKETCS B IEPBOI Cpeme CO CKO-
POCTBIO Vg, TIPEJIOMIIIETCS U, IEPEXONS Uepe3 JIUHUIO Pa3lesia, OBUTAeTCs

IT v

Puc. 5. Bo3sMOxHBIE TPAEKTOPUU CBETOBBIX JIyUel, UAYLUX U3 TOUKU A B

TOUKy B u mpeoMasionmmxcs Ha, guauu C' — TpaHuie pasnenia ABYX Cpen.

KupHoit TuHMEN BHIOEIEHA TPAEKTOPHUSI, OTBEUAIOIIAA 3aKOHY MPEJIOMIICHU
cosa/ cos B = vq/vp

BO BTOPOWM Cpene CO CKOPOCTHIO Uy U MomnanaeT B Touky B. Ecimm a — yron
nameHus Jiyda, a () — yroi ero mpejioMIIeHUs, TO BPEMs IPOXOXK ICHUS
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u3 A B B paBHO

o) = —2— 4 —
~ wvgsina  wysinB(a)

YcnoBue muauMmansHOCTY t(r) 3amuceiBaeTcs B Bumne (cp. ¢ (7))

a cos « bcosa df

. . =0
vesina vy sinB(a) da ’
a nponudpPepeHIMPOBAHHOE IO (¢ yCJIOBUAE ITOCTOSHCTBA BEIWYUHBI ¢ MO-
IpexxHeMy BhIpaxkaeTcs dopmyson (8). 3mech BemuuuHbl @, b, ¢ UMEIOT
TOT K€ CMBICJI, UTO U B IpenbiayiieM ciaydae. Vckmodas u3 mociemHen
bopMy Bl TpoU3BONHYIO df3 /da, TPUXONUM K PABEHCTBY
cosa Vg

cosfB vy’ )
T. €. K U3BECTHOMY 3aKOHY IIPEJIOMJIEHUS CBETA.

ChopmynupoBaHHBIE IPUMEHUTEILHO K KAKOMY-I00 KIIACCY SBIIEHUN
BApUAITMOHHBIE TPUHIIAIILI MO3BOJIAIOT €OUHOOOPA3HO CTPOUTH COOTBET-
CTBYyIOIIE MaTeMaTuueckue momenu. X yHUBEpCaIbHOCTL BBIPAXKAETCS
TaKXe B TOM, UTO, UCIIOJIIB3Y S UX, MOXHO B OIPENEIICHHON CTEIeHN OTBIIe-
KaThCd OT KOHKPETHOW ITPUPONBI MPOoIecca. 1akK, BOOUTEIb aBTOMOOUIIS,
CITEMYIONTAN MPUHITUITY «MUHUMAJIBLHOTO BPEMEHI»> U XKEJIAIOIINI TONacTh
u3 TOYKM A, HAXONAIIENCs Ha MeCUaHoil mouyBe (OMHA CKOPOCTH), B TOU-
Ky B, pacmosioxeHHyo Ha TPABIHUCTOM JIyTy (Opyras CKOPOCTH), OOsI3aH
IOeXaTh He II0 MPsSMOU, coenuusionien A u B, a mo JOMaHHOW TPAEKTO-
pum, crejiaB HeoOXOOUMOe «IIPEJIOMITEHIES> Ha JIMHUAN, PA3OEISIIONIeN IIeCOK
1 TPaBY.

3. IIpuMeHeHUEe aHAJIOTUN IPU IIOCTPOEHUM Mofiesiein. B orpom-
HOM UHCJIe CIIYYaeB MPU NONBITKE TOCTPOUTH MOAEITH KAKOT0-JIn00 00BEKTA,
OO0 HEBO3MOXKHO TIPSIMO YKa3aTh (PyHIAMEHTAJbHBIE 3aAKOHBI UJI Bapua-
IIMOHHBIE TPUHIIUIIE, KOTOPHIM OH TOMUYWHSETCS, MO0, C TOYKW 3PEHUS
HAIIAX CETOMHANTHUX 3HAHWN, BOOOIIE HET YBEPEHHOCTHW B CYIIECTBOBA-
HUY TTONOOHBIX 3aKOHOB, JIOMYCKAIONINX MATEMATUYIECKYIO (OPMYIUPOBKY.
OgHuM 3 ITOMOTBOPHBIX MOAXOMOB K TAKOTO POMa OOBEKTAM SIBIISIETCS
MCIOIb30BAHNE QHAJIOTUN C YK€ U3YUYCHHBIMU SABJICHUSIMU. HTO, Ka3aJloCh
ObI, OOITIETO MEX Y PAMMOAKTUBHBIM PACIIAIOM W OUHAMUKON TIOTYISIINT,
B YACTHOCTHU M3MEHEHUEM UKUCIEHHOCTU HacejeHus Hairen mraners! Om-
HAKO HA MPOCTENIIEM YPOBHE TaKas aHAJOTUS BIIOJTHE ITPOCMATPUBAETCH,
O UeM CBUOETENBLCTBYET ONHA U3 NPOCTENINNX MOOEIIEN TOIMYISAINNA, HA3hI-
BaeMas modeavio Maavmyca. B ee OCHOBY MOJIOXEHO IIPOCTOE YTBEPKIE-
HUE — CKOPOCTHh U3MEHEHUs HACEJIEHUS CO BPEMEHEM ¢ ITPOMOPINOHAIILHA,
ero Tekyiuei ynciaeHHoctu N (t), YMHOXEHHON Ha CyMMy KO3(D(DUINEHTOB
poxmaemoctu «(t) > 0 u cmeptroctu 3(t) < 0. B pesynbrare npuxonum
K YPaBHEHUIO

WO _ fagt) - BOIN ). (10)

BeChbMa IIOXOXKEMY Ha ypaBHEHUE DPAOWOAKTUBHOTO pACHIala U COBIANAIO-
mero ¢ HuM npu « < 3 (eciau o u 3 MOCTOSHHBIE). DTO HEYIUBUTEILHO,

2*
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TaK KaK IPU UX BLEIBOOE UCIIOIbL30BAJINCH ONMHAKOBLIE cOOpaxkenus. Murer-
pupoBauue ypasuerus (10) maer

t

N(t) = N(0) exp / [at) — A dt |

to

roe N(0) = N(t = t9) — HaYaAIbHAS YUCIEHHOCTb.

Ha puc. 6 npusenensr rpaduku dyukiuu N (t) Ipu TOCTOSHHBIX (¢ 1
f (pasHbIM TONOGHBIM APYT APYTY KPUBBIM COOTBETCTBYIOT DPA3HBIE f) —
3HAUEHUs BPEMEHU HAUaJIa mporecca). [Ipm o = 3 4ucieHHOCTh OCTaeTCs
IIOCTOSTHHOM, T. €. B 3TOM CJIy4ae PeIleHueM ypPaBHEHUs SBIISETCS PaB-
HoBecHas Bemuumua N (t) = N(0). PaBHOBecue Mexny poXmaeMOCTHIO U

to; =0 too tos tos t

Puc. 6. 3sMmeHeHnEe YMCIEHHOCTY HOIYJISINKU CO BpeMeHeM B momenu MasbTyca

CMEPTHOCTBHIO HEYCTOMUUBO B TOM CMBICIE, UTO HaxKe HeOOIbIIOe HAapYIle-
HIle PABEHCTBA = 3 MPUBOOUT C TE€UCHUEM BPEMEHU KO BCe OOJbIIeMY
orknonerno pyukuunu N (t) or paBroBecHoro 3uauexus N (0). IIpn a < 3
YNCIEHHOCTH HACeIeHNUs yOBIBaeT U CTPEMUTCS K HYJIIIO Ipu T — 00, a IIpH
a > [ pacTeT MO HEKOTOPOMY SKCIIOHEHIUAJILHOMY 3aKOHY, OOpallasch B
6eckOHEeYHOCTD Tipu t — 00. [locnenuee 0OCTOITENBLCTBO U MOCITY XKMIIO OC-
HOBaHWEM [JIs OmaceHu MajibTyca O ITPsAayIleM MepPeHaceeHn 3eMITH CO
BCEMU BBITEKAIOUIMMHI OTCIOIa MOCIIEICTBUSIMMU.

Kakx B manHOM mpuMepe, TaK U B Psfie PACCMOTPEHHBIX BBIIIIE CIIYYAECB
MOXKHO YKa3aTh HEMAJIO OUEBUAHBIX OTPAHUYEHUN TPUMEHUMOCTHU IIOCTPO-
eHHoU Monenu. KOHEYHO xe, CIIOXHEHIITNN TTPOIEeCC U3MEHEHU S YMCIIEHHOC-
TU HACEJEHUS, 3aBUCAIINNA K TOMY XK€ OT CO3HATEJHLHOTO BMEIIATEIbCTBA
CaMUX JIIOOEN, He MOXKET OMUCHIBATHCS KAKUMU-JINOO MPOCTHIMU 3aKOHO-
MepHOCTIMU. laxke B MmealbHOM CITydae W30IUPOBAHHON OMOIJIOTUYIECKON
TIOITY JISAITAY TIPEMIJIOKEHHAS MOMIEJIb HEe OTBEeUYaeT PeaIbHOCTU B IOJTHON Mepe
XOTs OBl U3-33 OTPAHUYEHHOCTU PECYPCOB, HEOOXOMMMBIX MJIsI €€ CYIIeCT-
BOBAHUSI.

CrenanHoe 3aMeUyaHue TeM He MeHee HUCKOJILKO He yMAaJIsieT PO aHa-
JIOTUX B HOCTPOEHUU MATEMATUUYECKAX MOMEJIEN OUeHb CIIOXHBIX SIBJICHUN.
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IIpuMenenne aHAJIOTUNA OCHOBAHO HA OOHOM M3 BAaXHEHIIINX CBOUCTB MOME-
JIel — WX YHUBEPCAJIBLHOCTU, T. €. UX MPUIIOKUMOCTHU K OOBbEKTaM IpPUH-
IMUNINAJIBLHO PAa3JIMYHON NPUPONLI. Tak, IPEenrnoioXeHus TUIMa «CKOPOCTh
U3MEHEHUs BEJINYNHBI IPOIOPIINOHAILHA 3HAUEHUIO CAMON BEJIMIUHBL (MJIH
HEKOTOPOU (DYHKIIUU OT HEe)» IMIMPOKO UCIONB3YIOTCS B MaJEKUX APYT OT
npyra obJiacTsax 3HAHUM.

4. NepapxmuyecKNl IOAXOH K MHOJIyYeHUIO Momesiern. Jluin B
penKuX Ciaydasx ObIBaeT YIOOHBIM M ONPAaBOAHHBIM ITOCTPOECHUE MaTeMa-
TUUECKUX MOMEJIeN MaxKe OTHOCUTEBHO MPOCTHIX OOBEKTOB Cpa3y BO BCEN
MOJTHOTE, C Yy4eTOM BcCeX (PaKTOPOB, CYUIECTBEHHBLIX MJIsI €r0 IOBEIEHUS.
[TosToMy ecTecTBeH TOOXOMN, PEAIMIYIONINNA TPUHIUIT «OT MIPOCTOTO — K
CIIOXKHOMY>», KOTIa CJIEAYIOIINNA IIar OejIaeTcs MOCie TOCTATOYHO Onpo0-
HOT'O M3YYEHUS HE OYEHb CJIOXHOU Momenu. IIpm 5TOM BO3HUKAET IETTOYKa,
(uepapzus) Bce Gomee MONHBIX MOMEJER, KAXIas U3 KOTOPBIX 0000IIaeT
MPENbIAYIIe, BKITFOUAI UX B KAUECTBE YACTHOTO CITyUdas.

[TocTponM Taxyio mepapxXmaeckyro IeNouKy Ha TPpUMepe MOMET MHO-
TOCTYTIEHYATON pakeThl. Kak ObIIIO YCTAHOBJIEHO B KOHIIE TI. 1, peanbHAasd
OMHOCTYTIEHUATAas pakeTa HeCIoCOOHa Pa3BUTh MEPBYIO0 KOCMUYECKYIO CKO-
pocThb. IIpuumHa 5TOro — 3aTpaThl TOPIOYErO HA PA3TOH HEHYXHON, OT-
paboTaBIlIell YaCTU CTPYKTYPHON Macchl. CenoBaTebHO, IPU IBUKEHIT
pakeThl HEOOXOOUMO MEePUOANYECKN n30aBIIThCA OT bajmacTa. B mpakTu-
YeCKON KOHCTPYKINM 3TO O3HAUAET, UTO PAKETa COCTOUT M3 HECKOIBKUX
CTyHIeHen, OTOpachIBaEMbIX 110 MEpPEe UX MCIOITL30BAHUS.

I[Iycte m; — obmias macca ¢-# CTYIEeHH, AmM; — COOTBETCTBYIO-
as CTPYKTYpHAs Macca (Mpu STOM MAaCCa TOIUIMBA, PABHA, BEIMYNHE
1—XA)m;), m, — Macca mOIe3HOU HAUPY3KM. BenuuumHEl A U CKOPOCTHL

y Mp y

MCTEeUYEHNs Ta30B U ONWHAKOBBI IJIS BCEX CTyIeHel. Bo3bMmeM s ompee-
JIEHHOCTH YmuCIIo cTyneHeir n = 3. HauambHas Macca Takol pakeThl PaBHA

mo = My + M1 + ms + ms.

PaccmoTpuMm MOMEHT, KOTma M3pacXoIOBaHO BCE TOILIUBO EPBOU CTYIIEHN
1 MAaCCa PaKeThl pPABHA BeJIMYUHE

mp + Amq + ma + ms.

Torma mo ¢popmysie (6) MepBOHAYAIIBLHON MOMEN CKOPOCTb PAKETHI PABHA,

mo
v1 = uln )
(mp—l-)\ml + mo —I—m3>

[Tocme mocTuXeHUs CKOPOCTH v1 CTPYKTYPHASI Macca Ami OTOPAChIBAETCS
7 BKJIFOUAETCs BTOpas CTyneHb. Macca pakeThl B 5TOT MOMEHT PaBHA,

my + Mo + Mmg3.

Haumbas ¢ 5TOro MOMEHTa M OO MOMEHTA ITOITHOTO BBITOPAHUS TOMJIUBA,
BTODPOU CTYIEeHU, HAUUTO HE MEIIaeT IMOIb30BAThCS yKe IMOCTPOEHHOU MO-
MEeNbI0, TPUMEHUB €€ K PacCMaTpPUBaeMOMy cirydato. Bce paccyxnpenus o
COXPaHEHUN CYMMApPHOIO UMIOYITHCA U COOTBETCTBYIOITNAE BHIKIIAIKN OCTa-
I0TCS B cuiie (CIIeyeT TOIMBKO YUECThb, UTO ¥ PAKETHI yKe €CTh HAYaJIbHAs
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ckopocTh v1 ). Torma mo gopmyite (6) moce BEITOpaHus TOIINBA, BO BTOPOI
CTYIIEHU PAKeTa NOCTUTAET CKOPOCTHU

m m m
v2:v1—|—uln( p—l_ 2+ 3).

mp + Ama + m3

Takue xe paccyXaeHus IPUMEHNMEI U K TPeThell CTyIeHu pakeTsl. [locne
OTKJIIOUEHUS €€ NBUTATENEN CKOPOCTh PAKETHI PABHA,

mp + Ams
OTy HEIoYKy HETPYIHO IPOMOJIKUATEL IJIs JIFOOOrO YMCiIa, CTYIIEHEH 1

MIOJIyYUTHh COOTBeTCTBYIoIe GopMysbl. B citydae xe n = 3 misl OKOHYA-
TEeJILHOM CKOPOCTU MMeeM

U—?’—In{( mo )(mp+m2+m3><mp—|—m3>}
u mp+ Ami +mo +mg ) \mp+Ama+mg ) \mp+Amsz ) |’

mo my + mso + M3
WV, BBOHOS BEJIIMYUHBL (X = , Qg = , Q3 =
my + mo + mg3 my + M3
= ————, noJIiyuaeM
My

2 (i) () (st}

I[aHHOe BBIPpaXKE€HNE CUMMETPNYHO II0 OTHOIIECHNIO K BE€JIMYNHAM (1, (o, (3,
1 HETPYOHO IIOKa3aTh, 4YTO €0 MaKCUMYM OOCTUTa€cTCA B CUMMETPUYIHOM
ciiy4dae, T. €. IPA & = Qo = a3 = . lIpu sTom s ¢ = 3

IIpomsBenmenme o3 = @ paBHO, KAK JIETKO IIPOBEPUTH, OTHOIIIEHUIO

Mo /My, uin
ag_mo_ 1—A 5
T m, \P-)/°

g MHOTOCTYTIEHIATON PAKETHI, aHAJOTUIHO, MMEEM

mo 1-2\" Up,
— = — P = - — 11
my (P—A) ’ exp( nu)’ (11)

raoe 1 — YHUCIO CTyIeHEu.
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[Ipoananusupyem dopmyny (11). lpumem v, = 10,5 xm/c, A = 0,1.
Torma nna n = 2, 3, 4 nonygaem mo = 149my,, mo = 77 my, mo = 63 m,,
COOTBETCTBEHHO. JTO 3HAYUNUT, UTO ABYXCTYIIEHUATAS PAKETa HPUTOMHA
II7Isl BHIBEIEHUST HA OPOUTY HEKOTOPOW IMOJIE3HON MACCHI (OMHAKO IIPU Ofl-
HOU TOHHE IIOJIE3HOTO I'Py3a HEOOXOOUMO MMEeTh pakeTy BecoM 149 TOHH).
Ilepexon x TpeThel CTyNEHN YMEHBIIIAeT MAaCCy PAKEThI IOUTU B IBa Pa3a
(HO, KOHEUHO XK€, YCIOXHIET €€ KOHCTDPYKIINIO), a YeTHIPEXCTYIEeHIATAs
pakeTa He MaeT 3aMETHOTO BBIUTPHIIIA [0 CPABHEHUIO C TPEXCTYIEHIATON.

[TocTpoenne nepapXUIeCKOn MENOYKY ITO3BOIUIO OTHOCUTEIBLHO ITPOC-
TO MPUUTHU K 5TUM BaXXHBIM BBIBOmaM. Mepapxus MaTeMaTUIeCKUX MOIE-
JIe 9aCTO CTPOUTCS U IO IMTPOTUBOIIOJIOXHOMY IPUHITAITY «OT CIIOXKHOTO K
IpocTOMYy». B 5TOM ciiyuae peanusyeTcs MyTh «CBEPXY BHU3®» — U3 JO-
CTATOYHO OOIIEN U CIIOXKHON MOMIEJIN ITPU COOTBETCTBYIOIINX YIPOIIAIOIITAX
IPENTIONIOXEHUAX MTOJLY YaeTCs TOCIIENOBATEILHOCTD BCe H01ee TPOCTHIX (HO
UMEIOIINX YMEHBIIAOIIYIOCT 00IaCTh IPUMEHUMOCTH) MOMIENIEH.

5. O HeJIMHEeMHOCTHN MaTeMaTHm4ecKnux Mmomesieii. [Ipocrora pac-
CMOTPEHHBLIX BBIIIE MOMEJE BO MHOTOM CBsI3aHA C UX JAuHetiHocmblo. B
MaTEMATUIECKOM IIJIAHE 5TO BaXKHOE IMOHATHE O3HAUAET, YTO CIPABENJINB
NPUHYUN CYNEPNO3UYUL, T. €. I00as IuHeHHAsT KOMOMHAINS perteHuil (Ha-
IpPUMEpP, UX CyMMa) TaKXkKe SBIIeTCs pertenueM 3anaun. [lonb3ysacs npun-
IIUIIOM CYTIEPHO3UIAN, HETPYIHO, HAWOI pelleHrne B KaKOM-I1O0 JaCTHOM
cilyJae, IOCTPOUTD pertterne B 60mee obren cutyanuu. [TosTomy o kauect-
BEHHBIX CBOHCTBAX OOIIErO Cydas MOXHO CyIUTH IO CBOMCTBAM UaCTHO-
ro — pazjauume MexXny OBYMs PeHIleHUSIMU HOCUT JIUIIb KOIUUeCTBEHHBIN
xapakTep. Hampumep, yBenuiuenue B 1Ba pas3a CKOPOCTHU UCTEYECHUS PAKET-
HOT'O TONJINBA, BeAeT TaKXke K NBYKPATHOMY YBEJIIMUEHUIO CKOPOCTH PAKETHI,
YMeHBIIIEHNE YTJ1a MaJeHUsI CBETOBOIO JIy4a HAa OTPAaXKAIOIIYI0 IIOBEPXHOCTH
O3HAYAET TAKOE Xe W3MEHEHWe YTJIa OTpaXeHus u T. n. Ilpyrumum crnosa-
MU, B CIIy4ae JIMHENHBIX MOJIeJIel OTKIIMK OOBEKTA Ha U3MEHEHUE KAKIUX-TO
YCJIOBUU TPONOPIMOHAJIEH BEIUUNHE 3TOTO U3MEHEHUS.

s neaunetinblx 18.4enutl, MATEMATUICCKIE MOIEIIN KOTOPBIX HE TIOI-
UNHSAIOTCS TPUHIUILY CYNEPIO3UINN, 3HAHUE O MOBENEHUN YaCTU OOBEKTA
ellle He TAPAHTUPYET 3HAHUS MOBENEHUs BCETO OOBEKTA, & €r0 OTKJINK Ha,
M3MEHEeHUE YCIJIOBUM MOXKeET KQUeCTBEHHO 33aBUCETh OT BEJIMUMHBL 3TOTO W3-
MeHeHus. Tak, yMeHbIIIeHIE YIJIa MadeHns JIY4Ya, CBeTa Ha TPAHUILY Pa3me-
Jia OIBYX Cpen MPUBOAUT K YMEHBIIIEHUIO yTJIa TPEIIOMIIEHUS, HO TOJIBKO IO
OIpenesIeHHOro mpeneia. Ecim yron maneHns CTaHOBUTCS MEHbINE KPUTH-
yeckoro (cMm. dopmyiy (9)), TO IPOUCXOMNUT KAYECTBEHHOE M3MEHEHUEe —
CBET II€pPeCcTaeT MPOHUKATDL Uepe3 I'PAHUILY Pa3fiesia BO BTOPYIO CpeNy, ec-
JIN OHA MeHee IJIOTHAas, 4eM mnepBas. T'eM caMbIM IIPEJIOMIIEHNE CBETa —
IpUMEP HEJIMHEVMHOTO IPOILECCa.

BonpmInHCTBO peaIbHBIX IIPOIECCOB I COOTBETCTBYIOMINX UM MaTEMa-
TUYECKUX MOMeNIell HeauHenHbI. JInHedHbIe Xe MOmeNnnm OTBEYal0T BeChbMa
YACTHBIM CJIYUasIM U, KaK MPABUIIO, CIIYXKAT JIUIIL NEePBLIM OPUOIINKEHU-
eM K peanbHOCTU. Hampumep, monmyssamuoOHHBIE MOIEIIN CPa3y CTAHOBSITCS
HEJIMHENHBLIMU, €CJIU IMPUHITHL BO BHUMAaHUE OTPAHUUYEHHOCTH MNOCTYITHBIX
MOy pecypcoB. [Ipu ux BBEIBOZE CUMTAETCS, UTO:

1) cyiiecTByeT «PAaBHOBECHAS> UNCIIEHHOCTH MOy snun N, KOTOPYIO
MOXKET 00eCIeYUTh OKPYXKAIOIas CPena;



24 IIPOCTEVIINE MOIEIIM A ITOHSITUS [TJI. 1

2) CKOPOCTH M3MEHEHUs YUCIEHHOCTY MOIMYJISAIUK MTPONOPIMOHAIBLHA
CaMOIl YMCIIEHHOCTHU, YMHOXKEHHOI (B oTiuume oT Mmomeiu MasbTyca) Ha
BEIIUYUNHY €€ OTKJIOHEHUS OT PABHOBECHOTO 3HAUEHUS, T. €.

dN N
— = 1—-— | N . 12
o a( Np) : a>0 (12)

Usen (1 — N/Np) B 5TOM ypaBHeHHE 00ECIIEUNBAET MEXAHU3M «HACHIIIIE-
Hust> anciienHoctn — npu N < N, (N > N,) CKOpoCTb POCTa MOJIOXKNA-
TebHA (OTPUIATENIBHA) U CTPEMUTCS K HYIH0, eciiu N — Np.

Np/2 ¢

0 t

Puc. 7. Jloructuuyeckue KpuBbIe, COOTBETCTBYIOIINE PA3JIMUYHLIM 3HAYECHUAM
HauasibHOM unciennoctu N (0)

[Ipencrasnsas ypasuenue (12) B Bume

dN n dN
N, — N N
1 MHTETPUPYS €ro, mojrydaeM

—In(Ny, —N)+InN =at+C.

= adt

[Tocrosiuras uaTerpupoBanus onpenessiercs u3 yciaosus N (¢t = 0) = N(0),
T.e. C =In ((N, — N(0))"*N(0)). B pesynbrare Haxomum

NO) . NO)
N=N,— -~ e _N_— 2 o¢
PN, - N(©0)° N, — N(0) ©
I/IJ'[I/I, B OKOHYaTEJIHFHOM BI/II[e,
N,N(0) et

N(t)

TN, - N(O)(1—e)

[Mosenenue dyuxmum N (f) OMUCHIBAETCS TaK HA3BLIBAEMOUN 402UCMUYECKOT
kpusoti (puc. 7). llpu mo6om N (0) 4UCHEHHOCTHL CTPEMUTCS K PABHOBEC-
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HOMY 3HadeHUIo Np, IpUIeM TeM MedJjieHHel, deM Benuunsa N () 6mnxe K
N(0). Tem cambiM paBHOBecue, B oTiuuue oT ciay4das monenu (10), ycroi-
YUBO.

Jloructuueckas Momenb 605ee peaTuCTUIHO OTPAKAET NUHAMUKY IIO-
MyJISIUYA B CpaBHEHUN ¢ Moaesbio MasibTyca, HO caMa OHa ¢ HEOOXOMMMOC-
ThIO CTAHOBUTCS HEJIMHENHON W IOSTOMY 0O0Jjlee CIIOXKHON. 3aMEeTUM, UTO
NIPENIIOIOKEHNS O MEXAHU3MAX HACBHIIIEHUS UCHOJIB3YIOTCS IIPUA IMOCTPOe-
HIUW MHOTUX MOJIEJIEN B PA3JIMYHBLIX OOJIACTIX 3HAHUM.

6. IIpenBapuTenbHBIE BHIBOABI. [Iporiecc mocTpoenns Momesnen Mo-
XKeT ObITH YCIIOBHO Pa3OUT HA CIEOYIOIIE DTAITHL.

1. KorcTpyupoBanre MOOEIN HAUUHAETCSI CO CJIOBECHO-CMBICIIOBOTO
onucaHusa o0bekTa min saBiieHusd. [loMuMmo cBemeHmit 0OIIErO XapakKTepa O
IpUpPOoIe OOBEKTA U HEJIAX €r0 UCCIIEIOBAHUS 3Ta CTAOUI MOXET CONEPKATH
TaKXe HEKOTOPHIE MPEANOJIOXKEHNs (HEBECOMBII CTEPXKEHDb, TOJCTHINA CIIOM
BEII[ECTBA, IPSIMOJIMHENHOE PACIPOCTPAHEHNWE CBETOBBLIX JIy4Yeill U T. I.).
HaHHBIZ 5Tall MOXHO Ha3BATh (GOPMYIIMPOBKON ITPEIMOIEIIN.

2. Cremyromiuii 5Tam — 3aBepiienne naeaau3anuu oobekTa. OTbpach-
BarTCA BCe GAKTOPHI U 3PHEKTHI, KOTOPHBIE MIPENCTABIIIIOTCI HE CAMBIMU
CYIIECTBEHHBLIMU I ero nmoBenenus. Hampumep, mpu cocTaBierun OaTaH-
ca marepuu (. 16)) He yUUTHIBAJICS, BBUIY €TI0 MaJIOCTH, TeHEeKT MACC, KO-
TOPBIM COIIPOBOXKIAETCS PAOUOAKTUBHBIN pacman. [Io BoaMoxHOCTN naea-
JIM3UPYIONINEe TPENNOJIOKEHNST 3aIIUCBIBAIOTCSA B MAaTEMATUUIECKON (GopMe
(momo6uO yenoBuio A\ 3> Ly B m. 16)), ¢ TeM 4TOOLI UX CIPABEMIUBOCTH
MO IAaBAJIACh KOJIMUECTBEHHOMY KOHTPOJTIO.

3. Ilocne BBEIMOSTHEHNS TTEPBBIX ABYX STAIIOB MOXHO MTEPEXONUTH K BBI-
6opy win HOPMYIUPOBKE 3aKOHA (BAPUAIMOHHOIO TPUHIIAIA, AHAJIOTUU U
T. I.), KOTOPOMY TOMYUHSETCS OOBEKT, U €ro 3aMUCh B MaTEMaTUIECKON
dopme. IIpum HEOXOOMMOCTHY UCIOMBL3YIOTCS MOMOITHUTEITbHBIE CBENeHus 00
00BEKTE, TAKKE 3AMUCHIBAEMBIE MATEMATAYECKN (HATIPUMED, TTOCTOSTHCTBO
BEJIMYMHEI C 0JId BCEX TPACKTOPUU JIydel CBETAa, BBITEKAIOIIee U3 reoMeT-
pun 3amauw; . 2). Cienyer uMeThb B BUMLY, YTO HaXKe IJIS TPOCTHIX 00b-
€KTOB BBIOOD COOTBETCTBYIOIIIETO 3aKOHA OTHIONL HE TPUBUAJIBLHAS 331444,
(cm. ymop. 1).

4. 3aBeprnaer GOPMYIUPOBKY MOIEIN €e «OCHaIleHues». Hampuwmep,
HEOOXOMUMO 331aTh CBEIEHNS O HAYAJIILHOM COCTOSHUU OOBEKTa (CKOPOCTh
pakeTH U ee MacCy B MOMeHT ¢t = () u/IM MHBIE €er0 XapaKTEePUCTUKHU (Be-
nuyunel [, g B m. 1a); a, A1, Air B . 16); a(t) u B(t) B n. 3), 6e3 3HAHUS
KOTOPBIX HEBO3MOXHO ONpeNennTh mopenenue oonekTa. M, Hakonerr, ¢hop-
MYJIIPYETCS EIb UCCIIENOBAHNA MONENN (HANTY 3aKOH IIPEJIOMJIEHNUsI CBETA,
MOCTUYb TIOHUMAHUS 3aKOHOMEDHOCTEN N3MEHEHN S TIOMYJISIIAY, ONIPENEIUTD
TPeOOBAHMUSA K KOHCTPYKIIMA PAKETHI, 3AIyCKAIOIIEN CIIyTHUK, U T. I.).

5. llocTpoenHast MOmENTb U3yYAETCSI BCEMU NOCTYITHBIMU MCCIIENOBATE-
JIT0 METOMAMM, B TOM YHKCJIE CO B3AUMHON MPOBEPKON PA3IUYHBIX MOMXOMN0B
(cMm., manpumep, yup. 4, 7). B ornuume ot paccmarpuBaeMbix B § 1 mpoc-
TEeNNINX CIIyYaeB, OOJBLIIMHCTBO MOMAeJeR He MOAMAAI0TCA YACTO TeOpeTu-
YeCKOMY aHAJMN3y, U MO3TOMY HeOOXOOUMO IIMPOKO MCHOJIB30BATH BHIYUC-
JIATENbHBIE METOMNBI. DTO 0OCTOSITEILCTBO OCOOEHHO BAXKHO IIPU U3y UYEHUN
HEeJIMHENHBIX OOBEKTOB, TaK KAaK UX KaUeCTBEHHOE MOBENeHNE 3apaHee, KaK
MIPAaBUJIO, HEM3BECTHO.
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6. B pesynmbTare mccienoBaHus MOOENN HE TOJILKO HOCTUCAETCS IIO-
CTABIICHHAA 11€JIb, HO U JOJIXKHA OBITHL YCTAHOBIICHA, BCEMU BO3MOXHBLIMI
criocobaMu (CpaBHEHUEM C IPAKTUKOM, COIIOCTABIIEHUEM C APYTUMU MOIXO0-
IaMu) ee aIeKBATHOCTh — COOTBETCTBUE OOBEKTY U CHOPMYITUPOBAHHBIM
npennonoxenuaM. HeamnekBaTHas MOOENIb MOXET OaTh PE3YIbLTAT, CKOJb
YTOMHO OTIIMYAIOIIAICA OT UCTUHHOrO (cp. dopmyny (1) m pesymbrar
yup. 1), u nomxHa ObITH OO OTGPOIEHA, NGO COOTBETCTBYIOIIUM O0-
pa3zoM MOnUPUIITMPOBAHA.

YIIPAZKHEHN A

1. B nepsoit 3anade m. 1, a) npuMeHUTE NI HAXOXIEHUs BeluduHbl V' (ckopocTu
CICTEMBI «ILyJA—TPy3» Cpa3y IOCJe CTOJIKHOBEHWs) HE 3aKOH COXPAHEHWs SHEPTUM, a
3aKOH COXPAHEHUS UMITYJIbCa. Y 0eInTeCh, YTO OJII CKOPOCTH IIYJIX ¥ MOJIy4IaeTcsa popmy-

1
ma, naormas sHaverne B ((M +m)/m) /2 pas Mensine, dem mosygaomeecs Mo GOpMyIIe

(1).

2. IlycTs MOIIHOCTS J1a3epa, CBepiisiero Marepuad (m. 1, a)), 3aBUCUT OT BpeMe-
uu, T. e. W = W (t). Kax m3menurcsa popmymna (3)? Ocraercs iu B cujie yTBEPXKICHUE
0 TOM, UTO IVIyOWHA BBIEMKYV IIPONOPIMOHAIBHA, 3aTPAYCHHON SHEPIUM !

3. HaiinuTe MOMEHT BPEMEHM, KOI'Ia PACIALAETCS MOCIENHUN aTOM PALMNOAKTUB-
HOro BemectBa (m. 1, 6)). ITouemy B Momenu (5) BelmecTBO PacHanaeTCsA MOIHOCTHIO
s apu t — 007

4. ITpenmnosoxum, 9To B II. 1, B) paCCMAaTPUBACTCS «UACATIHLHASL> OMHOCTYIIEHUATAS
pakeTa, y KOTOPOM HEMPEPBIBHO OTOPACHIBAETCA OTPAbOTABHIAA W CTABIIAA HEHYXHOI
YACTh CTPYKTYDHON MAacChl (K MOMEHTY IMOJIHOTO cropanus tomamsa ms = 0). ITomas-
3yACh 3aKOHOM COXPAHEHUS MMIIYJIbCA, ITOKAXKUTE, YTO MAKCUMAaJIbHAs CKOPOCTH TAaKOU
pakeTsl onpenensiercs o gopmyire v = (1 — A) uln(mo/mp). CpasruTe ee ¢ dopmynoir
(6). Ilouemy mneaspHAs pakeTa MOXET HOCTHYB JIFO00M CKopocTu?

5. IIpoBepbTe ¢ ucnosnb3oBarueM (8), uTo ycimosue (7) eCTh yCIOBIE MIUHAMAJILHOC-
Ty ass Besauwaussl t(«). W3 puc. 5 onpenenuTe, Kakas CKOPOCTH GOJIBINE — Vg VA Up !
ITonb3yscs dopmymon (9), HamuTe, IPN KAKUX YIilaX (¢ JIyUd CBETA He IIPOHUKAIOT U3
cpensl a B cpeny b, T. e. Korna peanmu3yercs 5O(HeKT «IOJHOTO BHY TPEHHETO OTPAXKEHUS
CBETa», UCHOJIb3YEMBIN B Psale TEXHUUIECKUX yCTPOUCTB.

6. Ompenenute, Kak cebs nOKHA BecTu npu Gonbiumx ¢ Besmuusa r(t) = at) —
— B(t) > 0 B momenu MassTyca (10), 9TO0BI UNCIIEHHOCTS HOLYJIALAN OCTABAJIACH Or'Da-
HUYIEHHON nIpu ¢ — 0O.

7. Ilepeitnure B dopmysne (11) misi MHOrOCTYHEHUATON DAKETHI K IIPEAEIY MPU
n — 00 u ybenuTech, 9TO €€ IPEeAeIbHAsS CKOPOCTH BBIUUCIISIETCS IO POpMyJie i mie-
anbHON pakeTsl u3 yup. 4. Ilouemy pe3yabTaThl COBHALAIOT?!

8. Paccmorpute B noructuueckoir momenu (12) Masible OTKIIOHEHMS OT IIOJIOXKe-
HUs PAaBHOBECUs, T. €. CUTyaluio, Korma peurenue mmveer Bun N(t) = N, + 0N (t), roe
|0N(t)| < Np. Ilokaxwure, uro nis Besmuusbl I N (t) B mepBoM IpUOIMKEHUN CIIPABEL-
JIVBa JIMHENHAs Moneyb Tuma momesnn MamnesTyca (10).

§ 2. IIpumepsl MoaesIeii, MOy YaeMbIX
13 PyHIAaMEeHTAJIbHBIX 3aKOHOB IIPUPOALI

ITo cpaBuenuro ¢ m. 1 u3 § 1 6omee mompobHO U Oyt 60JIee CIIOXKHBIX
00BEKTOB PACCMOTPUM MOOEIH, CICAYIOIIMe u3 3aKoHOB Apxumena, Hoio-
TOHA, KyJloHa U APYTUX XOPOIIIO M3BECTHBIX 3aKOHOB. O6Cy MM HEKOTOPHIE
CBOICTBA PACCMATPUBAEMBIX OOBEKTOB.

1. TpaekTopusa BCIUIBITUA ITOoABOMHOM JJoaku. [lycTs mogBomuas
JIOOKa, HAXOMAIIAsICsI B MOMeHT BpeMmenu ¢t = 0 Ha raybune H oT moBepx-
HOCTHU MOPS ¥ ABUXKYIIASCA C TMOCTOSHHON TOPU30OHTAJBHOU CKOPOCTBHIO U
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(puc. 8), mosmyyaeT MpUKa3 MOOHATHLCSA HA MOBEPXHOCTH. Hcim mpoMexy-
TOK BPEMEHU, 33 KOTOPBIA IIUCTEPHBI MOMIIONKA OCBOOOXKIAIOTCS OT BOIIBI
7 3AIOJTHSIOTCS BO3MIYXOM, C TeM YTOOBI ee CPemHss IJIOTHOCTBH p; CTa-
Jla MEHbBIIE IJIOTHOCTHU BOOBI pg, HEBEJIMK, TO MOXKHO CUUTATH, UYTO B
MoMeHT t = (0 Ha HOMJIONKY HAUYWHAET HeH-

CTBOBATH BBITAJKUBAIOIIAS CUJIA, OOJIBIIAL, h

ueM Bec Jionku. [1o 3axony Apxumena BbITaI-
KMBAaIOIIas cuia paBHa F' = gV pg, roe g —
yCKOpeHme CBOOOmHOrO manmeHus, V. — 00b-
eMm momionku. CyMMmapHas cuja, OeiCTBYIO-
I11as. Ha TOMJIONKY B BEPTUKAJIILHOM HAIPaB-
JIEHUU, — PAa3HOCTh Mexny F' u BecoM Tesa,
P = gVp1, a coobiiaemoe €0 yCKOpeHHE IO
BTOpOMY 3akoHY HbioTOHA paBHO

p1V —5 =F—P =gV (po—p1). Z Z

dt?
Koopmunara [, xapakTepusymoias TrOpU30H-
TAJILHOE TIOJIOXKEHNE MOMJIONKN, U3MEHSIETCs MO0 3aKOHY IBUXEHUs TeJia C
MMOCTOSTHHOM CKOPOCTBIO:

» |

L

Puc. 8

dl
— = V.
dt
Permras stu ypaBHEHUS, HAXOOUM, ITO
hit)=g22 =Pl ) = ot (1)
P1

1 49TO JIOOKa BCIIJIBIBET Ha IIOBEPXHOCTH B MOMCHT t= tk, Korma

1
_ H /2
hty) = g2 tk:(%).
g

P1 Po — P1
IIpu 5TOM B rOPU3OHTAILHOM HAIIPABIICHUN IOAJIOOKA IPOUIET PACCTOSIHLIE
1/2
1H
L= ot = (P—) |
g(po—p1)

Uckmouas u3 (1) Bpemsi, HalmeM TPAEKTOPUIO MBUKEHUS TIOMIIONKY B
koopnuuarax (I, h)

p1v

KOTOPas OKA3BIBAETCS apabosIol ¢ BepIiuHoi B Touke | = 0, h = 0 (mpu BI-
Boze (1) BepTUKAaJIbHAS CKOPOCTD JIONKU, & TAKXKE BEJIMYMHLI | 1 h mpuHuT-
MaJINCh PABHBIMU HYIIO B MOMeHT ¢ = (). CunTaioch Takxke, YTO HUKAKUE
NpPyTue BEPTUKAIbHBIE CUIIBI, KpoMe F' u P, Ha mommonky He MeUCTBYIOT.
GTO IIPEOIIOJIOKEHNE BEPHO JIMIIB ITPU MaJIBIX CKOPOCTAX BCIIJIBITUA, KOI'OIa
MOXHO IpeHeGpeUb CONPOTUBIIEHNEM BOIBL IBUXKEHIIO JIOOKY (CM. yrp. 1).

Urak, HEIOCPENCTBEHHOE IPUMEHEHNE 3aKO0HA, ApxXumena, Oompenesisio-
mero BeJINYnny BbITaJIKI/IBaIOIJ_[eﬁ CHJIBI, 1 3aKOHAa HBIOTOH&, CBA3BIBAIOIIIE-



28 IIPOCTEMIINE MOIEJIV A ITIOHSTHS [TJI. 1

r'0 CUJIY, DEMCTBYIOIIYIO HA TEJO0, X €T0 YCKOPEHME, TIO3BOJIUIIO JIETKO HANTHI
TpaekTopuio mTomIonku. OUeBumIHO, YTO MapabOIMIECKON TPAEKTOPUER 06-
JanaeT 00e MBUXKYINEeCsS B IJIOCKOCTHU TEJ0, UMEIee M0 OMHOMY U3
HAIIPABIIEHUN MOCTOSTHHYIO CKOPOCTH M Ha, KOTOPOE B IPYTOM HAIIPABIIEHUN
IecTByeT MOCTOsHHAs cuiia, (ypaBuenus (1) dakTudecku maioT mapamer-
PUYECKYIO 3AIKUCH Mapabosibl). K TaKuM NBUXEHUAM OTHOCSITCS, HAIIPUMED,
MOJIET KaMHs, OPOIIEHHOrO ¢ BHICOTHI H € TOPU30HTAIILHOU CKOPOCTBIO U
WU TIOJIET BJIEKTPOHA, B BJIEKTPUYECKOM II0JIE TIIIOCKOTO KOHaeHcaTopa. On-
HAKO B IOCJIEMHEM CIIy4dae MOJYUYUTh TPAECKTOPUIO TeJia HEeNOCPEOCTBEHHO
13 QyHOAMEHTAJIBbHBIX 3aKOHOB HeNb3sl, TpeOyeTcs NMpuMeHuTh Oosee ne-
TAJILHYIO TIpoIenypy. PaccMoTpuM 3TOT Bompoc mompobHee.

2. OTKJIOHEeHHe 3aPAKEHHON YaCTUILI B 3JIEK TPOHHO-JIY Y€BO
TpyO6ke. bymem cumTaTh, 9TO OOKJIAOKM KOHIEHCATOPA 3IIEKTPOHHO-
nyueBoit TpyOku (puc. 9) mpencTaBisAoT cOO0l GECKOHEUHBIE IIOCKOCTH

Puc. 9

(Ipenmnoiokenne CIpaBeyiuBo B CIIyUae, €CIIU PACCTOSHUE MEXITY OOKJIIAI-
KaMU MHOT'O MEHBIIle UX Pa3MepOB, & 3JIEKTPOH MOBUXKETCS Ha OOJIBIIIOM
yoajgeHun oT ux Kpaes; yup. 2). OueBumHO, YTO SIEKTPOH OymeT mpuTs-
TMBATLCA K HUXKHEH OOKJIaOKe M OTTAJKMBATHLCA OT Bepxueinn. Cuia mpu-
TaxeHus F ABYX PAa3HOMMECHHEBIX 3apPsA00B 3JICMECHTAPHO OIIpCOciideTCd U3
3akoHa Kynona

F= q192

r2 ’
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TMIe 1 U o — BEIMYUHBI 3aPANOB, ' — paccTosHume Mexny HumMu. Crox-
HOCTb 3aKJII0YAETCs B TOM, UYTO B MAHHOM IIpUMepe Ha OOKJIaIKe HAXOMUT-
cs1 6ECKOHEYHO MHOTO 3aPSI0B, KAXKIBIN 13 KOTOPBIX PACIOJIOXKEH Ha CBOEM
PaCCTOSIHUAM OT OBUXKYIIETOoCs 3ieKTpoHa. [losTomMy HeobxommMo cHavasa,
HAUTU CHIY, HHOYIUPYEMYIO KaXKILIM 3aPSII0M, U 3aTEM, IPOCYMMUPOBAB
BCE BJIEMEHTAPHBIE CUJILI, OMPENeINTDh PE3yIbTUPYIOee NeNcTBre OOKIIa-
IOK Ha, BJIEKTPOH.

Pa3obbeM BCIO INIOCKOCTL HUXKHEN OOKIIANKY HA, DJIEMEHTAPHLIE «II0-
JIOCKM>, XapaKTEPU3YIOIINECS KOOPOUHATAMU ', T2, T3; —00 < 11,73 < 00;
ro = 0 (cM. puc. 9).

[ToncunTaeM cuily IPUTSIKEHUS SJIEKTPOHA, 3aPIIO0M, HAXOMSIIIEMCS Ha,
siIeMeHTaPHON Ionanke ds = dri drs u paBHbBIM dq = qods, roe o —
IIOBEPXHOCTHAS IJIOTHOCTD 3apsiaa Ha oOKianke. Eciu yacTuila HaxoouTCs
Ha, PACCTOSHUU T's OT 3aPSKEHHON INIOCKOCTH, TO

da

r1 =72 (tg(a + da) — tg ) R,

(3meCh YUNTHIBAETCSA MAJIOCTh BeNMUUHLL dar). Jlis onpenesnenns BelIuInHbL
drs nMeem

rs +drs _ tg(8 + dpB) rs _ tgp
ry +dr;  sin(a+da)’ ro  tga’

N3 nmocnenanx nByx HOpMYyn HaAXOMUM

r1 dﬁ/(cos2 B) + dry tg g

Sin «

drz = (r1 +dri)tg(B +dB) —ritgB =

rIIe, AHAJIOTUYHO MPENBIIYIIEMY, YITEeHA TAaKXKe M MAJIOCTh BEJINUYNHEL df.
YwMuoxas dry Ha drs m oTbpachiBasg wieH 60jiee BBLICOKOTO MOPSIKA Ma-
noctu, nosydaeM ds = rory da df/(cos? a cos? B sin o). Cumna npuTsaKxeHns
BIIEKTPOHA, C 3aPSIIOM (. K SJIEMEHTAPHON IIOIMIAnKe ds PABHA

GeQorar1 da dp

dF =
72 cos? avcos? Bsina

rue ¥ — <«CpPEeNHee» PACCTOSHUE OT BIIEKTPOHA [0 IJIOMIAAKYA, KOTO-
poe ¢ yueToM MajocTu BenuuuH do, df BeIUUCIHAETCS NO GopMmyre 7 =
= ry/(cosacos3). B urore mis 5iieMeHTAPHON CHITBI NUMEEM

dod e
dF = gogo L 9290 _ 4o 40 45
ro SIN & COSs &

a IJIsl ee BePTUKAIILHON COCTABIISAIONIEN
dF'| = dF cosfcosa = g.qo cos Bdadp.

[IpounTerpupoBas Beipaxkenue mist F| no f ot =0 no § = 7/2,
HAalOeM CUJIy HIPUTSKEHUs DIIEKTPOHA K YACTHU DIIEMEHTAPHON «IIOJIOCKIT,
PACIIONOXKEHHON B KBampautTe r1 > 0, r3 > 0:

dFT = geqo do.
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pocymmuposas dF ™, no o or a = 0 mo @ = m/2, T. €. MO BCEM TOIOCKAM
kBanpauTa r; > 0, rg > 0, ompenenuM CUIy TPUTSXKEHUS, THAYIAPYEMYIO
3apsanaMu, PaACIOJIOKEHHBIMU B 5TOM KBaIpPaHTE:

T
2

Y4UuThiBas OEWCTBUE BCEX UETHIPEX KBAIPAHTOB MJIOCKOCTU HUXKHEH
OOKJIANIKM U MPOBOMS AHAJIOTUYHBIE PACCYXKOEHUS IJIsI BEPXHEU OOKIIaIKH,
HOJIYYUM PE3YJILTUPYIOIIYIO CUILY IPUTSXKEHNS (OTTAIIKUBAHUS) HIIEKTPO-
Ha KO BCEM 3apsnaM KOHIEHCATOPA

F = 4mqeqo. (2)

Cuna F' HampaBiieHa BIOJIb OCH T2 K HUXKHEN OOKianke (cocTasisioriue F
IO OCSIM T'1, T3, OYEBUIHO, PABHBI HYJIIO B CHIIy CUMMETPUAN — YTOOBI yOe-
IUTHCSI B 9TOM, TOCTATOUYHO PACCMOTPETDH NENCTBUE 3aPSa, HAXOMAIIIETOCs
Ha IJIOHIAIKE, PACIIOIOXEHHON B KBaapaHTe r1 < 0, r3 < 0 u cummeTpuy-
HOW TIIIOIIANKE dS).

[Tockonbky cuna F' we 3aBUCUT OT 7o, & IO TOPU3OHTAIBLHON OCH UIaC-
TUIA OBUXKETCS C MOCTOSHHOW CKOPOCTBIO ¥, TO MPUXOMUM K CUTYAIUAU
MPEeNBIAYINero MyHKTa — IIPUMEHUB BTOPOU 3aKOH HbIoTOHA, Terko mouy-
YUTH GOPMYJIIBI, AHAJIOTUUHBIE (1), ONMUCHLIBAIOIIINE NBUKEHNE SJIEKTPOHA, TTO
apabOIMIECKON TPACKTOPUU U HAIOIINE BO3MOXHOCTD BHIUUCIUTEL BCE €€
mapaMeTpel. OOHAKO B OTJMYME OT CIydas C MOMIIOOKOW MPSIMOe IpUMe-
HeHue GYHIaMEHTAJILHOTO 3aKkoHa KymoHa oy momydeHns MOnenu IBUXKe-
HIS 3JIEKTPOHA OKA3LIBAETCSI HEBO3MOXHBIM. [loTpeboBasiocs, onupasch Ha,
dyHIaMEHTAJIbHBIN 3aKOH, CHAUAJIa OMKUCATH BJIEMEHTAPHBIN aKT B3aWMO-
MEUCTBUSA 3apPSINOB, U YK 33TEM, IPOCYMMUPOBAB BCE DTU AKThI, YIAJIOCH
HAUTHU PE3yIIbTUPYIOIIYIO CUILY.

[TomobHas cuTyanmsa u MOCIIEIOBATENBHOCTD IENCTBUA BECHMa, TUIIIY-
HBI TIPU MIOCTPOEHWM MOMEJell, Tak KakK MHOTue (GYHIAMEHTAJIbLHBIE 3a-
KOHBI yCTAHABIMBAIOT B3aUMOOTHOIIICHUSI
KaK pa3 MeXHOy 5DJIEeMEHTAPHLIMU YaCTsI-
MM HCXOOHOI'O OOBEKTa. JTO, PA3yMEeTC s,
0 CIIPABEITMBO HE TOJILKO IJIIA DJIIEKTPUIEC-
dF) dF KX CUJI, HO, HAIIPUMED, U IJIs CHAJI TSATO-
R TEHU.
ro 3. Kosie6anusa kosenn CatypHa.

[TocTpouMm Momesb MOBUXKEHUS TOUYCUHOU

8 Maccel My B moje cun TATOTEHUS, CO3-

IaBaE€MOM MaTEPUAJBbHBIM KOJIBIIOM C pPa-

dg nmycoM Ry m JIWHENHON INIOTHOCTBIO pg.

dl Komnblio cumtaeTcss OE€CKOHEYHO TOHKUM,

NBIXEHUE MIPOUCXOOUT BIOJIb OCU KOJIBIIA

(puc. 10). Nauuas cxema MOXET PAaCCMAaT-

pUBATBCI KaK Uaeaam3alus mporecca kKosebauuit xosent Catypaa. Tem

He MeHee, HECMOTPSI Ha CYIIIeCTBEHHBIE YIIPOIIIEHNU S, HEITOCPEICTBEHHOE UC-
MIOJIL30BAHNE 3aKOHA BCEMUPHOTO TATOTEHUS

dFt = qeqo-

r

My

Puc. 10

momi
F=x 2
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rme F — CWJIa MNPUTAXKEHUA OBYX TeEJI, IMEIOIIUX MaCCBEL Mg 1 1My, T' —
pPacCCTOAHME MEXOy HUMU, Y — IIOCTOAHHaA TAT'OTCHUsA, HE MOXKET HaTb
OKOHUYATEJLHOI Momenan nBuxkeHus kKojerp CaTypHa, TakK KaK MacChl My,
M1 OOJI2KHHBI 6bITI> TOYECYIHBIMUA.

HOSTOMY BBIYUC/IMM CHa4aJia CHUJIYy IIPDUTIAXKCHUA MEXOY TO‘IG‘IHOﬁ
Mmaccorr My u Maccoir dm, comepKaIlleiics B MaJIOM dJIeMeHTe KOojbla dl,
KOTOPYIO YK€ MOXKHO CUATATH TOUECUHON:

dF MO dm
= ’Y —R2 .
3necs R, r — COOTBETCTBEHHO PaCCTOSHUE OT MacChl My OO KOIbLA 1

no nenTpa konbia. QueBnauo, uto mpu 0 < a < 7/2 (mns 7/2 < a < 27
BBIKJIAIKY AHAJIOTMIHH)

&—sina—L . —
R VrP+ R R V2 + R

[Tockonbky dm = po dl = poRo dB = —portg adf, To
Mo po

sin a cos a df3.

M

Haitnem mpoeknuio cuiibl dF' Ha OCb 7 (MMEHHO 5Ta MPOEKIUs OMPENesseT
UHTEPECYIOIee HAC [IBUKEHUE):

Mopo

dFy, =dF cosa = —v sin o cos? o dp.

I[TpocymMupoBaB Teneph CUIIBI TATOTEHUS, CO3IABAEMBIE BCEMU DIIEMEHTA-
M KOJIbIIA, T. €. B3saB mHTerpaJj ot dF', mo B or B = 0 mo B = 27, Haimem
PEe3yILTUPYIOIIYIO CUITY:

r

M,
0o sin o cos® o = —yMoM;

F = 2my ,
r (r> + )™

(3)

raoe M, = 2w Rypy — mosHAsS Macca KOJblia. Kak u B IpeobIayIieM ITyHK-
Te, TOPU3OHTAIBbHAS IIPOEKIUS PE3YIILTUPYIOIIEN CUITBHI PaBHA, HYJIO M3-3a
CAMMETPUYHOTO PACIIOJIOAKEHMS KOJIbIIA OTHOCUTEIILHO MacChl M.

Cuta Tsarorenus (3) CyIIIECTBEHHO OTIIMYAETCS OT BHIPAXKEHUSI, ABAE-
MOT'0O 3aKOHOM [JII TOUYEUYHBIX MAaCC, IMePeXofs B HEero Jullb npu 1 > Ry,
KOT' 13, KOJIBIIO MOXHO YIIOMOOUTH TOUEeYHOU Macce Oraronaps OOJIBIIIOMY, B
CPABHEHUU C Pa3MepaMu KOJIbIIAa, PACCTOSHUIO MEXOY TITOTEIINMEI Te-
mavu. Ecmm xe r < Ry, To

Mo M,
F = - R3 r,
0
U CWJIA IPUTSXKCHNS, B IIPOTUBOIOIOXHOCTE CIIyYai0 TOYCUYHLIX MACC, YOBI-
BAaET C YMEHBIIEHUEM PACCTOAHUS MEXAY OObeKTaMu (eIe OMUH IPeNeb-
HBI TIEPEXONl PACCMOTPEH B yIIp. 3).
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[TpumenuB k macce Mg BTopoit 3ak0H Hpl0TOHA, mOyYnM ypaBHEHUE
ee MBUXKEHUsS BOOJL OCH T
d?r r

- _7Ml 3/ 9
dt? 2 22
(r?2 + Rj)
KOTOpOe, B OTAUYME OT 1. 1 1 m. 2, CyIIeCTBEHHO HETMHENHO U CTAHOBUTCS
JIMHENHBIM JuIllh mpu 7 <K Ry:

d27’ M1

— = —y —=T. (4)
dt? R}

4. JIBuXkeHUe IMIapuUKa, IPUCOEANMHEHHOTO K MpyXuHe. B momy-
YeHur Mojienielt . 1-3 riaBHY0 POk urpajau GyHIaMeHTaIbHbIE 3aKOHBI,
OIIPENeIISIBIIITE ITPOUCXOXK MEHNE U BEJIMUNHY CUJI, NEUCTBYIOIINX HA OOBEKT,
a BTOpOK 3ak0H HbioToHA OBII KaK OBbI BCIIOMOTATEILHBIM U IPUMEHSJIICS

Ha TIOCIeNHEeN CTAOUN TTOCTPOEHUS MO-
< L > | nenu. KOHEYHO xe, TaKoe MeleHne Inc-
r=0 TO yCHOBHO. Benb ecnu peub umeT o 3a-

» Jadax IUHAMUKA, TO MOXKHO UCIOIb30-

BaTh U IPYT'YIO CXEMY — CHAYaJIa CBI-

7/, 3aThb C IOMOIILIO 3aK0Ha HeioToHAa TTpOo-

Puc. 11 eKIIN yCKOPEHNUs Tela ¢ MPOeKIIAMY

NENCTBYIONINX HA HETO CWI, a 3aTeM,

KACXOMs U3 TeX WU MHBIX COOOpaKeHW, BEIUYUCINTD 3TU CUAJIBLI KaK QyHK-

U KOOPIWHAT, TOJIYUYUB 3aMKHYTYIO MOOENb. [IpomeMoHCTPUPYyEM 5TOT

MONIXOJT HA, IIPUMEpPE MOMEJN NBUXKEHUS IIaPUKA, MPUCOENNHEHHOTO K IPY-
XKUHE, C XKECTKO 3aKPEIJIEHHBIM KOHIIOM (puc. 11).

[TycTs r — xoOpmWHATA ITAPUKA BAOJIBb OCU MPYXKUHBI, JIEXKAITIEH HA,
TOPU3OHTAIILHOM IJIOCKOCTHY, U HAIPABJIEHUE NABUXKEHU S IIaPUKa, COBIIAIAET
¢ ee ockr0. Torma Mo BTOPOMY 3aKOHY MUHAMUKNI

d?r
F=ma=m o
TOe m — Macca IapuKa, G — €ro yCKOopeHue. bymeM cumTaTh IIOCKOCTh
UICAIBHO TJIANKON (T. €. NBUXKEHWNE MPOUCXONUT 0Oe3 TpeHus), mpeHedpe-
XKeM TaKxXKe COINPOTUBIIEHUEM BO3MAyXa W IIPUMEM BO BHUMAHUE TO, UTO
BeC ITapUKa YPABHOBEIIMBAETCS PeaKIMen MIOCKOCTU. EMuHCTBeHHAS CH-
Jia, NEUCTBYIOIIAS HA IIAPUK B HAIPABJIEHUU OCU 7', OUEBUMHO, CUJIa YIPY-
roctu npyxunel. OQnpenenuM ee, UCIONL3YSA 3aKOH ['yka, MIacsaiiui, ITo
1T PACTSAXKEHUs (CKATUA) IPYKUHBI HEOOXOMUMO MPUIIOKUATH CUILY

F=—kr,

rae kosddunument k > 0 xapakTepusyeT YIpPyrue CBONCTBA MPYXKUHBI, a
r — BEJINUYHY €€ PACTIXKEHUS WU CKATUSI OTHOCUTEIILHO HENTPAJIBHOTO,
HEHATrPYKEHHOTO mojtoXeHus r = (. Y paBHEHUE OBUXEHUS TTaPUKa, TPUHA-
MaeT B (ypaBHEHUE BJIEMEHTAPHOTO OCIUILISTOPA)

. d?r
dt?

~

= —kr, t>0. (5)
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OHo onuceIBaeT €ro rapMOHNYECKNE KOJIEOAaHUS 1 UMeeT O0Illee perieHmne

r = Asinwt + B coswt, (6)

rae w = v/ k/m — cobcTBeHHAS YACTOTA KOIEOAHUN CUCTEMBL KIIPY KMHA—
mapuks. 3Hauenus A u B Jerko ompenestoTcs U3 HAYaJIbHOIO COCTOSHUS
00bekTa, T. e. yepes BenuauHsel r(t = 0) = ro m v(t = 0) = vo (v(t) — cxo-
pocTh 1mapuka), npudeM 7(t) = 0 mpu rg = vo = 0. 3ameTumM, 94TO ypas-
HeHre (4) ¢ TOYHOCTHIO M0 0003HAUYEHU COBOamaeT ¢ (5), mosToMy B 1. 3
pedb TakXke A, O Iporecce KojebGaHWil, HO MPUMEHUTEIFHO K CUCTEME
«CaTypH—KOJIBIIO>.

[Monxomel, ¢ TOMOIIBI0 KOTOPBIX CTPOWJINCH MOIENN MAHHOTO Mapa-
rpada, He HOJIKHBL, PA3yMEeTCsl, IPOTUBOPEYUTH APYTruM GYyHIAMEHTAIb-
HBIM 3aKOHAM Ipuponbl. COOTBETCTBYIOIIAS IPOBEPKA HEIIPOTUBOPEUNBOC-
Tu (eciu OHA BO3MOXHA) BECHMA IIOJIC3HA 711 YCTAHOBJICHUS [IPABIIIBHOC-
tu mMomenei. [losicHuM 5TO, MCONMB3ys s BBIBONA ypaBHeHus (5) HE 3a-
koH HbioTona, a 3akon coxpauenus suepruu. [lockonbky ToUka KperseHus
IPYXKWHBL HEMMONBIKHA, TO CTEHKA He COBepInaeT paboTy HaL CUCTEMON
«IPYXUHA—IIAPUKS> (1 HA0OOPOT), U ee TOIHAS MEXaHUIeCKasl SHeprus K
OCTAeTCs TOCTOSHHON. Buraucium ee. Kunetuueckast 5SHEprust Onpenesnser-
Cs1 MBUXKEHUEM MIAPUKA (IPYXKUHA CUNTACTCS HEBECOMOM ):

2
mv?  m (dr/dt)
2 2 '
[ToTenuuanpHasT SHEPTUsI CUCTEMBI «CONEPKUTCSI> B MPYKUHE, €€ He-

TPYIHO HANTHU, ONpeneauB paboTy, HEOOXOMUMYIO IJIs PACTSXKEHUs (CxKa-
TUA) IPYXKUHLI HA, BEJITUYUHY 7T

By =

T T Tz
EH:—/Fdr':/kr’dr':kg.
0 0

Insa wemsmenuon co BpemeneM Benuwuunbl F = E + E; (uuterpasna
SHEPIUN) TOIIyIaeM

B m (dr/dt)? N kr? |
2 2

Tak kak dE/dt = 0, To, nponuddepeHImpOBaB UHTErPAJI YHEPTUU TIO T,
MIPUXONUM K BBIPAXKEHUIO
dr d?r dr dr ( d?r > _0

I N e
mara T T a \ Mg T

T. €. K ypaBHEHUIO (D), IPOBEPUB TEM CAMBIM MPABUJILHOCTD €r0 IMOJLYYe-
uus. [lomobHyo mpolenypy HEeTPYMHO MPOBECTH U MJIs IPUMEPOB . 1-3.
5. 3akJirroueHue.
1. ITaxxe B IpOCTERIIUX CUTYAIUIX IJIs HIOCTPOCHUS MOMEITN MOXKET TI0-
TpebOBATHCS UCIIOIBL30BAHNE HE OMHOTO, & HECKOIBKUX PYHIAMEHTAIbHBIX
3aKOHOB.

3 A. A. Camapcxkwmit, A. I1. Muxaitnos
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2. IIpamoe dopManbHOE puMeHeHre GYHIAMEHTAJILHBIX 3aKOHOB K
00BEKTY, PACCMATPUBAEMOMY KaK II€JI0€, He BCEraa BO3MOXHO (m. 2, 3). B
3TUX CIIydasx TpebyeTcs MPOCYMMUPOBATH 3JIEMEHTAPHBIE aKTHI B3aMO-
NENCTBUSA MEXY €0 YacTsIMU, IPUHUMAs BO BHUMAHUE CBOMCTBA OOBEKTA,
(HampuMep, ero reOMeTPHIO).

3. OOHUMN ¥ TEeMHU X€ MOMNEJISIMU MOI'YT OIUCHLIBATHLCS COBEPIIIEHHO
pa3Hble MO CBOEW IpUpone OOBLEKTHI, MOMUMHSIOIIAECS Pa3HBIM (QyHIA-
MEHTAJILHBIM 3aKOHAaM, W, HA0OOpPOT, MAHHOMY 3aKOHY MOI'yT OTBEYATH
NPUHIUNAAILHO pas3HbLIE MOOeNu (HAIPUMED, JIMHENHBLIE W HEJIUHENHLIE;
cM. 1. 3).

4. HeobxommMoO MCHOJB30BATH BCE BO3MOXHOCTH MJIS IIPOBEPKU IIPa-
BUJILHOCTHY TIOCTPOEHUS MOAEIH (IIPeeiibHBIE MEPEXONBI — M. 2, 3, MPyTHue
byHIAMEHTAJIbHLIE 3aKOHBI — II. 4 U T. II.).

YIIPAZKHEHU A

1. B 3amade 0 BCINIBITHM MOOBOAHOU JIOOKW YUNUTHIBAETCS CONPOTUBIIEHUE BOIEI.
IIpuanMas cuity conmpoTuBiieHus paBHOU F1 = —kou, roe ko > 0 — xoaddurnmenT, 3a-
BUCAIIINN OT CBOWCTB BOABI M HOPMBI MOMJIONKM, U — BEPTUKAJIbHASI CKOPOCTH JIOOKW,
HAAOUTE MaKCUMAJIbHYIO TJIyOmHy H, Ipu BCIJIBITUU C KOTOPOW CMJION F'| MOXHO Ipe-
HeOpeus B 060 MOMEHT BpeMeHU t < fj (HOJIXKXHO BHINOJHATHCS TpeGoBanme Fp <
< F — P).

2. IloBTOpSs pacCyXmeHUs M. 2, HAUOWUTE CUJIY IIPUTSXKEHUS IEKTPOHA K OOKJIa -
KaM KOHIIEHCATOPa, MMEIOIMINM KOHEeUHbIe padMmepsl K1, R3. ¥Yb6enuTteck B TOM, YTO IIpU
Ry1 — 00, R3 — 00 HOJIy4YeHHOE BBIpaXeHue mepexonut B Gopmyiy (2).

3. B 3amaue n. 3 BBeguTe TOJIIIUHY KOJIBIA d, HauguTe cuwity F' m ybegurech, 4TO
moJryueHHoe BhIpaxkenue npu d — 0 copmamaer ¢ dopmyson (3).

4. Ilyctp pacCcTOsHME MEXNY TOYKONM HEWTPAIBLHOTO IOJIOXKEHWS NPYXKWHBL T =
= 0 ¥ CTEeHKOHN, K KOTOPOU OHa Kpemutcs, paBHo L (cMm. puc. 11). Haninure, mosms3ysce
dopmyson (6), ycioBMsA Ha BENWYMHBL T0, U0, DU BBIIOJIHEHWM KOTODPBIX IIADUK HE
MOXET YHAPUTHCSI O CTEHKY (B IPOTUBHOM Cilyuae Momeisb (5) HeBepHA, TaK KakK IIpU
COymapeHn’ CO CTEHKON HMIAPUK KUCHOBITHLIBAET C €€ CTOPOHBI NEMCTBUE HEKOTOPOU CUIIBI,
He yunThIBaeMOn B ypaBueHuu (5)).

§ 3. BapI/IaI_II/IOHHbIe IIPMHIIMAIIBI 1 MaTeMaTn4YeCKne MoaeJin

HanguM ympoleHHY0 (POPMYIMPOBKY BAapPUAIMOHHOrO mpuHiuma I'a-
MUJILTOHA, IJI MEXaHMYIECKO cucTeMul. Ha ero ocHOBe BhIBENEM ypaBHEHUS
IBVKEHUS IIaPUKa Ha MPYXUHE M MAaATHUKA B mojie cuil Tsxectu. Como-
CTABUM PE3yJILTATHI IOy YeHUs MOOENIe 13 GyHIaMeHTAIbLHBIX 3aKOHOB 1
13 BAPUAIMOHHOIO IPUHIIAIIA.

1. O6mias cxema npuHnuna I'amunabToHa. IlycTh numeercs mexa-
HUYECKas CUCTEMa, (POPMAaIBLHOIO U CTPOrOrO OMPENeSIeHNs KOTOPOIA IOKa,
IaBaThb He OymeM, uMesl B BUIY, OOHAKO, UYTO BCE B3AUMONENCTBUS MEXIY
5JIEMEHTAMU TAKOW CUCTEMBI ONPENESISIOTCS 3aKOHAMY MEXaHUKY (OOUH U3
IIPOCTEMIINX IPUMEPOB — PACCMOTPEHHAd B II. 4 § 2 cucTeMa «IIapuK—
npyxuHa»). Beenem mousaTue o6obuennviz xoopounam (Q(t), MOIHOCTHIO
OIIPEHEIIAIOIINX TIOJOXEHNEe MEXAHNUECKO CUCTEMEL B IIPOCTPAHCTBE. Be-
nuurnaa () MOXkeT OBITH HEKAPTOBOW KOOPOUHATON (HAIpUMED, KOOpP-
IUHATA T B CUCTEME KIIAPUK—IIPYKUHAS), PAILYCOM-BEKTOPOM, YT IIOBOR
KOODPIMHATOMN, HAOOPOM KOOPANHAT MATEPUAILHEIX TOUYEK, COCTABIIAIONINX
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cuctemy, u T. i. Bemuuuny d@) /dt ecTecTBeHHO Ha3BATL 0000w EHHOT CKO-
POCMbI0 MEXAHUIECKON CUCTEMBI B MOMEeHT BpeMenu t. Habop Benuuun () (t)
u d()/dt onpenenseT COCTOSHME MEXAHMIECKON CUCTEMEBI BO BCE MOMEHTHI
BPEMEHN.

st onmcaHuss MEXaHUYIECKON CHUCTEMBI BBOOUTCI (Pywxuyud Jlazpan-
Jca, TIOCTPOEHUME KOTOPOM — OTHENBbHBIN BOMIPOC, Dojiee MmogpoOHO pac-
cmatpuBaeMmbli B ri. III. B mpocrenmux cinyuasx ¢yaknus Jlarpanxa
UMeeT SICHBI CMBICII U 3aIIMCBLIBAETCS B BUIE

L(Q,dQ/dt) = Ex — En, (1)

rane Ey, By — KuHeTWYeCKas U MOTEHIUAJIbHAs SHEPTUU CUCTEMBI COOT-
BeTCTBeHHO. I 1eset maHHOTO maparpada HeT HeOOXOOMMMOCTH MaBaTh
obrriee onpenesieHre BenuunH Fy, F;, TTOCKOIIBKY B paCCMATPUBAEMBIX ITPU-
MepaxX OHU BBEIYUCISIOTCSA OYEBUIHBIM 0OPa30M.

Beenem nmanee senuuuny S[Q)], HasbBaemyo detdcmeuem:

S[Q) = / r(Q. %) @)

t1

Wurerpan (2), oueBumHO, ABISETCS (YHKIMOHAIOM OT OGOOIIIEHHON
koopauHaThl Q(t), T. e. dyukumu (1), 3amaHHON HA OTpPE3Ke [t1, 2], OH
CTaBUT B COOTBETCTBUE HEKOTOPOE 4ucio S (meficTaue).

[Ipuanun INaMuiIbTOHA 01 MEXAHUYIECKON CUCTEMBL TIIACAT: €CJIN CHC-
TeMa IBUXKETCS [0 3aKOHAM MEXaHWKM, TO ()(t) — cranumoHapHas QyHKIUs

s S[Q], unu

4 S[Q + epl.—o = 0. (3)
de

durypupyromas B npunyune waumenbuiezo deticmeus (3) dyHkiusa
¢(t) — HekoTopas npobHas GYHKIMS, OOPAIIAIONIAICA B HYJIb B MOMEHTHI
t1, to ¥ YOOBIETBOPSIOIIAS TOMY YCIIOBUIO, UTO (1) + €p(t) — BO3MOXKHAS
KOODIMHATA NAHHOU CUCTEMBI (B OCTAILHOM (1) MPOM3BOIILHA).

Cwmpicn npuHIuna (3) B TOM, 4TO U3 BCEX AMPUOPU MBICIUMBIX (IOMYC-
KAEMbIX) TPAEKTOPUN (IBUKEHUN) CAUCTEMBI MEXY MOMEHTAMHU t1, to BBHI-
bupaercs (peau3yeTcs) NBUXKEHUE, TOCTABIISIONEe MUHIMYM (YHKIIMOHA-
ny neictus (OTCIONA MPOUCXOAUT W HA3BaHUWE NpUHIUNA). PyHKIms €@(t)
HA3BIBAETCS 8apuayuet Berumauusl Q(t).

Nrak, cxema mpuUMeHEHUs NMPUHIUNA [aMuiabToHA (3) HJif HMOCTpOe-
HUS MONEJIel MEXaHUYECKUX CUCTEM COCTOUT B CIIEMYIOIIEM: OMPENEIISIIOTCS
o6ob1eHHbIe KOOpAUHATHL () (t) u 06obiennse ckopoctu d() /dt cuctemsr,
crpositcs yukus Jlarpanxka L(Q, dQ /dt) u dyukimonasn neiictsus S[Q)],
MUHUMM3ALAT KOTOPOTO Ha Bapuamusax £@(t) koopauuatTer ()(t) u maet uc-
KOMYIO MOIEIIb.

2. Tperumn crmocob6 MOJIyYeHUs MOHEJIM CHUCTEMbI KIIapUK—
MpyXuHa®». BoCnonb3yeMcs MpUHIUIOM |'aMUIbLTOHA Il IMOCTPOCHMUS
MOIENIY [BUXEHUS IIAPUKa, COSOUHEHHOro ¢ npyxuHoi (m. 4 § 2). B ka-
qecTBe OOOOIIEHHON KOOPAWHATHI CUCTEMBI €CTECTBEHHO BBHIOPATHL OOBLIYU-
HYIO 5iyIepoBy KoopaouHaTy mapuka r(t). Torma o6oOIIEHHAsS CKOPOCTH

3*
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dr/dt = v(t) — obbrunas ckopocts 1mapuka. Oyukums Jlarpamxka (1), pas-
vas L = By — Ey, 3anuceiBaeTcs yepes yxe HalmeHHbIe B 1. 4 § 2 3HaYeHns
KAHETUYECKON U TIOTEHIINAIILHON YHEPT U CUCTEMBI:

2 2
L:m(dr/dt) e
2 2

,HJIH BCIINYNMHBI ,HQIZCTBH?[ IIOJIy4Ya€M BBIDaXEHUE

= o) = [2(%) -]

t1 t1

Tenepsb, B COOTBETCTBUU CO CXEMOU II. 1, BEIYUCIUM NEACTBUE HA BapUa-
usax £p(t) koopauHaThI 7(1):

Slr + &) = ] l% <—d(7’ “""))2 2 (rtep)’

dt.
dt
t1

[Mocnenuioro dopmyity HeoOxomuMO Tpoaud@epeHImpoBaTh Mo € (yUYUTHI-
Bast, 4TO GyHKIMU T, @, dr/dt, dp/dt oT € He 3aBuCAT):

to
d d 1 dr\ 2 dr d do\”
- — - - e — L 2( 2 _
gz Ol el d52/lm{<dt> MR TR (dt)

t1

— k{r® + 2erp + 62(,02}] dt =

to
B dr dop dy 2 9
_/[m{dt o —I—s(dt) } k{re+ep”}
t1

U TIOJIOXKUTH B Hen € = (:

dt,

d
£S[r—|—5cp]

2
dr dy

- L kreldt=o.

— /hﬁﬁ w] ’

t1

[IpaBas 4acTh 5TOrO BLIPAXKEHUs (PABHOTO HYJIIO B COTJIACUU C IIPUHIIATIOM
Famunbprona — cM. (3)) ¢ HOMOIIBIO MHTEIPUPOBAHUS €€ MEPBOTO UJIEHA
0 YaCTsIM U C YIETOM TOro, 4TO ¢ = 0 B MOMEHTEI t1, t2, Ipeobpasyercs
K BUIY

d
£S[r+ap]

d?r
620:—/@[77’&%4‘]67“] dt:O

t1

[Mockonbky mpobHas byHkus (t), durypupyiomas B GOpMYIUPOBKE
MIPUHIINIIE, HAUMEHBIIIETO NEUCTBUS, IPOU3BOIIbHA, TO YaCTh BBIPAXKEHUS,
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CTOSIIAs MOA 3HAKOM MHTErpaJia B KBAaJAPATHBIX CKOOKaX, MOIXHA OBITH
PaBHA HYJIIIO BO BCE MOMEHTHI BpeMeHn ¢ < ¢ < ta:

d?r
m ol —kr,
T. €. IBUXKEHNE CUCTEMBI JOJIXKHO OMUCHLIBATHCS YpaBHEHUEM (5), MOy YeH-
HBIM B § 2 u3 3akonHa HpioToma (mepBhlil coco6) M 3aKOHA COXPAHEHUS
sHeprum (BTOpOii criocob). Bee Tpu momxoma 0Ka3bIBAIOTCS SKBUBAJIEHTHBI-
MU (TaK KaK MEXNy HUMU CYIIECTBYeT riyboKas CBs3b, O0jiee MOmpoOHO
usyuaemas B 1. 111).

3. Konebauusa MasTHUKA B moJie cuJl TskecTu. [IpuBemem He-
CKOJILKO 00Jjiee CIIOXHBIN NMPUMEP MPUMEHEHUs MPUHINNA ['aMuiIbTOHA C
MOAPOOHBIM PACCMOTPEHUEM HAYAJIBLHON CTAMUU TOCTPOCHUS MONCIUA —
ONMCAHUEM MEXAHUYECKOW CUCTEMHL.

[TycTh Ha HETOOBUXKHOM ITAPHUPE MOABEIICH MASATHUK — I'PY3 MaCChI
™M, HAXONAIIUICS HA KOHIlE cTepxHs miuHbl | (puc. 12). [Mapuup cumra-
€TCsI UOeAJbHO TJIAIKUM B TOM CMBICJIE, UTO B
HEM He MIPOUCXOMSAT IMOTEPU SHEPIUU HA TPEHUE.
HenonBmXHOCTE MIapHUPA O3HAYAET, UYTO OT He-
TO BHEPTUS B CUCTEMY «CTEPXKEHb—TPY3» He MO-
CTyHaeT, TAKOU IITapHUP HECHOCOOEH COBEPIIUTH
HaI Hel Kakyro-imbo pabory. CrepxkeHb cumTa-
€TCsI HEBECOMBIM U a0COITIOTHO XKECTKUM, T. €. €0
KMHETUYECKass W TOTEHIMAJIbHASI DHEPrUM PaB-
HBI HYJIIO, & TPY3 HE MOXET COBEPIIATDH IBUXKE-
HUY BIOJIbL OCU CTepXKH. ['py3 umeeT HeOONLIIIE
pa3MepHl [0 CPABHEHUIO C MIIMHON CTEPXKHs (Ma-
TepualibHas TOUKA), YCKOPEHUE CBOOOMHOTO IIa-
IEHUsI ¢ TIOCTOSIHHO, CONPOTUBIIEHWEM BO3MyXa
nmpeHebperaeTcs, KojieOaHusI TPOUCXOASIT B HUK-
CUPOBAHHON BEPTUKAIILHON IJIOCKOCTHU ([JIs Yero, OYeBUIHO, BEKTOD Ha-
YAJILHOWM CKOPOCTH I'PYy3a HOIKEH JIEXATh B DTOU IIOCKOCTH).

[Tocite Bcex ATUX yHPOIIAIOIINX MPENIOJIOKEHUNA SICHO, UTO TOJIOXKe-
HUE MASTHUKA OINPEeNenseTcs UMb OMHON OOO0OIIIEeHHON KOOPOUHATON, B
Kad4eCcTBE KOTOPOI BeIOepeM yros a(t) OTKIIOHEHUS CTEPXKHS OT BEPTUKA-
. OGOOIIEHHAST CKOPOCTD B TAHHOM CJIydae — YIJIOBasi CKOPOCTH da/dt.

Kuneruueckas sHEPTUS CUCTEMBI HaeTcs HGOpMyIIon

1 1 da\®> 1 da\?
EK:— 2:— e = — 2 e
2mv 2m(l dt> le ( ) ,

A

Puc. 12

a IIOTEHIIMNAJIbHAA S9HEPIrUsd BBIDAXKECHUECM
E; =mgh=—mg(lcosa —1),

rne h — OTKIIOHEeHVe MAsSTHUKA OT HAWHU3IIETO IOJOXKEHUS MO BEPTUKA-
au. B manbpHenmux BeIKIAOKAX BenuuuHy mgl B E; omycTum, Tak Kak
MOTEHIINAIIbHAS SHEPT U OIPENeNseTCsl ¢ TOYHOCTHIO N0 HOCTOSHHOMU.
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Teneps HeTpymHO BhHIUKMCIUTL GyHKIUIO Jlarpanxka (1) u meiicTBue

do 1 (do\?>
L(Oé,a) —ml [§Z(E> +gCOSO[] ,
to 5
1 [da
Sla] = ml/ [§Z<E> —l—gcosa] dt.

t1

(2):

Haxons meiicTBue Ha Bapuanusax o + €p(t):

Pl d dp\’

. 1 Q @

S[a—l—z?QO]—ml/ 121(—dt +s—dt> + g cos(a + )
t1

to
1 da\? da dp o { do 2
_ml/b{(E) +26E%+6 (E) + gcos(a+ eyp)

t1

dt =

dt,

nuddepeHnupys ero no € u nojiarad € = 0, nomyuaem

to

da dy
= mil — — — i dt = 0.
. m/[ Ty gogsmoz] 0
t1

d
£S[Oé+8(p]

Kakx u B 1. 1, uHTerpupyem mnepBBI 4jleH BBIPaXKEHUS B CKOOKaX IO
YaCTSM U, yIUTHIBAs, 9TO Y(t) = 0 B MOMEHTHI {1, ty, IPUXOMUM K CIIEIYIO-
IIeEMY YPaBHEHUIO:

to

d2
ml/cp [lﬁ(;—kgsina] dt =0,

t1

KOTOPOE B CUJITY TIPOU3BOILHOCTH (1) MOXKET YIOBIETBOPSTHCS JIUIITH €CIIH
o Beex 11 < t < to COpaBemJimBO

d’a g .
-z =~ sina (4)

3aMeTuM, 4TO ypaBHEHUE KOJIICOAHUN MasATHUKA (4) B OTIMYME OT
ypaBueHust (5) § 2 HenuHENHO. DTO 06CTOATEIBLCTBO CBA3AHO € HOJIee CII0XK-
HOU MeOMETPHUEN CUCTEMBI «CTEPKEHb—TPY3», 8 UMEHHO: YCKOPEHUE, UCIILI-
THIBAEMOE TPY30M, HE IIPOINOPLUUOHAILHO KOOPANHATE, KAK B CIIydae 3aKOHA,
I'yka, a gBngercs 6Goyee CIOXKHOA (YHKIMEH OTKJIOHEHUS OT IIOJOXKCHMUS
paBHOBecus (yria «). Ecau e 5T OTKIIOHEHMs MaJibl, TO Sina &R «, 1
MOZIeNIb MAJILIX KOjeOaHuil JTuHENHA:!:

d’a g
7

2 1
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Oum onucwiBaiorTcss Gopmydion, anajoruunoin (6) m3 § 2, rme w =

= /g/l — cobcTBeHHAs YACTOTA MAaIBIX Kojebauuil, a Benuwunusl A, B
do
ompenesiorcs uepes a(t = 0), s (t =0).

4. 3akaodyenue. [IpuMmepnb! UCoONb30BaHUS IPUHIUIS ['aMUIBLTOHA,
IIJISI IOCTPOEHUsS MOMENIE MEXaHUUECKUX CUCTEM PUCYIOT BECHMa UE€TKYIO
MIPOTPaMMY MENCTBUM, B OOIIIEM BUIE OMUCAHHYIO B II. 1. Y HUBEPCAIBHOCTh,
cTpOro (GpopMaIn30BaHHBIE TTOCIIENOBATENbHBIE TIPOIENYPHI, HE 3aBUCSIIINE
OT NeTaJlell KOHKPETHOU CUCTEMBI, 0€3yCIIOBHO, BeChbMa MPUBJIEKATEIbHAS
JepTa BAPUANMOHHBLIX NMPUHNUIOB. B mpUBENEHHBIX BHIIIE MPOCTHIX CITY-
JagX MOOESIWM MOTYT OBITh OTHOCHUTEBLHO JIETKO TOJYUYEHBl U WHBIMU CITO-
cobamu. OmHAKO MIIT MHOTMX OPYTUX, OOjiee CIIOXHBIX 00BEKTOB, BapUa-
IMUOHHBIE TTPWHITUITHEI OKA3BLIBAIOTCSA (PAKTUIECKN €NUHCTBEHHBIM METONOM
TIOCTpoeHusT Mopesier. Tak, HampuMmep, MEXaHWYIeCKUe JacTh OOJIBITTIH-
CTBa POOOTOTEXHUUECKNX YCTPOUCTB COCTOAT M3 OOJBIIOTO KOJIUYIECTBA
Pa3HOOOPA3HBIX BIIEMEHTOB, CBA3aHHBIX MEXTy COOON PAa3IMIHBLIMU CIIOCO-
b6amu. Ix MmaTeMaTuuecKme MOMEIN BKITFOUAIOT OOJIBITIOE YUCIIO YPABHEHNUH,
enMHOOOPAa3HO MOTYIAEMBIX B OCHOBHOM C TIOMOIITHIO BAPUAIIMOHHBIX TTPWH-
IIATIOB. OTOT TOAXOM YCIIEIIHO MPUMEHSIETCS TAKXKe W IJId CUCTEM WHOI
npuponsr (PU3MIECKUX, XUMAIECKUX,, OUOJIOTUIECKUX ), IIIIsI KOTOPBIX GOop-
MYJIUPYIOTCS COOTBETCTBYIOIHE OOITINE YTBEPKIECHNS O XapaKTePe NX IBO-
mounn (TIOBENCHNs).

To o6cTosTenbCTBO, YTO TpUHITAN ['aMuIbTOHA U APYTHUE TTOAXOH 1A~
IOT COBHAIAIONITNAE MOMIENN, €ECTECTBEHHO, TTOCKOJIBKY OHU ONMUCHIBAIOT ONWH
U TOT XK€ UCXOMHBIN 00BeKT. Pa3ymeercs, Takoe COBIaleHIE TapaHTUPO-
BAHO TOJIBKO IIPU OHUX U TeX XK€ MCXOMHBIX MPENIIOIOXEHNIX 00 O0OBEKTE.
Ecau ero uneanusanust (Kak OOWH U3 MEPBBIX 9TAIOB MIOCTPOEHUS MOLIEIIN)
MIPOBOAMTCS OAUHAKOBO, TO Pa3HBIE CIOCOOBI MOJIYyUEHUS MOMOEIEN MOJIXK-
HBI aBaTh TOXIECTBEHHbIE pe3yiabTaThl. IlycThb, Hampumep, B cucTeme
IIAPUK—TIPYXKUHAS> TOSIBIISETCS OOTMOJIHUTEIbHAS MOCTOSHHAS CUJIA, He-
KOTOPOT'O BHEIITHETO BO3AeCTBUS Ha, mapuk Fj. Torma u3 BTOpOro 3aKoHa
HrproToHa HETPYOHO MONYYNTh YpaBHEHUE MBUXKEHUS IIAPUKA

d?r

mﬁz—kr—l—ﬁb

(cp. ¢ (5) § 2). llpumensst npuunun ['aMuIbTOHA K TAKOW cCUCTEME, He-
06X0OUMO yYeCTh HaJmume 5TOoi cuiibl. QUeBUOHO, YTO OIpeneseHus 00-
OOITIEHHON KOOPAWHATHI, OOOOIIEHHON CKOPOCTU U KMHETUYECKON SHEPrun
Ey ocTraloTca HeM3MeHHBIMU. B TO e BpeMs BEIpaXXeHue IS MOTEHIINAIb-
HOU SHEPTUU CYIIIECTBEHHO U3MEHsIeTCs (Cp. C M. 2) Ha BEJIMYUHY, PABHYIO
paboTe, MPOU3BENEHHON STOU CUAJION HAM CUCTEMOM:

P
2

2
r r
En:k—-l- FldT:k—+FOT.
2 2
0
ITpoBomst aHAJIOTWYHLIE TI. 2 BBIKIAIKU C COOTBETCTBYIOIIIM O0OpPa3OM M3-

MeHEeHHBIMU BenmmuuaaMu L u (), HeTPyaHO yOenuThCs B TOM, UTO ITPUAHIIAIT
[NaMunpTOHA MaeT HATMCAHHOE BEHIIIE YPABHEHNUE C BHEITHEN cuion Fy.
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YIIPAZKHEHN A

1. IIpoeepsTe, uTo MOmess (4) MOCTPOEHA MPABWIHLHO, IOJIyUMB €€ C IOMOIIBIO
BTOpPOTO 3aKkoHa HbIOTOHA.

2. Ucnonb3ys pesyabTaThl 1. 2 § 2 1 npuHLOUII [ aMuiIbTOHA, IOCTPORTE MOLEIIH KO-
J1e0aHUN MASATHUKA B SJIEKTPUYECKOM IIOJIE, CO3ABAEMOM 3aPSIXKEHHON TOPU30HTAJILHOM
IUIOCKOCTBIO, HAJI KOTOPOW IIOABEIIEH MAITHUK. 3apsal I'Py3a PaBeH ¢, IOBEPXHOCTHAS
IUIOTHOCTH 3apANOB HA IVIOCKOCTHM paBHA —qo (cmmon Tsxkectu npeHebpeus). Ilouemy,

HECMOTPS Ha PA3IUYHYI0 HPUPOAY MENCTBYIOIINX CUJI, IMOJYYaeTCS MONEJIb, AHAJIOT Y-
Has (4)7

§ 4. IIpumep mepapxum Momesen

s IBUXEHWS MIapuKa, COENMHEHHOTO C TIPYXKWHOMN, ITOCTPOUM Hepap-
XUIECKYIO IEMIOYKY MOMEJIel IO IPUHITUTIY «CHU3Y BBepx». [locmemoBaTens-
HO BBEIEM HOBBLIE YCIOXHSIONIKE (GaKTOPHI U MAAUM WX MATEMATUIECKOE
OIVICaHUE.

1. Pasnuunble BapumaHTBLI OeMCTBUSA 3a/laHHOW BHEIITHEM CuU-
ael. [lycTes Ha mapuk meiicTByeT u3BecTHas BHemmHss cuia F(r)t), 3a-
BUCAIIASI OT BPEMEHN U IIOJIOXKEHus mapuka. OHa MOXET IOPOXIATHCS
1oJIeM TSTrOTeHwust (CM. yup. 1), UMeThb 5K TPUYECKOE WITU MATHUTHOE TIPO-
ncxoxaerue u T. 0. 3 BToporo 3akona HuioToHa cpasy momydaem, 4TO 1O
CpaBHEHUIO ¢ 0A30BOM MOMENBIO KOJjIeOaHUT

d?r
m— = —kr 1
B IIPaBOil YacTu ypaBHeHus (1) MOABISETCS NOMOIHUTEILHBIN UJIeH:
d>r
m— = —kr + F(r,t). 2
" (r,1) 0

[Ipocreiiuit BapuanT ypaBHEHUs (2) OTBEYAET MOCTOSHHOW CUJIE
F(r,t) = Fy. llpoens sameny 7 = r — Fy/k, nonyuaem mis 7
d’7
dt?
T. €. TIOCTOSIHHAS CUJIA HE BHOCUT M3MEHEHU B IPOIECC KOIeOAHUN 38 TeM
ACKJIIOYEHUEM, YTO KOOPOUHATA HEUTPAJIBHON TOYKN, B KOTOPOU CUJIA, IEeN-
CTBYIOLIIAS HA IIAPUK, PABHA HYJIO, COBATAETCS Ha Benuuuny Fo/k.
['opasmo 6osee CHOXHAS KAPTUHA, IBUKEHUSI MOXKET MOPOXKIATHLC 3a-
BUCsIIIIe OT Bpemenu cuwioir F'(t). Paccmorpum miis ompeneneHHOCTH Tie-
pPUOOUUECKYIO BHEIIHIO cuity F'(t) = Fy sinws t:
d?r :
me—y = —kr + F(t) = —kr + Fysinws t. (3)
Pertenue nuneiinoro ypasHeHus (3) HAXOONUTCA KaK CyMMa, OOIIEro

pelleHuns OMHOPOOHOro ypasuenus (dbopmyia (6) § 2) u 4aCTHOTO pereHus
HEOMHOPOIHOTO ypaBHeHus (3), KoTopoe OyneM UCKATH B BULIE

r1(t) = C'sinwst. (4)

= —kr,
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[oncranoBkoit 5TOro BeIpaxkeHus B (3) HAXOOUM

C— Fo Fo
o k—mw?  m(w?—-w?)’

rie w = \/k/m — gacTora KojmebGaHWl TPYXKUHBL B OTCYTCTBUE BHEIITHUX
cun, mnu COOCTBEHHAS YACTOTa CUCTEMBI. B mTore mits OOIIEero pereHus
(3) umeem

r(t) = Asinwt + B coswt + sin wy t.

m (w2 — w?)

Urak, Baemuss cuna F'(f) IpuBOOUT HE TOIBKO K MOSBIEHUIO B CUC-
TeMe NOMOJTHNUTEIBHBIX KOJIeOAHNN ¢ YJaCTOTOR W1, HO M K BO3HUKHOBEHUIO
pe30nanCca — HEOTPAHUUIEHHOMY POCTY aMIIUTYIBLI KOJIeOaHU Ipu wi —
— W.

2. JIBMKeHe TOYKHN KPeEIJIEHUs, IPYXKWHA Ha BpallaloIieMcs
cTtepxkHe. Pe3onanc B cucteMe MOXeT OBITH BBI3BAH Takxe Oaromaps
IEVCTBUAIO CUJI MHEPIIMOHHOTO mpoucxoxneHus. 1lycTs Touka kpemnmeHus
IPYXKUHBL ABUKETCS IO 330aHHOMY 3aKOHY To(t) = f(¢). Torma B cucreme
KOOPOMHAT, CBSI3aHHOU C 3TOU TOUKOUN, HA IIAPUK OENCTBYET, HOMUMO Ha-
TSXKEHUS IPYKUHBL, CUIIa, nHepuun, paBuas ma(t), roe a(t) — yckopenue,

06y CIIOBIIEHHOE NBUKEHUEM CUCTeMBI KoopauuarT, a(t) = d? f/dt?. B aToit
CHCTEME KOODAWHAT ABUXKEHNUE IIaPUKa, OMUCLIBAETCS yPABHEHNEM

d?r
mﬁ = —kT+F(t),
rae F(t) = —ma(t) = —m d? f /dt* — mexkoropas 3a1aHHAS QYHKIAA BpeMe-

uu. Kak 1 B mpenbiayiieM ciydae, Ipu COOTBETCTBYIONIEM TEPUOAAIECCKOM
IBVXKEHUM TOYKY KPEIUICHNs B CUCTEME BO3HMKAET PE3OHAHC.

[Ipu 6Gosee CIIOXHOW MeOMETPUN CUJIBI MHEPIUU CUCTEMBI MOTYT 3a-
BICETb HE TOJILKO OT BPEMEHH t, HO U OT KOOPOMHATHI r. Eciau mpyxumna,
HAZIETa, HA, CTEPXKEHD, NBUKYIIUICS C YTIIOBOM CKOPOCTHIO w(t), TO IEHTPO-
6exHas cuta nHepimu pasHa F = mv? (1) /R = mw?(t) R, roe v(t) = w(t) R,
R = Ry +r, Ry — nnuHa OpPyXWHBI B HEHAIPYXKEHHOM COCTOSHUU, T' —
OTKJIOHEHUE ITaPUKa OT HEUTPAIILHOTO MOJIOXeHus, r > —Ry. Y paBHeHue
ABUXKCHIA IIapUKa IIPUMHUMaACT BUL

d?r
me—y = —kr + F(r,t), (5)
rne F(r,t) = mw?(t) (Ro + r), wm
d?r 9 9
m—y = —(k —mw=(t)) r + mw*(t) Ro,

IpUYeM, OUeBUIHO, ipu 1 K Ry muneiinoe ypasuenue (5), o0iiee peieHue
KOTOPOr'O 3[IeCh HE BBIMUCHIBACTCA B CHIIy €0 TPOMO3IKOCTH, IIEPEXONUT B
ypasrenue suna (3) ¢ F(t) = —mw?(t) Ro.

OnmHaxo B DAHHOM CITy4ae PE30HAHC HEBO3MOXKEH, TAaK KAK BHEIIHII
CUJIa BCEr[la HAIPABIEHa B ONHY CTOPOHY M HE B COCTOSHUM PACKAYATD
CUCTEMY.



42 IIPOCTENIINAE MOIEIN W IIOHATHI [TJI. 1

3aMeTuM, YTO YCJIOXKHEHHAs 10 CPABHEHUIO C UCXOMHLIM CIIYYAEM T'eo-
MeTPpUs OTHIONb HE BCEra O3HauaeT 0ojiee CIOXKHOE MoBemeHue OOBEKTA.
PaccmoTpum, Hampumep, IIapukK, MPUKPEIJIEHHBIN K OBYM IPYXWUHAM C
XKecTKOCThio k1 u ko (puc. 13). Haua-

—kir —kar JIO KOOPOWHAT IIOMECTUM B TOUYKY, T'Ie
- m - o
XN, | oeus. mpysmoms, ypansopemmna.
2 POHBI 00eux MPYXWH, YPABHOBEIIINBA-
/
0 10T APYT Apyra (Ipu 5TOM MOIIKHO CO-
» 7 OaomaThCs HEKOTOPOE yCIOBUE HA, I1a-
Puc. 13 paMeTpPBI CUCTEMBI, YTOOBI IIAPUK HE
MOT' KaCaTbCs OMHOU M3 TOYEK KpeIJie-
Hus — cM. yup. 2). Ilo sakomy I'yka mpum OTKIIOHEHWE T Ha IIAPUK CO

CTOPOHBI JIEBOU MPYXKUHLI OEHCTBYET CUIIa —k17, a CO CTOPOHLI IIPABOM —
cuita, —kor (06 CHITBI HAIIPABJIEHBI B OMHY CTOPOHY, TaK KaK IIPU PACTIXKE-
HUY TIEPBOY MPYXKUHLI BTOPAs MPYXUHA, HA000POT, CKUMaeTcs). B utore
MIPUXONUM K TAaKOMY e YPaBHEHUIO, KaK U B CJIy4Yae ONHON IPYXKUHHBI,
d>r
m—— = —kir — kar = —kr,
dt

HO C YBEJIMYEHHOW XECTKOCTBhIO kK = k1 + ks, CKIIAOBIBAIOIIECNCS U3 XKECT-
KOCTel 06eux npyXKuH.

3. Yuer cmi TpeHusa. B paccmaTpuBaeMon cucTeMe CUJIBI TPEHUS
MOLYT IOSIBIIATHCS [0 KPAWHER Mepe n3-3a AByX npudud. IlepBas u3 Hux —
HEUIEAJILHOCTD ITOBEPXHOCTEN ITAaPUKaA, U INIOCKOCTH, II0 KOTOPOW OH IBU-
x)ercs. B sTom ciyuae cuma Tpenus pasua ' = k1 P, roe ky — xo3ddu-
nneHT Tpeuus, P = mg — Bec mapuka. OHa Bcerma HaIpaBlIeHa IPOTUB
IBUXKEHUS IIIaPUKA, €€ 3HAK IIPOTUBOIIOJIOXEH 3HAKY CKOPOCTH IIAPUKA, U =

= dr/dt, 7. e. F' = —kymgsign(dr/dt). [IBuxkenune maprka MOTINHIETCS
YDABHEHUIO
d? d
m d—; = —kr — kymgsign d_:; : (6)

KOTOPOE BHEIITHE MMOXO0Xe Ha, ypaBHeHue (2) ¢ mocTosuuon cuoin F'(r,t) =
= Fp. OnHako m3-33 3HAKOIEPEMEHHOCTU CUJIIBI OHO HE CBOIUTCS K CTAH-
MAPTHOMY YPaBHEHUIO KOJIeOAHUA. DTO 0OCTOSITEILCTBO CIIYXKUT BhIPAXKe-
HIIEM TOTO, YTO ypaBHeHus (1) u (6) OnuCHIBAIOT CYIIIECTBEHHO PA3HBIE IPO-
1eccel. B wacTHOCTH, aMIIIUTyna KOIEOAHUN [IIAPUKA, B MIOCIIEIHEM CILyYae
YMEHBIIIAETCs CO BpeMeHeM. B 5ToMm HeTpymHO ybenmuThes, nepenucas (6)
B BUIIE
dv )
m — + kr = —kymgsignwv,

dt

YMHOXUB 06€ 4aCTH! HTOrO BBIPAXKEHUsI Ha v/ 2:

v dv k i ) v
m—= — r — = —kymgsignv —
2 dt 1mgsig 9 ’
U C yYEeTOM TOTO, UTO v = dr/ dt, IIOJTY UUB
m dv?  k dr? 1

= 2 - _Zk ; 0.
T —l—2 P 5 1mgsignov - v
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[Tocnentee ypaBHeHNE SKBUBAJIEHTHO YPAaBHEHUIO

d 2 2 1 .

[TpuarMas BO BHUMAaHUE, YTO B JIEBOM YacTu (7) IMOM 3HAKOM MTPOU3BOMHOMN
CTOMT CyMMa KMHETHYECKON ¥ MOTEHIMAJILHON dHepruu cucteMbr F(t) =
= F(t) + Ex(t), a npaBas wacts (7) npu v # 0 oTpuIaTEIbHA, IMEEM

dE(t) dE(t) B
dt <0, ’U;éo (7—0, ’U—O),

T. e. nonHas sueprus F(t) yobBaeT co BpemeneM. [1ockonbKy B MOMEHTEI
OOCTIKEHUS [IAPUKOM MAKCAMAJIBHON aMIUIUTYOLL |1y, (t)| ero ckopocTh
(n kuHeTHMueckas sHeprus F,) paBHA HyJIo, TO B 5T MOMeHTHl F, =
= kr2 (t)/2 = E(t), u B cunty yOuBanusa E(t) ammmuryna |rp, ()| — Taxxe
yOBIBatoIas GyHKISI BPEMEHN.

Bosee monpo6HO paccMOTPUM PE3yNbTAT NEHCTBUS CUIIBI TPEHUS NHO-
'O IPOUCXOXKICHNUS, BO3HUKAIOIICH 13-3a COIMPOTUBIICHNUS CPEBI, B KOTOPOI
IBUXETCS [AapUK (BO3LyXa, BOOBL U T. .). B 5TOM cityuae cusa TpeHus He
IIOCTOSIHHA, & CYIIIECTBEHHO 3aBUCUT OT CKOPOCTH ABUKCHUSI. DT 3aBUCH-
MOCTB OIUCHIBAETCS n3BecTHON dopmynon CTokca

7 dr
= THU = —H =
dt’
rae koddpdunment p > 0 ompenensgeTcs pa3MepaMu IMAPUKA, MIIOTHOCTHIO
CPeIlbl, ee BA3KOCTHIO U T. A. Y paBHEHUE OBUXKEHUS B BSI3KOW Cpelle UMeeT

B

d*r dr
m—s kr + F(v) kr — u o (8)

Haiinem ob6imiee perienume numHERHOrO ypaBHeHus (8), M306aBUBIIICH
IpeIBapPUTENILHO OT WjieHa ¢ mepsoi npousBonuou. [loncranoska B (8) 3a-
Merwl 7(t) = 7(t) e naer mna vHOBOU (yHKIWMHU 7(t) ypaBHEHME

d°F dr dr
m <eat W _|_aeozt a +aeat E +a26atf) —
dr
= —kre™ — pe® — — pae®'r.
pe®’ = —
CokpaTus B HeM MHOXUTENb e 1 mooxus a = —pu/(2m), mpunem x ypas-
HEHUIO
d?7 u?
m—=—|k——|7=—kr. 9
dt? ( 4m> ' )

B ornuume ot ypaBuenus (1) mepBBIl MHOXUTENb B mpaBoi dacTtu (9)
MOXKET MEHSITh 3HAK B 3aBACUMOCTU OT 3HAUEHUI apameTpoB k, i, m
CACTEMBI, 9TO ¢ y4eToM cBs3u 7(t) = e*'7(f) IpUBOMUT K CYIIECTBEHHO
MHOMY €€ MOBEIEeHWI0 OTHOCATENIHHO CTAHIAPTHOTO CILyYasl.
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[Ipu Masoit BaskocTu, T. e. upu k — p?/(4m) = ki > 0 perenue 7(t)
naetcst popmyson (6) § 2, u nus r(t) umeem

r = e = e/ (2™ (Asinwt + B coswt),

roe w = (kp /m)1/2, a koucTauThl A, B HaxomsaTcs uepes rg, vg. B cucteme
IPOUCXOMIAT 3aTYXAIOIINe CO BpEMEHeM KoJyieOaHusl (CM. TakXke ymp. 3) C
JaCTOTOU W.

Ecmu k; = 0, To Benuuunua dF /dt mOCTOSIHHA, WM, YTO TO XK€ CAMOE,
7(t) = ct + ¢1. s r(t) ¢ yueToM HAYAIBHBIX TAHHBIX [TOJLYYAEM

P(t) = et/ 2m) (ot 4 ) = e—th/(2m) ((vo + 5_7:2) t+ ro) .

B mammom ciiyuae xomebaHus OTCYTCTBYIOT OJIaromapst MOOABIISIIOIIEMY
MENCTBUIO CUJI BS3KOTO Tpeuus. CucTeMa MOXET JIAIIL ONWH Pa3 IMIPOii-
i Touky r = 0, I 9ero HeOOXOMUMO U TOCTATOYHO BHITOJTHEHUS Y CIIOBUIM
vo < —uro/(2m), ro > 0 unm vy > —pure/(2m), ro < 0, T. €. HAYAIBHAS CKO-
pPOCTH LIAPUKA MOMXKHA OLITHL JOCTATOUYHO BEJIMKA U HAIPABICHA K TOUYKE
r = 0. I[Ipu sTOM, OUeBHOHO, CKOPOCTH IHapuka v(t) = dr/dt MOXeT MEeHSITH
3HAK JIMIIL ONUH Pas.

Haxoner, npu GOJBIION BA3KOCTU OEACTBUE CUJILI TPEHUS HACTOIIbL-
KO 3HAUUTENILHO, YTO IS JIIOOLIX Tg, U IIAPUK «3aCTPEBAET» B CPeIe,
HUKOTZIa, He Ipoxofd Touky 7 = 0, a JuIIbL OOHOCTOPOHHE MPUOIMKAIChH
K Heil mpu t — oo. HeiictBurensro, npu k1 < 0 pemrenue ypapuerus (9)
(cM. Takxe yup. 4) 3HAKOIOCTOSHHO (IIPEATIONIOXEHNE O IPOTUBHOM CPA3y
XK€ TPUBONUT K MPOTUBOPEUUIO C YPABHEHUEM ), CIIEIOBATEIBLHO, BEIIMUNHA
r(t) Takxke He MensieT 3uak. [loBenenue yukiuu 7(t) npu ¢ — 00 MOXKHO
NOHSTH U3 CBONCTB MEPBOr0 MHTErpaJia, ypapuenus (9)

a7\’ B
m p = —k17° + const,

KOTOPBIA HETPYIHO MOJIYINTh, yMHOXas o6e yactu (9) Ha dF /dt n unTer-
pupys onuu pas mo t. [Ipenmonoxenus o Tom, uto 7(t) — oo mwmm 7(t) —
— C1 # 0 npu t = oo mpoTUBOpeYaT mociemHeMy paBeHCTBY. Ocraercs
enUHCTBeHHbI BapuantT 7(t) — 0, t — oo, u, Takum obpasom, r(t) — 0,
t — 0.

NTak, nBuxeHne CUCTEMBI B BI3KOWM Cpele OTIANYAETCS OOJIBIINM IIO
OTHOIIEHNIO K UOCAJIbHON CATYAIIMN PA3HOOOpa3ueM, IIPUIEM BO BCEX CIIy-
YasgX OHO IPOMCXOOUT C 3aTyXAHUEM.

4. IIBa TNna HeJIMHENHLIX MoeJieil CUCTeMbl KIIapuK—IIpy-
xuHa». Popmyna CTOKCa CIIpaBEMIINBA, CTPOTO FOBOPS, TOILKO I YCTa-
HOBUBIINXCS IBUXKEHUN, KOTNa NEACTBUE ITIOCTOSHHON BHEIITHEN CUAJIBI YPaB-
HOBEIIIMBAETCS CAIION BA3KOTO TPEHU TaK, UYTO B UTOTE TEJIO IEPEMEIaeTCs
C TIOCTOSIHHOI CKOPOCTBIO. BIIOMIHE BO3MOXHLI CUTYAaIld, IIPU KOTOPBIX CH-
JIa COIPOTUBJICHUS BA3KOM CPEIBI IPU MAJIBIX CKOPOCTAX MEHBIIE, 8 IPU
GOIBIINX CKOPOCTAX OOINBIE, YyeM BhIumciigeMad 1o dopmyite CTokca; Ha-
npumep, F(v) = —pv |[v|*, toe p > 0, a > —1. Torna uckoMas BeImInHA
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r(t) onpemesnsieTcst U3 ypPABHEHUSI

d?r

mey = —kr + F(v) = —kr — pv |v|°. (10)

Ypasueunue (10), B oTninume OT BCEX PACCMOTPEHHBIX paHee MOIEIIEH,
HEJIMHEHO, U €r0 PeIlleHne BHIMUCATD, BOOOIIE TOBOPSI, HEIB3s (XOTS MOXK-
HO MPOBECTU HOCTATOYHO METAJIBLHOE U3YUEHNE CUCTEMBI U B HEJIMHEHHOM
Clly4ae, B YACTHOCTHU, YCTAHOBUTD, TOJIb3YSICh MIPUEMOM, IPUMEHSIBIITIMCSI
st ypaBaeHus (6), 3aTyXaromuil XapakTep OBUKEHUs cucTeMsl). [losTo-
My OTPAHUYKMCS 3[€Ch NPUOIUKEHHBIM AHAJIN30M MOBEIEHUS CUCTEMBL B
IBYX €e MPeNebHbIX IMOJI0XEHUIX — B OKpeCcTHOCTH Touek v = 0 u r = 0.
O6a nooXeHs, OUEBUIHO, HE MOT'YT MOCTUTATHCSI OMHOBPEMEHHO, TAaK KaK
5TO 03HAYAJO OBbI, YTO CUCTEMA, TOKOUTCSI.

Ecmu v(tg) = 0 (3mecb MOMEHT ty — OOUH M3 MOMEHTOB HOCTUXKEHUSI
MAKCUMAJILHON AMIUIUTY OB T ), TO BTOPLIM WIEHOM B IIPABON YaCTH YPaB-
Henust (10) MoxHO peHe6peds 0 CPABHEHUIO C TIEPBBIM, U OHO IIPUHUMAET
B

d?r

mﬁ = —k’ro.

[TocKONbKY paccMaTPUBAETCS MaJjiasds OKPECTHOCTHL At OKOJIO MOMEHTa, to,
TO IpeHebperaeTcs Takke OTKIIOHEeHUeM AT B CPDABHEHUN C T'g. Y YATHIBAL,
uro v(ty) = 0, nomyuaem

1k

Ar =r—rg=—=—r(t—t)?,

2m
T. €. IIAapPUK OBUXKETCSI C MOCTOSAHHLIM (B IEPBOM NPUOINKEHWUN) YCKO-
pPEHMEM, TaK KakK Ha HEro MEeMCTBYEeT JIMIb CUJla HATSKEHUs [PYXKUHBI,
TIOCTOSIHHAS B OKPECTHOCTHU TOYKHU ' = T, & CHIA TPEHUs PABHA HYIIIO.

[Tpu r(tg) = 0 (tp — OmMH U3 MOMEHTOB ITPOXOXKIEHUs CUCTEMON Ha-
YaJia KOOPIAUHAT, €CIIA, KOHEUHO, TOUKa 7 = () MOCTUraeTcs XoTs Obl OnuH
pa3) MepBHIN WIEH B MPABOM YaCTU MAJl [0 CPABHEHUIO CO BTOPHIM, U
m ﬁ = — o |vo|*
dt?

3mech Takxe mpeHeOperaeTcd OTKJIOHEHHeM Av OT 3HAUEHUS Uy =
= v(tp) BBy ero masioctu. Tak kak r(tp) = 0, TO U3 MOCIEMHETO ypaBHE-
HUS CIIENYeT

(6%
Ar == 2P0 e = k),
2m

3HAUUT, ¥ B 9TOM TIOJIOKEHUN CUCTEMA, UCIIBITHIBAET TOCTOSHHOE (B IIEPBOM
npUOINKEHNN) YCKOPEHNE, OMPENeIaeMOe JIUIb CUIION TPEHUs, MOCKOIb-
Ky HATSXKCHNE IIPYXWHEL PABHO HYJIO. JIAHHBIN BLIBOI BIIOJIHE OYEBUICH U
CIIPABEIJINB I BCEX IOJIOXKEHUI CUCTEMBI, XOTS YCKOPCHME IIAPUKA IIPK
v # 0, r # 0 onpemesnsieTcs yXe COBMECTHBIM meicTBueM obenmx cuit. Wc-
KITIOUEHe COCTABIIET JIWIIb TOUKA, Toe krg = —puvg |vg|®, Korma mpasas
yacTb ypasHenus (10) obpaiaercs B HyJb U MEPBLIA WIEH B YCKOPEHUN
CUCTEMBI B TOT MOMEHT t = to paBeH Hyito. Pasmaras r(t) B pan Teitmopa
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B OKPECTHOCTHU TOYKU § = {g:

dr
T(t) = T(to) + E (to) (t — to) +
1 d®r 1 d®r
+ = ——=(to) (t —to)* + = —(to) (t —t0)®> + ...,
thz(o)( 0)” 6dt3(0)( 0)
roe TO4YKaMn’ 0003HaYeHbI UJIeHBI 00JI1ee BLICOKOTO IIOpsAOdKa MaJIOCTH, 1 IIPpA-
d2
HUMas BO BHUMAHUE, ITO —o (t = to) = 0, Haxomum
dr 1 d®r
Ar =r(t) —rog=— (to) (t — t ———(to) (t—to)® + ...
r=r(t) —ro dt(o)( 0)+6dt3(0)( 0)”+...,

T. €. B TJIABHOM YJICHE YCKOPEHUE CUCTEMBI B OKDECTHOCTHU TOYKHU ¢ = {g HE
NOCTOSIHHO, 8, SIBJISETCS JTUHENHON HYHKIMeN BpeMeHu (CM. TakXKe ymp. 5).

Erte onquH TUN HETMHEWHOCTH MOXET O0YCJIOBIIMBATHCS M3MEHSIOIIN-
MICST MEXaQHUYECKAMU CBOWCTBAMU IPYXKUHBI. 3aKOH ['yKa meicTBUTENeH,
BOOOIIIE TOBOPS, JIUIIIL IPU MAJIBIX OTKJIOHEHUAX (HedOPMAIINIX) Py KITHBI
OT HEHATI'PYXKEHHOTO HEeNTPAJBbHOTO MOJIoXkeHus. [Ipu 3aMeTHBIX nedopma-
OUSX MPYXWHA, B 3aBUCAMOCTHI OT MaTepuaJia, u3 KOTOPOro OHA, M3TOTOB-
JIeHA, U BETUYUHBI NepOpMaIli, MOXKET BECTHU Ce0s KaK «MITKas», U TOTOa
CUJIa, HATSKEHUsT OyIeT MeHbIIe, YeM IoJaraeTcs mo 3akoHy I'yka (B ciy-
Yae «KECTKOW» MPYXKUHBI — HA060pOT). 2KeCTKOCTD MPYXUHBI B TAKON
CUTYAIMU CTAHOBUTCs GyHKIIMEN KOOPAUHATHEL, T. €. k = k(r), u ypaBHeHUE
IBUXKEHUS IPUHAMAET BUL

— = —k(r)r, (11)

roe, pasymeercs, k(r) > 0. Hanpumep, ecim k(r) = ko /(1 + |r|), TO npyxu-
Ha Msrkas. Y paBuenue (11) HenuueriHoe Tak ke, kKak u (10), HO HOCTATOYHO
OYEBUIHBI 10 KpaiHeir Mepe nBa pasiaumuus mexnay (10) u (11). B oTnuune
T (10), moxHO BhImucaTh (HesBHOEe) perenue mist (11) ¢ nBykpaTHBIM
UCIIOIH30BAHMEM KBaAPaTyphl. Kpome Toro, mepenuceiBast (11) B Bume

r

dr &r  dr dr d | d

—_— —=——k - - k dr' = — = E(r'Y ' dr'

M aE = @ =g g [ R =— g / (r)ridr |
0 0

YUUTBIBasI, YTO JI€Bas YaCTb 5TOTO BBIDAXKEHUs paBHA mudv/dt =

1 dv?
= = m 7 U WHTETPUPYS €ro 1o ¢, IoJIy4aeM
2 T
1 dr N g
E,+ E = + [ k(r")r' dr' = const > 0. (12)

OTO O3HAYAET KOHCEPBAMUSHOCTIb IBUKEHUSI, OINUCLIBAEMOIO MO-
nenbio (11), uu MOCTOSHCTBO MOMHON HHepruu cucteMmbl. CyIiecTBOBaHME
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epBOro nHTErpasia, (12) mo3BossieT yCTaHOBUTH OOIIUN CO CIIyYaeM JIMHEN-
HOUM CUCTEMBI PaKT — KOJIe6ATENbHBIN XapaKTep U3yUaeMOTO ABUXKEHUSI.
HeitctBuTensuo, u3 (12) ciemyer orpanndeHHOCTDL byHkuun v(t) = dr/dt
u r(t) npu mobeix t > 0. Pemenue ne mmeer mpemena mpu ¢ — 00, Tak
KakK mpu v(t — 00) = Voo # 0 5TO NMPOTUBOPEUMSIO ObI OrPAHUYEHHOCTHU
byukuun r(t) npu t — 00, a mist v(t — 00) — Voo = 0 HEBO3ZMOXKHO, ITOOBI
r(t = 00) = roo # 0 — Torma u3 (11) cremoBasia ObI HEOIPAHUUEHHOCTH
BenuuHLL v (1) mpu ¢t — 00 (CIydall Ke Voo = I'no = 0 mpoTusopeunt (12)).
Tewm cambiM mapuk kosebsercs. OH HEOrPAHMYEHHOE YUCIIO PA3 IPOXOMUT
Touky 7 = 0 (B mpoTUBHOM cityuae BenuduHa, r(t) OblIa OB 3HAKOOIPEe-

JNleHHOM BMecTe ¢ yckoperumeM d2r/dt? (cm. (11)) mw v — oo, t — o).

5. 3axkmrouenune. IlpuBemennnie B 5ToM mmaparpade IOCTPOEHUs
INEMOHCTPHUPYIOT MEPAPXUUECKYIO IIENIOUKY MOMEEN CUCTEMBI ITaPUK—
MIPYXWHA>, MOJIYUAIONINXCSI OMHA M3 APYTOM MPU IIOCIENOBATEIHLHOM OT-
Ka3e OT MPENIOJIOXEHNN, NACATN3UPYIONINX N3yJaeMblil 00beKT. B omHux
CIIyJasiX yCIIOXKHEHUE He BHOCUT HUYErO HOBOTO B [IOBEIEHUE CUCTEMBI (II0-
CTOSIHHAS BHEIITHSSI CUAJIA, IIAPUK HA ABYX MPYXKUHAX ), B IPYTUX €€ CBOUCT-
Ba, MEHSIIOTCS CYHIECTBEHHBIM 00pa3oM. IIyTh «OT MPOCTOTO K CIOXHOMY>
IaeT BO3MOXHOCTD ITO3TAITHO M3y4aTh Bce OoJiee peaTuCTUIHbIE MO 1
CPAaBHUBATH UX CBOWNCTBA.

CytrecTByeT u OPyroi MyTh MOCTPOEHUS U U3YUYEHUST MOIEIIER — «OT
obr1tero X yacTHOMY». I3 pe3ynbTaToB HaHHOTO Maparpada O4eBUIHO: T0-
CTATOYHO 00ITlee YpaBHEHUE NBUXKEHUS CUCTEMBI IIAPUK—IIPYXKUHAS> 3a-
MMICLIBAETCS B BUIE

d?r
m —
dt?

d
:—k(r,t)r—l—F(r,t,d—:), k>07

roe k u F' MoryT ObIThb Pa3sHOOOPA3HLIMU (DYHKIUAME CBOMX ApPTyMEH-
ToB. Onupasich Ha 5Ty OOIIyI0 MOOEIb,
MO2KHO, IpPOBOOs COOTBETCTBYIOIIINE Ay
KOHKDETU3AIINN, TOCIIEAOBATEIHHO TI0-
JIydaTh U U3y4aTh 00Jiee mpOCThIE MO-
nenu. Hanpumep, 3aBucumocTs k£ OT 7
u t orBedaeT ciemymoiemy nocie (5)
ypaBHeHUIO U ypaBHeHwuio (11), 3aBu-
CUMOCTBL F' OT 7, t — HAJUYUIO BHEIII-
Hell CUJIBI WK CUJIBI MHepIuY (ypaBHe-
uus (2), (3), (5)), a or dr/dt — compo-
TuBJIeHNO cpentl (ypasuenus (6), (8),
(10)). HauHBII DOOXON TAKXKE IIXPOKO
[IPUMEHSAETCS, B TOM YICIE U IIOTOMY,
YTO TO3BOJIAET CPa3y YCTAHOBUTHL HEKOTOPBIE OOIIME CBOWCTBA OOBLEKTA,
KOHKDPETU3UPYS U HOMOJHASL UX B YACTHBIX CUTYAIUAX.

Puc. 14

YIIPAXKHEHUA

1. ITonyunre ypaBHeHUE OBUXKEHUs IIAPUKA HA IPYXWHE, IEPEMEIIAIONIErocs IO
UOEAIHHON [IOBEPXHOCTU C HEIMOCTOSHHBEIM HAKJIOHOM IIOX NEMCTBUEM CUJIBI HATSXKEHUS
IPYXWHEBL U CWIBL TSXeCTU. Y paBHenue nosepxuoctu: y = f(z), y' < 0 (puc. 14).
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2. IlonGepure Bemuuunbl k1, k2, m, ro, vg Tak, 4ToOBl B cucTeMe Ha puc. 13
OTCYTCTBOBAJIO COIPUKOCHOBEHUE IIAPUKA C TOYKAMU KDEIUICHWUS.

3. Ilonb3ysice npreMoM, IPUMEHSBIINMCS IIPU aHAJIU3e ypaBHeHus (6), IOKaxwuTe,
UTO B CiIyuae ypaBHeHUs (8) ABMXKEHUNE MPOUCXOLUT C 3aTYXAHUEM.

4. Brinumure pemnenue ypasuenus (9) npu k1 < 0 uepes runepbosmueckue QyHK-
1uu u yOeauTeCh B TOM, UTO DEIleHre ypaBHEHU: (8) CTPEMUTCSA K HYJIO mpu t — 00.

5. Ilonw3ysicek pasnoxenueM B psn Teinnopa dysxuuu 7(t) B OKPECTHOCTH TOUKY

t = to, roe mpaBas uacTh ypasHenus (10) paBHa Hymo, HalfinuTe Bemuuury dor/dt3(to).

§ 5. YHuUBepcaabHOCTH MaTeMaTUIYECKUX MoeJien

PaccmoTpuM mporiecchl KojieOaHni B 00BEKTAX Pa3IMUHON TPUPOILL.
IToxaxeMm, 4TO HECMOTPS HA Pa3HYIO CYIIIHOCTh OOBEKTOB UM COOTBETCTBY-
IOT ONHU M T€ Xe MaTeMaTUIECKNEe MOIEIINU.

1. 2Knnkxocts B U-o6pa3zHoM cocyne. 2KunkocTh 3aHUMAET YaCTh
cocyna U-o0pa3Hon (GOpMBI, TPEACTABIISIONIETO COO0OM M30THYTYIO TPYOKY
pammyca 1o (puc. 15). Macca xunkoctu My, ee mioTHOCTEL po. CTeHKH
cocyna UIaeaJibHO TIIAIKIeE, TOBEPXHOCTHBIM HATSXKEeHUEeM IIpeHeOperaercs,
aTMochepHoe napjaeHue Py u yckopeHue CBOOOOHOTO NaIeHUs ¢ TOCTOSHHBI.

h A Py
270
— -
ha(t)
---------------------------------------- (h] + hg)/Q =h
g
ha (1)
P0
/,
Puc. 15

B cocTosHum paBHOBECUS XKUOKOCTDH, OUEBUIHO, IIOKOUTCS, €€ BBICOTA
B 000UX KOJIEHAX COCYZIa ONMWHAKOBA. FiCiM ee BBIBECTU M3 PABHOBECUS, TO
HAQUHETCS MBUXKEHUE, XapaKTep KOTOPOr0 YCTAHOBUM C ITIOMOIIBIO 3aKOHA,
COXPAHEHUS SHEPTUU, MOCKOJIBKY B CHJIY CHEIAHHBIX IIPENIOJIOXKEHUN ee
TIOTEPU B CUCTEME OTCYTCTBYIOT.

[ToTeHnmUanbHYIO0 SHEPTUIO CACTEMBI BEIUYUCIUM dYepe3 padoTy, KOTO-
pPyI0 HEOOXOOUMO COBEPIIUTH, UYTOOLI IEPEMECTUTD €€ U3 COCTOSHUSI PaB-
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HoBecus (rme hy = hs) B monoxenue, n3obpaxeunoe ua, puc. 15. Oua pasHa,

b +h
poso (hn — h) g dh, h:%,

S0 = 7T7’(2),

ho
EH:—/Pdhgz—
h

:l\g

roe P — Bec TOI 4acTU XKUOKOCTH B JIEBOM KOJIEHE, YPOBEHL KOTOPOH IIpe-
BBHIIIAET BenuuuHy he. Pabora cuir armMocdepHOro naBieHus: paBHA HYIIIO,
TaK KaK IJIs PA3HBIX KOJIEH COOTBETCTBYIOIIE IIEPEMEIICHUsT HATIPABIIEHEI
B Pa3HbIE CTOPOHHI.

Heussecturie Bemuumusl hy(t) u ho(t) CBA3aHBI OUEBUOHBIM COOTHO-
menueM h(t) + ho(t) = const > 0, BBIpAXKAOIIUM MTOCTOSHCTBO TOITHON
IJIMHBL CTOJI0A XKUOKOCTU B COCYOE C MOCTOSHHBIM cedenueM. [logcraBmsis
TIOCIIeIHeE PABEHCTBO B BHIpaXeHUe [iis F;, momydaeM mocie HHTEerpupo-
BaHUs

EH = —pPosSog (—h%(t) + Chg(t) + Cl)

[Ipu BEIYUCIIEHUY KAHETUIECKON SHEPTUY YUTEM MMOCTOAHCTBO CEUCHUS
TPYOKU U HECKUMAEMOCTD XUIKOCTU. DTO O3HAYALT, UTO CTOIO KUAKOCTH
IOBUXKETCS KAK IeJI0e, U ee CKOPOCTH v(t) OMMHAKOBA BO BCEX CEUCHUSX.
[Ipumem 3a v(t) Benuuuny dhs(t)/dt, u Torma

2
EKZEM()(@) |

2 dt
a U3 3aKOHA COXPAHEHUs DHEPTrUU ClemyeT
E(t) = E(t) + Eq(t) = % (%) 2 — posog (—h3 + Cha + Cy).
Tax kak dE /dt = 0, To, nponuddepeHnrpoBaB 5TO BEIPAKEHNIE, IOy IaEM
M, d;gz = poSog (—2hs + C),

YTO, C yUETOM TAKOIO XK€ COOTHOIIEHUs s BeIMUnHbL h(t), maeT ypas-
HEeHUe
d’h
Mo —= = =posogh = —mporigh,

rae h = (ho — h1)/2 — OTKJIOHEHUE YPOBHS XUOKOCTH OT TIOJIOXKEHUS PAB-
HoBecust. OHO, C TOYHOCTBIO MO OOGO3HAUEHUN, MOJHOCTBIO COBIAIAET C
ypaBuerueM (1) § 4 s CUCTEMBI «IIAPUK—IPYXKUHAS> (B HAHHOM CITy-
yae AHAJIOIOM IIAPUKA CIIYXKUT CTOJIO XKUAKOCTH, 8 POIIL NPYKUHEL UTPAET
TATOTEHUE).

[TocenoBaTeIBHBEIN OTKA3 OT UOEAIN3AINAN OOBEKTa maeT OoJiee mMoii-
Hele ero momenu (kak u B § 4). Hampumep, y4ueT Cuiibl MOBEPXHOCTHOTO
HATSIKEHUsI, PABHON 00279 (09 — KO3)@PUIIMEHT MOBEPXHOCTHOTO HATSI-
XKEHUA) U BCErIa HAMPABIEHHON MPOTUB IBUXEHUS XKUIKOCTU, TPUBOIUT
K ypasHenuio Buna (7) § 4 mist Bemmumes A (cM. Takxe yup. 1).

4 A. A. Camapckmnmii, A. II. Muxaiisos
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2. Kose6aTeIbHBIN 3JIEKTPUYECKUN KOHTYP. OJTO YCTPOUCTBO
MIpenCcTaBIsIeT COOOM KOHMEHCATOP, COENUHEHHBIA TPOBOAAMU C MHAYKTUB-
HOU KaTymkon. B momenT ¢t = 0 1enmb 3aMBIKAETCS, W 3apsad ¢ OOKJIAIOK
KOHIEHCATOPA, HAUNHAET PACIPOCTPAHATHCA 10 1tenu (puc. 16).

Conporusienne mpoBomOB OyIeM CUMTATHL PABHBIM HYJIIO, €MKOCTD
KOHIeHCATOpa paBHa C, MHOYKTUBHOCTD KATYIIKK L. IIjIs m3MeHAIOIIenCs
co BpemeHneM BequuuHbl ¢(t), rme ¢(t) — 3apsm Ha OOKIIAIKAX KOHIIEH-
caTopa, HeobXOmuMO MOJIYINTh COOTBETCTBYIOIIee ypaBuenue. Q4eBumHO,

yTo TOK 4(t) u Hampsxenue v(t) TakXKe SBIAIOTCA

OYHKITUIMYU BPEMEHM.

[To duswueckomy cmbicay BeauuuHbl C B JIiO-
i 0ol MOMEHT BpeMeHr umeeM paBeHcTBO v(t) = q(t) C
~« (eMKOCTH paBHA BEJIUYWHE 3apsia, KOTOPHI HEOO-
( XOOUMO TTIOMECTUTDH Ha OOKIAIKU KOHIEHCATOPA MJIT

L

Q

YBEJIMYEHNS] PA3HOCTY OTEHITNAJIOB MEX Iy HUMU HA,
eMUHUILY ).
Puc. 16 Tak Kak 5JIeKTPUIECKOe COMPOTUBIIEHNE B LN
OTCYTCTBYET, TO MAJEHNII HAIPSXKEHUS Ha, TPOBOIAX
HET, U PA3HOCTH MOTEHIUAJIOB v(t), CYIIIECTBYIOIIAs HA, KOHIEHCATOPE, O~
MAeTCsT HEITOCPEICTBEHHO Ha KaTyInkKy. [Ipu mepemMenHOM TOKe B KATYIIKE
BO3HUKAET HJIEKTPONBUKYIIAI CAIIA CAMOUHIYKIWY, paBHas € = —L di/dt.
3akon Oma [Jis renu B OTCY TCTBUE COMPOTUBIIEHNS BRITIISAUT CJIEMY FOILIIM
obpazoM:

v(t) = —e(t),

q(t) C = —e(t) = Ldi/dt.

Taxk kak o onpenenenuio ¢ = —dq/dt (Ipu U3MeHEHUN 3apSOa HA KOH-
IEHCATOPE B IIENM BO3HUKAET TOK), TO U3 MOCIIEIHETO COOTHOIIEHUS TIOJLY-
JaeM ypaBHEHUE

d*q

W = _CQ7
OIUCBLIBAIOIIEE Tpolecce Koiebanuit BeuuuHbl ¢(t) (a clenoBaTenbHO, U Be-
nuyud i(t), v(t)) B IpOCTERIIEM HIIEKTPUIECKOM KOHTYPE, TOXKIECTBEHHOE
(1) § 4. B cucteme «eMKOCTb—UHIYKTUBHOCTE® KOJIEOAHUS TTPOUCXOMSAT
TaK e, KAK U B CUCTEME IIAPUK—IIPYXKUHAS> (U TaK Ke yCIOKHIIOTCSI
COOTBETCTBYIOIIINE MONEIN TP yUYeTe MOMOIHATEIHHBIX IPOIECCOB — CM.
ymp. 2).

3. Manble KojsiebaHUsA NpU B3auMOIOENCTBUM ABYX OmoJIOrm-
yecKuX momyasmuii. [lycThb Ha ONHOR M TO Xe TEePPUTOPUN MPOKUBA-
10T [Be Orosorunueckue momyssnun ¢ unciaeHHoctsamu N (t) u M (t), npuuem
nepBas PACTUTENBLHOSAMHASL, 8 BTOPas yIOTPeOIeT B MUILy NPEACTABUTE-
JIeVl IEPBOU TOIYJISIINN.

Ckopoctb m3menenust N (t) CKIAOBIBAETCS U3 ONPENENSIeMOR IO Iep-
BOMY wieHy B npasou yactu dopmyist (10) § 1 ckopocTu nmpupocta 6aro-
napst poxnaeMocTu (3GpQPeKT HACBIILEHUS HE YINTHIBAETC; ¢p. ¢ (12) § 1)
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U U3 CKOPOCTU yObIBaHUA Hi1aromapsi COCEICTBY CO BTOPOU IOIYJISIINEN:

W (- AN, 1)
dt
roe a; > 0, f1 > 0, unen 51 M N onuceiBaeT BHIHYXIeHHOe yObIBaHUE (€c-
TECTBEHHON CMEPTHOCTBIO TOIYJIAIUN TPEeHeOPEeraem ).

YuciieHHOCTE BTOPOU TIOMYASIINY PACTET TeM ObICTpee, deM OOITbIte
YNCIICHHOCTD MEPBON IMOMYJIAIUN, a IIPU €€ OTCYTCTBUM YMEHBLIIACTCSI CO
CKOPOCTBIO, MIPOMOPIUOHAIILHOM uncyenHoctu M (t) (Tem cambiM ee pOx-
IAeMOCTDb He YUUTHIBAETCS, KaK U 5DHEKT HACHIIIEHNS):

WY ot BN) M, 2)
dt

rme as > 0, B > 0.

OueBumHO, UTO CUCTEMA HAXOOWTCS B paBHOBecuu mpu My = a1 /0 u
No = as /2, xorma dN/dt = dM /dt = 0. PaccmoTpuM MaJibie OTKIIOHEHNS
CUCTEMLI OT PABHOBECHLIX 3HAUEHUM, T. €. IPENCTAaBUM PEIICHNE B BUIE
N =No+n, M =>My+m, n<< Ng, m <K My. lloncraBnsas N u M B
ypasuenus (1), (2), momyuum, 0oT6pachiBas WieHbI 6051ee BLICOKOTO TIOPSIKA,
MAJIOCTH,

dn
E = =1 Nom, (3)
dm
E = —,BQM()TL. (4)

Huddepennupys (3) mo ¢ u MOOCTABIAA B TMOJIyYEHHOE ypPABHEHUE
dyukmuio dm/dt, onpenensemyio u3 (4), IpugeM K ypaBHEHUIO

o
dt?

amasiornaaoMy 1o ¢opme ypasuenmio (1) § 4. CremoBaTenbHO, B cucTe-
M€ IPOMCXONAT MaJible KOJIeOaHUA YMCICHHOCTU C YaCTOTON w = /a1,
3aBUCAIIEN TOJIBKO OT KO3(PPUIIMEHTOB POXKOAEMOCTU U CMEPTHOCTU (X1 U
Q9.

BameTum, uTo BequuuHa M (1) MOMUMHSIETCS TAKOMY XK€ YPABHEHUIO,
IpUYeM eCiu OTKJIOHeHue N (1) paBHO HYJII0O B HAYAJILHBLIA MOMeHT t = 0,
to m(t = 0) uMeeT MAKCUMAIILHYIO aMIUIUTY Y, 1 HA060POT (CM. pelreHune
ypaBuenus kojebauuit (6) § 2). Ora curyauus, korma ducieHHOCTH N(t)
u m(t) HAXOmSITCS B IPOTUBOGA3e, BOCIPOU3BOAUTCS IJISI BCEX MOMEHTOB
t; =4T/4,i=1,2,..., (T — nepuon xosleGaHuUl) 1 OTPAKALT 3AMA3IBIBA-
HI€ PEAKINY YUCJIEHHOCTH OOHOW MOMYJIAINN HA U3MEHEHUe YMCIIEHHOCTH
opyrou (cM. Takxke ymp. 3).

4. IIpocTeiinias Momesib M3MEHEHUS 3apIjiaThl M 3aHATOC-
TH. PBIHOK Tpymna, Ha KOTOPOM B3aMMOIEACTBYIOT PAOOTOMATEIN U HAEM-
HbIe paboune, XapakTepusyercs 3apmiaTon p(t) u uuciaom 3auaTeix N (t).
[IycTh Ha HEM CyIIeCTBYeT PABHOBECHE, T. €. CUTYAllWs, KOUIa 33 ILIATY
po > 0 cornacuwr paborats Ny > 0 genoBek. Eciau mo kakum-TO TpUImHAM

4*

= —109n,
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5TO PAaBHOBECUE HAPYIIAETCS (HAIPUMED, IO BO3PACTY YAaCTh PAOOTHUKOB
YXOOUT Ha, MEHCHUIO Ju0O0 y IPENIpPUHUMATEIEH BO3HUKAIOT (PUHAHCOBLIE
TpynHocTu), To dyukimu p(t) u N(t) OTKIIOHSIOTCS OT 3HaUEHUN pg, Np.

BynmeMm cunTarh, 4TO paboTOOATENN U3MEHSIOT 3aPINIATY IPOIOPIIAO-
HAJIBLHO OTKJIOHCHWIO UYMCIIEHHOCTU 3aHATHIX OT PABHOBECHOI'O 3HAUCHMI.
Torna
d_p = —a; (N — Ny), ap > 0.

dt

[IpenmnomoxuM, 4To YUCIIO PAOOTHUKOB YBEINUNBACTCS U Y MEHbIIIA-
eTCsI TaKXKe MPOINOPIMOHAILHO POCTY WM YMEHBLIICHWIO 3aPINIATEL OTHO-
CUTEIILHO 3HAYCHUS Pg, T. €.

dN
dt
Huddepennmpys nepBoe ypaBHEHME MO ¢ ¥ UCKITIOYAd W3 HETO C TIOMO-

IITHI0 BTOPOTO YpaBHEHUS BelmuuHy N, MPpUXOoauM K CTAHOAPTHON MOOEITN
KoJieOaHum

= o (p — po), as > 0.

d? (P - po)
dt?

3apabOTHON IATH OTHOCUTEIHLHO MOJIOKEHUST PABHOBECHS (QHAJIOTUIHO U
s Bemuaunbl N (t)). W3 mepBoro mHTErpasia 5Toro ypaBHEHUs

= —ayas (p— po)

a1 (N — Ng)? + as (p — po)? = const > 0

BUIIHO, UTO B HEKOTOPBIE MOMEHTHI t = t;, ¢ = 1,2, ..., korma p = pg (T. e.
3apIUIATa CTAHOBUTCS PABHON PABHOBECHOMY 3HaueHUIo), umeem N > Ny,
T. €. YUCJIO 3aHATHIX OOJIbIIIE PABHOBECHOTO, a 1ipu N = Ny momydaem p >
> pg, T. €. 3apIIaTa IPEBBIIIAET PABHOBECHYIO. B 3Tu MOMEHTHI (HOHI
3apabOTHON INIATHI, PABHLIA pIV, IPEBBIIIIAET PABHOBECHOE 3HAUEHUE poNg
(MM MEHBIIE €r0), eCIIK IIPK MOAXONE K MOMEHTY t; BLITIOJIHEHO P > Py U
N > Ny (u mao6opot). Ho B cpemuem 3a nepuon xonebanuit Beuauna, p/N
paBHa poNy (ymp. 4).

5. 3akmrouenne. IlocTpoennnie B maHHOM maparpade Momenan B Of-
HUX CIIyYasX OCHOBAHBI HA TOYHO M3BECTHHIX 3akoHax (mm. 1, 2), B mpy-
rux — Ha HaOmomaeMbix GaxkTax u aubo Ha aHayorusx (m. 3), nu6o
Ha [PABIONOMOOHLIX MPENCTABIEHUAX O Xapakrepe oobekTa (m. 4). Xo-
TS U CYIITHOCTHb PACCMATPUBABIIUXCS SIBICHUN, W MOAXOMABI K ITOJIYYECHUIO
OTBEUAIOIINX UM MOMEJIell COBEPIIEHHO PA3JIMYHBI, MOCTPOECHHLIE MOMIEITN
OKa3aJINCh UACHTUYHBI APYT APYTY. OTO CBAOETEILCTBYET O BaXKHEUIIIEM
CBOMCTBE MATEMATUUCCKUX MOIEIIEH — WX YHUBEPCAALHOCMU, — IITUPOKO
KCIIOJIL3YyEeMOM IIPU U3yUYeHUM OOBEKTOB CaAMON Pa3HOOOPA3HOM ITPUPOIHI.

YIIPAXKHEHU A

1. Ilycte B 3amade 06 U-06pa3sHOM COCynme JIeBOE€ KOJEHO WMMeeT TepeMeHHOe ce-
uenue, T. €. r = ro(h). Ilokaxwure, npuMmeHss BTOPO# 3ak0H HbOTOHA WM mpenmosiaras
OTCYTCTBUE TOPU30HTAIBHON KOMIIOHEHTH Y CKOPOCTU XKUIKOCTH, YTO IJII BEJIUIUHEL A
mosryvyaercs ypasHenue suzpa (11) § 4.
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2. Beonsa B LC-kouTyp conporusjieHune R m mcnonb3ys 3akon Owma, yGenuTech B
TOM, 9TO Mozmenb Kosebauuit B LC R-KOHType aHAJIOru4Ha ypasHeHUO (8) § 4.

3. Ceenure HemuHenHyO cucteMmy (1), (2) kK ypaBHEHMIO BTOPOTO HOPSIAKA U IIOKA-
XKUTe, ITO OHA (KAK U ee JIMHENHHIN aHaJIor (3), (4)) MMeeT HmepBHI MHTErDAJL.

4. ITonb3ysacs dopmyston (6) § 2 niis 061Iero perneHns ypaBHEeHUs KOJie6aHuit, TOKa-
XWUTe, YTO CpenHee 3HaueHue HOHAA 3apaboTHON minaTh pN (m. 4) 3a nepuoxn Kosebanmit
PaBHO PABHOBECHOMY.

§ 6. HekoTopbie Momesin IIPOCTENIINX HEJIMHEHHBIX 00bEKTOB

O6cynuM mpoucxoX IeHre HeJIMHENHOCTY U PACCMOTPUAM HEKOTOPHIE ee
TIOCJIEICTBUSL, TPOSBIISIONIAECS B TMOBENECHUN M3yUYaeMbIX 00BeKTOB. IIpo-
WIITIOCTPUPYEM HEM30EXHOCTH MPUMEHEHUs UKUCJIEHHBIX METONOB IJIS WX
AHAJIM3A.

1. O mpoucxoxneHNN HeJIMHEeWHOCTH. Kak yxke 0TMeUaJioCh B
m. 5 § 1, MuHEeWHBIE MONENYW MONUYWHSIOTCS MPUHIUIY Ccyrnepno3uruu. B
TOM CJIy4Yae, HAXOMsA YACTHBIC PEIICHUS U CYMMUPYsS UX, KaK IIPABUIIO,
yIaeTcs MOCTPOUTDL U OOIree perreHne (TUMUIHBIE TPUMEPBI — GOPMYIIa,
(6) § 2 u opmyna mist obirero pernenust ypapueuus (3) § 4 B Momensax
KOITeOaHMit).

Ins HEeMWHENHBIX MOMEJIeW TIPUHITUAN CYIEPIO3UIINA HEIPUMEHUM, U
obiriee pelreHrne MOXHO HAWTHU JIUIIL B penkux ciaydasx. OTOenbHBIE Xe
JaCTHBIE PEIeHNS HeJIMHENHBIX YPABHEHUI MOTYT HE OTPaXaTh XapaKTep
noBeneHus ob6bekTa B Oojee OOIEN CUTYAluu.

NcTounvkaMu HEIMHEHHOCTH MOTYT OBITH MHOTHE NpuuuHbl. PyHmIa-
MEHTaJIbHBIE 3aKOHBI IPUPOALI — 3aKOH TATOTeHus 1 3akoH Kymona — u3-
HAYAIILHO HEJIMHENHBI (KBAIPATUYHAS 3ABUCUMOCTD CUJIBI B3AMMONEACTBUS
MEXKIY MAaCCaMU WU 3aPSOaMu), U MOTOMY OCHOBAHHBIE HA, HUX MOIEJIH,
BOOOIIIe TOBOPS, TaKxke HejarHenHbl. CBOM BKJIA B HEJIMHEAHOCTH MOIEIEN
BHOCSIT Oosiee citoxHas reomeTpus sBieHust (cM. yup. 1 § 4 u yop. 1 § 5),
pas3iuyuHbIe BHeLIHUE Bo3nencTsus (cM. ypapaenue (10) § 4) u, KoHeuHO XKe,
M3MEHEeHNEe XapaKTepa B3aUMOAENCTBUS B CAMOM OOBEKTE NPU U3MEHEHUN
ero cocTostHus (3hGEKT HACHIIIEHUS B MONEIAX MOMYJIISIINA, MEHSIOIIASICS
XKECTKOCTH MIPYKUHHI).

B cymaOCTH, pealbHBIM ABIIEHUSIM OTBEYAIOT TOIBLKO HEJIMHETHBIE MO-
Iequ, a JIMHEWHBbIE CIPABEMJIMBLI JIAIIL IIPU ONUCAHUN HE3HAUUTEITHHBIX
M3MEHEHNN BEIUYUNH, XapaKTEPU3YIOIINX O0ObEKT.

2. Tpu pexuma B HeJIMHEMHON MOAeJIN HMOMyJiaiuu. B orauune
ot momenu Masbryca (10) § 1 u momenm (12) § 1 kosddurnmenT poxmae-
MOCTHU OyZIEM CYUTATH 3ABUCSIIUM OT YUCJeHHOCTH nomyiisiuu N (1), T. e.
a = a(N). Kospdunment cmepTaOocTH 3 Takxke 3aBUCAT OT IN. Y paBHEHUE
NUHAMUKY TOITYJISITAN

dN

dt
HeJIMHENHO Oiaronaps U3MeHEeHUIO0 XapaKTePUCTUK B3aUMONEUCTBUS BHY T-
PU TIONYJISAIIAYN TIPU U3MEHEHUU ee COCTOSHUS.

[Momoxum mms onpenenennoctu B(N) = fy = const, a(N) = agN,
T. €. POXAAEMOCTH MPOMOPIUOHAIBLHA YUCIEHHOCTU (HAIIPUMED, MTOTOMY

= (a(N) = B(N)) N (1)
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YTO YJIEHBI HOIYJIAINN 3aMHTEPECOBAHEL B ee pocte). Torma ypasuenue (1)
nmpeobpa3yeTcsa K BUIY

aN _ aoN? — BoN (2)
dt
C KBAIPATUIHON HEJIMHENHOCTBIO (XapaK TEPHOM TAKKe IJIsT HEKOTOPBIX X1~
MUYeCKuX peakuuit). Paccmorpum nosenenue dbyukiuu N (t) mpu pasmnd-
HBIX HAYAJIbHBIX unciaenHocTsx N(0) = Ny (puc. 17).

a) [Ipu Ny < Nyp = o/ IUCIEHHOCTH MOHOTOHHO YMEHBIIIAETCS CO
BpPEMEHEM, CTPEMSICH K HyIIIo Ipu t — 0o. Perrenune naercs gopmyston, aHa-
JOruYHOI hopMysie mist pererus ypasuerus (12) § 1, rue ¢ 3amensieTcs Ha
—t (obpaTHas JIOTUCTUYIECKAs: KPUBAS; CP. ¢ puc. 7, § 1).

6) IIpu xpurrueckoM sHadeHun Nog = Ny, UACIEHHOCTH MOMYJIIAINN He
3aBUCUT OT BPEMEHN.

B) IIpu Ny > Ny, XapaxkTep peIIeHNs IPUHIUINAILHO U3MEHSIeTCs
0 CPABHEHMIO CO CIyJasMu a) u 0): YUCIIEHHOCTH PACTET CO BPEMEHEM,
IpuYIeM HACTOJIBLKO OBICTPO, UTO OOpaIaeTcsa B 0eCKOHEUHOCTD 38 KOHEUHOE
Bpems t = ty. Benuuuna ¢ty Tem mensblne, ueMm 6osbine Ny (cM. yup. 1).

]
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HenuueinocTs ypaBaenust (2) mopoxmaeT GObIIoe pasHooGpasue -
(hexTOB, COmEPKAIIUXCSI MaXKEe B MPOCTEUINEN MOOEIU: TPU BO3MOXKHBIX
pEeXUMa, U3MEHEHUS YUCIIEHHOCTH CO BPEMEHEM; HEyCTOMUYUBOCTh PEXUMA,
6) — Opu MaJIBIX OTKJIOHEHUSX B OOJIACTH &) WJIM B) PEIIEHUE yIaJseT-
cst oT nuHKM Nyp = (o /qo; CAIBbHYIO UyBCTBUTENbHOCTE GyHKIuu N (1) K
HAYAJILHBIM MTAaHHBIM [Ng; HAKOHEIl, KaTaCTPOGUUECKNA POCT YUCIIEHHOCTH
MOy 1AM 38 KOHeuHoe BpeMs npu Ng > Nyp.

3aMeTuM, UTO MOCIEMHEE CBOMCTBO HE YACTHHIA PE3y/IbTAT, & MMEeT
MeCTO NI JII0OBIX MOMmEeNel BUIa,

dN

——=F(N),  t>0, N(©0)>0, F(N)>0,
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eciiu ipu Gonbitux N ¢yukiusa F'(N) pacrer 6bicTpee nepson cremnenu N,
Tounee, eciiu i F'(N) cnpaBennus kpuTepuin

©.@)
dN <
—— <
F(N) ’
N(0)
[MOJIY YaIOIIMNCS HENOCPEACTBEHHBIM NHTETPUPOBAHNEM yPABHEHU .

3. BiausHune cuyIbHON HEJMHEMHOCTH Ha Mpoliecc KoJiebaHuii.
YpaBHeHue KojieOaHun

d2r
mﬁz—k(ﬂr, (3)
rae dyuknus k(r) > 0 ONUCHLIBAET XKECTKOCTD MPYXUHEL, — OIHO U3 OTHO-

CATEHLHO HEMHOTMX HEJIMHENHBIX YPABHEHUH, 111 KOTOPOrO MOXKHO BBITIH-
caTh o0Iee perrenue. Beoms Bemuuuny ckopoctu v = dr/dt, nepenuiiem
(3) B BURDE

dv dr
m == —k(r)r, i

NeJisl IEPBOE U3 9TUX YPABHEHUU HA BTOPOE, MOJIyYUM HEJIMHEWHOE YDPaBHE-
HIE IIEPBOTO IIOPSIKA

U

dv k(r)r

mgz— " . (4)

Pasmenss B (4) mepeMeHHbBIE:
mv dv = —k(r) r dr,
U BaXIIBI MHTEIPUPYsI MOCIIEHEE YPABHEHNE, HAXOMUM

2 (‘i’“)z — —2]k'(r’)r’ i+ C, K@) =)

dt m

t::I:/df C—2/k”(r’)r’dr’ + C1, (5)

0 0

IZIe B HESBHO BHIIUCAHHOM o0IeM pemernn (5) kouctanTel C, C; MOXHO
OIPENENATD, 3HAsI HAUAJILHLIE TaHHBIE.

3ameTum, 4TO HAHHAS MPOIEAYPA O OTHOIIEHUIO K YPABHEHUAM BUIA,
(10) § 4 mempumeHuMa, (MEPEMEHHBIE HEe PA3MEINSIIOTCS), U HANTH uX o01ee
peLIIeHne 5TUM CIOCOOOM YK€ Helb3sl.
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B nuueintnom ciyuae (k(r) = ko) wHTerpajibHbLIE KPUBBIE yYPABHEHUS
(4) mpencraBiAT cOOOM KOHIIEHTPUUECKNE KPYTHU C IIEHTPOM B HaUaJe KO-
OPOMHAT, PAANYC KOTOPKIX OMPEIEIIeTCs HAYAILHON SHEPIrUeil CUCTEMEL 1
IBUKEHIE> [0 KOTOPBIM ONMCHIBACT IIEPUOAMYECKNI BO BPDEMEHHU IIPOILECC
konebauunt (puc. 18).

PaccmoTpum Tenepb CHIIbHO HEIMHENHYIO CUCTEMY, B KOTOPOU IIPY XK 1-
Ha BemeT cebs KaK «CBepXMArKasy», Hampumep, k(r) = 1/(r? + a), a > 0.
B mpenenbaoM ciiyuae a = 0 ypaBueHue (4) IPUHUMAET BUI

dv 1

mnm — =
dr or’
U €r0 pelleHne IPUHIAIRAILHO OTInIaeTcs oT perenus (4) (cm. puc. 19)
TEM, UTO SHEPTUsl HE COXPAHAETCS U, 6Ojiee TOrO, HEOTPAHUYEHHO PACTET

AY AY

NV, .
N ’

Puc. 18 Pwuc. 19

npu r — £0. IIpu ociabieHnu HEIUHEXHOCTH IPOIECC KOjaeOaHUi Ipuoo-
peTaer OOBIUHLIN XapakTep (ymp. 2).

4. O uyncjaeHHBIX MeToOaX. PaccMOTpeHHbBIE 3/1eCh TPUMEDPHI JOCTA-
TOYHO yOENMUTEIHHO CBUAETEIHLCTBYIOT O HEM30EXKHOCTYU TPUMEHEHUS UUC-
JIEHHBIX METOMIOB IJId MONEJNMPOBAHUS HEJIMHEMHBIX OOBEKTOB M3-3a SIBHOMU
HEIOCTATOYHOCTU YUCTO TEOPETUUECKUX TOMAXOMNOB M CI0XKHOTO, PAa3HOOD-
PA3HOTO MOBENEHUS XapaKTEPU3YIINX 5T O00BEKTH BelIuUnH. BrpouewM,
3TOT BBLIBOI CIIPABENJIUB U MJIs JIMHEWHBIX MOENeN, ComepxKalux 60ib-
I110€ YMUCIIO0 HEM3BECTHBIX BEJIMUMH, HE3aBUCUMBIX MEPEMEHHBIX, MTapaMeT-
POB M MMEINX CIIOXHYIO MPOCTPAHCTBEHHYIO CTPYKTYpPY. s mocTpo-
€HISI COOTBETCTBYIOIIUX UUCIIEHHBIX MOMOEJIEN IUPOKO UCIOJIbL3YIOTCA Me-
TOINBI, TIOOXONBI U TPUEMBI, pa3pabaThIBaeMble MIPUA CO3NAHUU MCXOMHBIX
MOMEJIEN, M BO3HUKAIOT CBOM crnenupuyieckue mpobiembl, Tpebyroinue riry-
OOKOTO M3y4EHUSI.

[TosicuuM mocnenHee yTBepkKAeHUE TPOCTHIM npuMepoM. Iiia ypaBHe-
mus (10) § 1

dN

—r =(@=p)N=9N,  t>0, N(0)=No,
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rae mis onpenesieHHOCTH (o — (3) > 0, BIOJIHE JIOTUYHO NPENJIOKUTH CJIe-
MYIOIIYI0 YMCIIEHHYI0 cxeMy (pa30uB OCb ¢ HA PABHBLIE OTPE3KU BEJININHBI
T=1ti4+1—1t;, 1=0,1,2,...; to =0 u 3aMeHUB IPOU3BONHYIO HA KOHEUHYIO
PA3HOCTH):

Nit1 — N;
T

U3 (6) momyuaem
Niy1 = (ry + 1) N;,
YTO HAET IS €r0 PEeIeHMUs]
N1 = (14 77v) No, No = (1 4+ 779)? No,

N; = (1+77)  No = (1 +79)"/™ N,

T. €. pu t — 00 perenue (6) MOXET OTIUIATHCSI OT UCKOMOTO CKOJIb YTOII-
HO crIbHO. CIIemOBATENIBHO, N1 IOy YCHUS HY XKHOM TOYHOCTH HEOOXOMMMO
IOJIKHBIM 06pa30M BEIOMPATE IIAT T B 3aBUCUMOCTH OT BEJIMUMHEBL OTPE3KA,
unTerpupoBanus 1’ (yup. 3).

YIIPAZKHEHNU A

1. Ilonw3yschy 3aMeHON, NPUMEHEHHON Npy aHaim3e ypasHeHus (8) § 4, Haiimmre
pemenne ypasHeHus (2) npu No > Nyxp U BEUNCIIATE BEJIAYINHY { ¢ uaepes No, ao, So-

2. Haiinure orpanuuenue Ha poct dyHkimu k(r) — oo, r — 0 B ypaBuenun (3),
IIPU BBIIOJHEHWN KOTOPOTO CHUCTEMA «IIAPUK—TIIPYXKWHA» OBLIa OBl KOHCEPBATUBHOM,
T. €. COXpaHsAIach OBl €e IOJIHAs SHEPTUs.

3. Ucnonb3ys mpencTaBileHNE YMCIIA € B BUIE COOTBETCTBYIOIIETO IIPEnesa, IMOKa-
XWUTe, UTO AJII 33LaHHBIX BenwuuH 7y, No, T pemenue ypasHeHus (6) cTpeMuTCsa mpu
7 — 0 X pemreHnio UCXOMHON 33, 03N.

B 3aksrouenue, OCHOBBIBAsSICh HA MaTEpPUaJie NAHHOW TJIaBBI, BHIIEITAM
PAL TeM, SBJISIOMINXCS KIIIOUYEBBIMU MJISI PA3BUATUS W OPUMEHEHUS METO-
JIOJIOTUMA MATEMATUIECKOTO MOMENMpPOBaHUSI. K HUM OTHOCITCS: BOIPO-
CBI UIEAIN3AITUN UCXOMHOTO O0OBEKTA N POPMYIUPOBKA COOTBETCTBYIOIINX
IPEIIIOJIOKEHNIT; IPUMEHEHEe KaK CTPOrux mporenyp (byHmaMeHTaIbHBIE
3aKOHBI, BAPUAIMOHHBIE TPUHIANGI), TAK U METONA AHAJIOTUN U NPYTUX
TOAXOMIOB K MOCTPOEHUIO MATEMATUIECKUX MOMENIEN (B TOM YUCIe U TPYI-
HOGMOPMAJIM3YEMBIX ); METONBI KaYeCTBEHHOTO UCCIICOBAHMUS HEJIMHENHBIX
MOAeJIen; TOCTPOoeHne YHHEKTUBHBIX BBHIYUCINTEIBHBIX aJITOPUTMOB, Pea-
JU3YIOMIAX MOMENTN. DTU BOIPOCHI, HAPSAY C OMUCAHNEM HEKOTOPBIX aKTY-
AJIbHBIX IMPWJIOXKEHUU, COCTABISIIOT OCHOBHOE CONEPXKAHUE HOCIEHYIOITAX
LJIaB.

BubGnuorpadus x rnase I: [7, 16, 25, 40, 47, 57, 60, 66, 73, 76-79, 81,
83, 84].



'JIABA II

IIOJIYUEHUE MOIIEJIEN
N3 ®YHIAMEHTAJIBHBIX 3AKOHOB IIPUPOIIBI

§ 1. CoxpaHeHMe MaccChI BelllecTBa

Ha ocuoBe cocTtapmenus 6ajaHCa MACCHI BEIIECTBA U HEKOTOPBIX IO-
MOJIHUTEJILHBIX COOOpaXeHUN MOCTPOUM MOOEJN MOTOKA HEB3AUMOIEMCT-
BYIOIIIUX YACTHUIl U OBUKEHUs TPYHTOBBIX BOI B MOpUCTON cpeme. Onuiiiem
PO CBOMCTB HOJIYyYEHHBIX MOMOEIEM WM OOCyouM MX BO3MOXKHBIE 0000I1Ie-
HUS.

1. Ilorok wacTumm B TpyOe. B mnmmmumopuueckoir Tpybe ¢ mO-
nepeyHbiM ceueHuneM S (puc. 20) OBMXKYTCS YACTHULIBL BEIIECTBA (MBI-

JIUHKHY, 5J1eKTPOHEL). CKOPOCTD UX NBU-
o{‘) B

. R )_>.1: xeunst u(t) > 0 BOOIB ocum x, BOOO-
. N S
Pz, )

0

1116 TOBOPS, U3MEHSAETCS CO BPEMEHEM.
Hanpumep, 3apskKeHHBIE YACTUILI MO-
» % TYT YCKOPSATHCS WINA 3aMEJIATHCS MO
NERCTBUEM DIIEK TPUIECKOTO 1oy, [liis
MIOCTPOEHUST MIPOCTEUIIIEN MOOEIN pac-
CMaTPUBAEMOTO NBUKEHUS BBEIEM CJIEAYIOIIAE IPEAIOIIOKEHUS:

a) 4aCTUIILI MEXTY COOON HE B3aMMONENCTBYIOT (HE CTAIIKUBAIOTC, HE
NPUTSTUBAIOTCS U T. 1.). J1J1s 5TOr0, 04eBUIHO, INIOTHOCTH YACTUIL TOJIKHA,
OLITH MOCTATOYHO MAJION (B HTOM CIlydae 3apsaXKeHHLIE YACTUIIBI HE TOJb-
KO HE CTAJIKUBAIOTCS, HO ¥ HE OKA3BIBAIOT NPYT HA NPYTa BIUAHUS U3-33,
GOJIBIIIOTO PACCTOSHUS MEXIY HUMH);

6) HAYAIIBbHAS CKOPOCTH BCEX YACTUI, HAXOMSIIUXCS B OMHOM 1 TOM XK€
TIONEPEYHOM CEYEHUU C KOOPAWHATOW I, OMUHAKOBA U HAIPABIIEHA BIOJb
ocH ;

B) HAUAIbHASA INIOTHOCTH YACTUI] TAKKE 3ABUCUT TOIBKO OT KOOPIIU-
HATHI T;

I') BHEIIHME CUJIBI, MEVCTBYIOMINE HA YACTUIIBI, HAIPABIEHBI BIOJb
oCH .

[Ipennonoxenue a) 03HAYAET, UTO CKOPOCTH YACTUI] MOKET U3MEHATh-
Cs1 JIAIIE TIOM MeMCTBUEM BHEITHUX CUJI, IPEANoJioxenus 6)-T) obecneunna-
I0T ONHOMEPHOCTB MPOIECCa TMEPEHOCa, T. €. 3aBUCUMOCTH UCKOMOM ILIOT-
HOCTU TIOTOKA YaCTHUI[ TOIBLKO OT KOOPAUHATHL & U BpeMenu ¢ > 0.

Urak, o 3amannoi HauasbHON mwioTHocTu p(x,t = 0) = po(x) HEOO-
XOMUMO HAUTH IMJIOTHOCTL YacTull p(x,t) B 060 MOMEHT BPEMEHU IJIs

Puc. 20
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m06b1X = (CKOpocTh mBuxkenust u(t) 3amana). [Ipuberuem x 3aKOHYy COXpa-
HEHUS MACCHI, IIOACUNTAB OaIaHC BEIIECTBA B
MaJIOM 3jiIeMeHTe TPYOwl OoT x Ho x + dr 3a
Bpems dt (puc. 21). CneBa B 5jieMEHTAPHBIN
00BeM BXOOUT KOJIMYECTBO BEILIECTBA C MAaC-
CO, PaBHOU

Su(t) dt p(x,t + £ dt), 0<¢

/N

1

?

rae Su(t) dt — ob6beM BOIIEOIero 3a mpoMe-
XKYTOK BpeMeHu di BeriecTBa. Yepes mpaBoe
CEUYEHME DIIEMEHTA, 33, TO e BPEMS BBIXOMUT MACCA, PABHASL

—Su(t) dt p(z + dz,t + £dt), 0< &<,

Puc. 21

T. €. CyMMAapHOE U3MEHEHUE MACCHI PABHO
dm = Su(t) (p(z,t + £dt) — p(x + dz, t + £dt)) dt.

B cunty masoctu mpomexyTka dt CKOpocTb (1) cunmTaeTcs mocTosHHOA. Be-

muansst p(z,t + £ dt) u p(z + dz, t + £ dt) — cpenHue o BpeMeHN 3HAUEHUS
IJIOTHOCTY B CEUEHUSIX T U T + dx.

Hpyroi crocob momcueTa m3MeHeHu B GUKCHPOBAHHOM oObeme S dr
OYEBUIIEH U3 CMBICIIA BeIUYIUHLL p(T,t):

dm = Sdz (p(x + ndx,t + dt) — p(x + 7dx, 1)), 0<nnp<l,

rae p(z + ndx,t + dt) u p(x + fdz,t) — cpemuue MO TPOCTPAHCTBY 3HA-
YeHUs MJIOTHOCTH B MOMEHTHI t u t + dt.

[IpupapuuBas ob6a MOMydYeHHBIE OJIS d1M BLIPAXKEHUS U YCTPEMIIsa dx
u dt X HyI10, IPUXOOUM K ypaBHEHUIO s p(x,t), OTBEUAIOIEMY 3aKOHY
COXPaHEHUs MACCHI,

dp Op
—— 4 = — t 1
8t+8wu(t) 0, o<z <oo, t>0, (1)

C HAYAJBHBLIM YCIIOBUEM
p(z,0) = po(x), —o00 <z < o0. (2)

Benmuuuna pu (nomox eewecmea, Win nomox Maccbl) PABHA KO-
YeCTBY BE€IIECTBa, IIPDOXOMOAINIEMY B €OAWHUILY BPEMEHUN YE€pPE3 €NMHUYIHYIO
NOBEPXHOCTDL TOMEPEYHOro cedenust TpyoOul. Kak Bumuo u3 (1), ckopocTh
U3MEHEHUS IJIOTHOCTM BEIECTBA CO BPEMEHEM B JIIOOOM CEUYEHUU OIpe-
IETISIeTC «CKOPOCTBLIO» M3MEHEHMS IMOTOKA, BEIICCTBA, IO KOOPOUHATE L.
CxX0XMUM CBOMCTBOM OOJIaIAI0T MHOTHE MOMEIIN, OTBEUYAIOIINE 3aKOHAM CO-
XPaHEHUS U OMUCHLIBAIOIINE COBCEM NPYTHUE ITPOIECCHI.

B ciyuae noctosaHOI ckOpocTH U(t) = U TPUXOMUM K IIPOCTERIIEMY
HHHefIHOMy YPaBHEHUIO B YaCTHBIX IIPOMU3BOAHBIX

%4_%2_2:0, —o<r<oo, t>0. (3)
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Ero ofiee pemresume HeTpy[oHO HAWTHU, IPUHAB BO BHUMAHHUE, UTO
ypaBHeHue (3) umMeeT XapakTepucTuku — JwmHuM = = ugt + C, Ha,
KOTODPBIX 3HAYEHMs MCKOMOM (DYHKINMK IOCTOSHHBEL BO BPEMEHH, T. €.
p(x = upt + C,t) = p, Win, B SKBUBAJIEHTHOMN 3aIIUCH,

p(x7t):p(x+u0 (t—to),to), t—1to 2 0.
Bribupas tg = 0, momyuum

p(z,t) = p(&) = p(z + uot). (4)

Nurerpain (4) u asasercs obium perienreM ypasaenus (3). U3 dbop-
MyJIbI (4) 1 HAYAIILHBIX TAHHBIX (2) JIErKO HANTY UCKOMYIO (QYHKIIUIO, TPU-
YeM OHA, 3aBUCHUT HE 110 OTAEIILHOCTHY OT MEPEMEHHBIX T, t, 8 OT UX KOMOUHA-
mu & = = + uot (6eeywag 60.4-
na). IlpocTpaHCTBEHHBIN TPO-
dunb MIOTHOCTU 0e3 uCKaxke-

HUU TIEPEHOCUTCS BIOJIb TOTOKA,

/\/\ /\/\ (puc. 22) ¢ mOCTOSIHHON CKOPOC-

t t2 Tei0 (ypaBHeHue (3) Ha3BIBa-

0T TAKXKE YPABHEHUEM NEPEHO-

ca). DTO OCHOBHOE CBOWCTBO Pe-

0 7 > % meHus ypaBHEHUS (3) HECKOIIb-

KO MOOUGUIIMPYETCS B CIIydae,

KOT'Ia, CKOPOCTH YACTUI[ 3aBU-

cuT OT Bpemernu (cM. yrup. 1) — npoduiib mIOTHOCTH IEPEHOCUTCS 33 PaB-

HBIE IPOMEXYTKM BPEMEHN Ha, PasHble paccTosHusd. Ecim xe Mo Kakum-To

OPUIMHAM CKOPOCTH IIOTOKA, 3aBUCUT OT TIOTHOCTH (u = u(p)), TO ypaBHe-

uue (1) CTaHOBUTCS HEJIMHENHBIM, U TIOBEIEHNE €T0 PEIIEHUS MOXET UMETh
Ka4eCTBEHHO MHOW xapakTep (cMm. m. 7 § 4).

2. OcHOBHEIE IIPEAIIOJIOXKEHNA O TPAaBUTANMOHHOM peXunumMe Te-
YeHUs TPYHTOBBIX Boa. [lopucras cpena npencrapisger co60i IIIaCT BO-
NOIPOHUIIAEMOT0 MAaTEepPUaIIa, (IIECOK, TIINHA,), OIPAHUIECHHOTO CHU3Y TPYH-
TOM, HE TMPOIIYCKAIINM BOMY (TPAHUT), & CBEPXY — MOBEPXHOCTHIO 3€M-
mu (puc. 23). Eciau u3-3a MHTEHCHBHOI PAbOTHI apTE3UAHCKUX CKBAXKUH
UIU B Pe3ysibTaTe OOMIBHLIX OCAIKOB YPOBEHDb BOIBI B KAKOM-IUO0 MECTE
CJIOST UBMEHSIETCsI, TO MO NEACTBUEM CUJIbI TSIXKECTU HAUMHACTCS NBUKEHUE
XKUIKOCTU, BEIDABHUBAOIIEE €€ CBOOOMHYIO TOBEPXHOCT.

Ilsis onmucaHust STOTrO MPOIECCa BBENEM IMPEXIE BCETO PSIl MPEMIIONO-
KCHUN:

1) BOma paccMaTpUBAETCS KAK HECXKUMAEMAS KUIAKOCTh C IIOCTOSHHOM
IJIOTHOCTBIO p;

2) TOJNIINHA MIIACTA MHOTO MEHBIIE €r0 IIUPUHBL U IIUHEL;

3) MOOCTUAIAs MOBEPXHOCTH HE MMEET PAa3PLIBOB U M3JIOMOB, 3a-
natoias ee usBectHas Gyukuus H(x,y) — mocTaTodHo riagkas GyHKIus
CBOUX apryMEHTOB;

4) cBOOOMHAS TOBEPXHOCTH BOALI h = h(x, y,t) IIIaBHO MEHAETCS C U3~
MEHEHUEM KOOPOUHAT T, ¥;

5) IPYHTOBBIE BOILI HUTIIE HE BLIXOMAT Ha, MOBEPXHOCTD 36MJIU, IPUIEM
Ha CBOOOMHON MOBEPXHOCTY KUAKOCTHU MABIICHUE ITOCTOSHHO;

p(z,t) A

o — X1 = UQ (tg—tl)

Puc. 22
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6) TPYHT OMHOPONEH, T. €. er0 PU3MKO-MEXAHUIECKNE CBONCTBA He 3a-
BHUCAT OT apryMeHTOB I, Y, 2.

[TepBoe mpenmosoxkeHue BIIOJIHE €CTECTBEHHO, MMOCKOJIBKY B PAcCMaT-
PUBAEMOM IIPOIIECCE HE MOTYT HOCTUTATHCS MABIIEHUS, CIIOCOOHBIE 3aMeT-
HO M3MEHJATH IIJIOTHOCTHL BOIHBI. OCTa,JIbeIe IIPEOIIOJIOXKEHNA YIIPOILIIaIO-
me. Hanpumep, BTopoe mpenmosioxKeHne (TOHKHﬂ HHaCT) O3Ha4YaeT, 4TO
TEUYCHIEC XKMAOKOCTU OBYMECPDHOEC M BCE€ €I'0 XapaKTEPUCTUKM HE 3aBUCAT
OT KOOPOWMHATHI Z, TMOCJEOHUE MIBA MPENIOJIOXEHUS MO3BOJISIOT TOCTPO-
UTHh MOMENb, eMMHOOOPAa3HYI0 BO BCEX TOUYKAX I'PYHTAa, 1 T. O. BMmecte c
TeM MIPennooxeHus 1)—6) OTHIOOL HE BBIXOJAIIMBAIOT CYyTH IIPOIECCA,
TaK KaK OHU BBIMOJHSIIOTCSI B OOJIBIIIOM KOJIMYECTBE PEAIBLHBIX CUTYa-

W)

O WS )

Puc. 23

3. bamanc macchl B 3jIeMeHTe TPyHTa. BbeioenuMm B mimacTe site-
MEHTAapPHBIA 06bEM, OOPA3YIOIINNCS B PE3YIIbTATe NepeceueHnsT BEPTUKAIIb-
moit npusmel ABC D nonctunaroleil 1 cBOOOMHON IOBEPXHOCTIMU CPYHTA..
ITockonbky pasmepnl npusMbl dx u dy Majbl, a ¢yHknuu H u h rnankue
(mpenmosnoxkenus 3), 4)), TO HOIYIMBIIIEECS TEJIO C XOPOIIIEH CTEMEHBI TOU-
HOCTHU MOXHO CUMTAThL HapaJijieenunenoM. Beemnem HemsBecTHBIE GYHKIIUN
v=uv(z,y,t) mu=u(z,y,t) — COCTABISIONINE CKOPOCTU KUIKOCTU BIOII
oceit z, y (puc. 24).

[TomcunTaeM KOMUIECTBA XKUAKOCTHU, BXOAIINEN B TapPAJIIIEIIETATIEN 1
BBIXOIAIIEN U3 HETO 33 IMPOMEXYTOK BpeMeHu dt.

Yepes rpaus DC' B s71eMeHT I'PYHTA BXOOUT MACCA BOOBI, PABHAS 00D-
eMy TIPOITIENITIEN yepes Hee KUMAKOCTH, YMHOXEHHOMY Ha, TNIOTHOCTE P, T. €.
BEJIMYIMHA,

pu (H + h) dy dt,
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a gepes rpaib AB BbIXOOUT Macca BOMBI

pu (H + h) dy dt + {(,% [pu (H + h)] d:c} dy dt.

B sTOM BBEIpaXKeHUU IO CPABHEHUIO C TPELIAYIITUM NOOABIIIETCS YIIEH, OIN-
ceIBaoImil npupaitenue Gyukiuu pu (H + h) npu mepexome OT MIOCKOCTH

z

A /\—
Diji-Jc
/’i dz
S h(z,y,t)
A Iy | P
0 ’ Y -y
S H(z,y)
x 7/
Puc. 24

z K wiockoctu = + dz. Cama xe Bemuuuna, pu (H + h), kak u B 1. 1, umeer
CMBICJI TIOTOKA, MACCHI (BEILIECTBA).

Urak, npy OBUXKEHUN XKUOKOCTU BAOIL OCH T B BJIEMEHTE I'PDYHTA Ha-
KAIIJINBAETCS Macca,

0
— — [pu(H + h)| dz dy dt.
ox
[IpoBoms amamoruunsie paccyxmenus njst rpaenn AD u BC, nomyuga-
€M M3MEHEHUE MACChI BOOBI 33 CUET €€ MBUXKEHUS BIOIIb OCH Y:

0
~ [pv (H + h)] dz dy dt.
[TockonbKy BOOIL OCH 2z B 5JIEMEHT I'DYHTA XKUAKOCTHL HE BTEKAET U HE
BBITEKAET U3 HEro (CHU3y — MOACTUIAIOLINIL IIIACT, & Yepe3 CBOOOMHYIO
TIOBEPXHOCTH HET IIOTOKA BEIIECTBA), TO CyMMapHOE U3MEHEHUE MACCHI BO-
IBL B 9JIEMEHTE TPYHTa PABHO

_{%[pu(ﬂ—l—h)]—l—%[pv(ﬂ-l—h)]}dfvdydt- (5)

O6111€€ KOMMIECTBO KUAKOCTHU B APAIIIETICIIUTICIE PABHO €r0 00BheMy,
YMHOXEHHOMY Ha INIOTHOCTD p U HA KoadduureHT nopuctoctu m < 1 (Tak
KAaK JacTh 00beMa 3aHATA IPYHTOM):

mp (H + h) dz dy.

N3menenne Macchl BOOBI B BJIEMEHTE 33, BpeMs di, OUYeBUIHO, PABHO

{% [om (H + h)] dz dy} dt.
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YunreBas, uto OH/0t =0, Jp/0t = 0, U3 MOCIEMHETO BLHIPAXKEHUS
OJTy YAEeM

mp 88—}; dz dy dt (6)

u, npupaBHuBas (5) x (6), IPUXOOUM K YPABHENUIO HEPAZPLIEHOCTMU, BHI-
PAXKAOIIEMY 33aKOH COXPAHEHIS MACCHEL B PACCMATPUBACMOM IIPOLIECCE:

oh 0 0
mp Gz = = 2 w0+ W) = - (oo (H + ). ©
B ypaeuenunu (7) CKOpOCTH M3MEHEHMsS] PACCMATPUBAEMON BEJIMINHEI
(B mMAHHOM CIIy4Yae MaCChI) CO BPEMEHEM OIPeNessaeTCs AUBEPreHITnel mo-
TOKa 3TOU BEJIMYNHBI — CBOUCTBO, XapPaKTEPHOE IJII MHOTUX MOMEJIEH, TIO-
JyYaeMbIX U3 3aKOHOB COXpaHeHus (cp. ¢ ypaBuenuem (1)).
C yuerom Toro, uro dp/0z =0, Op/0y = 0, ypaBuenue (7) nepenu-
ceIBaeTCs B O60siee mpocTont hopMme:

on 0 9

——[U(H+h)]—@[’v(ﬂ+h)]- (8)

"ot Ox

4. 3aMbIKaHUE 3aKOHA COXPaHEHUs Macchbl. YpasHeHwue (8) co-

IEPXKUT TPU HEU3BECTHBLIX BelnuuHLL — h, u, v. CienoBaTenbHO, O 3a-

MBIKAQHWS MOHEIX HeOOXOOWMO IIPUBIIEYb KaKWe-TO NONOJHUTENbHBIE CO-

obpaxeHus O xapakTepe nporecca. X maeT mOIy>MIOUDHYECKUN 3aKOH
Lapcu

Op op
u:_/vl'a_xa 'U:_/Jfa_ya (9)

roe p(x,y, z,t) — DaBIEHUE B XKUAKOCTH, i > 0 — KosdhdunmMenT, onpeme-
naseMbIil cBocTBaMu rpyHTa. CormacHo 3akoHy Ilapcu KOMITOHEHTHI CKO-
POCTHU TeYEeHUs XKUAKOCTHU MPOMOPIIMOHAIILHEI COOTBETCTBYIOIINM KOMIIO-
HEHTAM TPAOUEHT NABJIEHUs. 3aMETUM, UTO IO CBOEMY (U3MUIECKOMY
CMBICJTy TPAIUEHT MTABIIEHUS — 5TO Cuia (OTHECEHHAs K eNuHUIEe O0b-
ema). B To ke Bpems mo BTopomy 3akony HbioTOHA meificTByOIIas HA Te-
JIO CUJIa, TIPOMOPIMOHAJILHA, €r0 YCKOPEHHIO, a HEe CKOPOCTHU, KaK B 3aKOHE
Hapcu. OnHako DaHHOE MPOTUBOPEYNE KAXYIIEeCs, TaK KaK [IPU TeYeHUN
yepe3 IPyHT (PUiabTparmm) KUIKOCTH MPEOIOIEBAET COMPOTUBIICHNE €TI0
YACTUI], B OTJIMYKE OT CBOOOMHOTO TeUeHUs (CP. C YPABHEHUEM MBUKEHUS
KUOKOCTHU B § 4).

B dopmynax (9) ucnomb3yeTcs HOBasi HEU3BECTHAS BEJIMUNHA, — IAB-
JIeHre XUOKOCTHU. Ee CBI3b € yXKe BBENEHHBIMU BEIMYMHAMU HETPYIHO
HAWTU, IPUHSB IPENIOJIOKEHNE O MEMJIEHHOM U IOYTU NOPU30HTAJIHHOM
TeYEeHUNM BOMNBI. 1Orma MMHAMUYECKON COCTABJISIIOINIEN MABIIEHUS MOXKHO
npenebpeusb U BBIYUCISITL €ro M0 YNCTO CUAPOCTATUYECKOMY 3aKOHY KaK
IaBJIEHUE, CO30aBAEMOE CTOIOOM XKUIKOCTH:

p(z,y,2,t) = pg (h(z,y,t) — z) + const,

rie const — maBieHue Ha TMOBEPXHOCTHU XUOKOCTU (HAIPUMED, aTMOChHep-
HOE), § — YCKOpeHue CBOOOMHOTO MANEHU.
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[Toncrasinssa nocnenuion Gopmyity B (9), momydaem

Oh Oh
U= — — V= — — 10
Py o o9 (10)
u, ucnoiib3yst (10) B ypaBHeHUNM Hepa3spBIBHOCTH (8), OKOHUYATENHHO MPU-
XOOUM K YPABHEHUIO IBUXKEHUS IPYHTOBLIX BOLI

oh 0 oh 0 oh
. (H(x,y)+h)%]+k@[(ﬂ($ay)+h)a—y RN
Ty
m

Wil K ypashenuro Byccuwecka, CoOmepXKaieMy JIUIIb OMHY HEU3BECTHYIO
byukuuio h(z,y,t).

5. O HeKOTOpBIX CBOWMCTBaxX ypaBHeHHs ByccuHecka. Ypas-
werue (11) mecramumonapuoe (uckomas GyHKums h 3aBucut OT t), OBY-
MepHoe (h 3aBUCHT OT & W Y), OTHOCSIIEECS K TapabOIuYecKOMy THUILY.
Ono meomuOpomHOE, Tak Kak (GyHkius H 3aBUCAT OT I, Y, U HEJIMHEN-
HOE, TIOCKOJIBKY B €r0 IIPABON YaCTH MPUCYTCTBYIOT WieHbl Buna (hhy), u
(hhy)y. B cpaBuennn c¢ ypasuenuem (1) ypaBuenue Byccunecka — ropas-
o 6ojiee CIIOXKHBIA MaTEeMATUYECKun 00beKT. B cuily HeIWHEeHHOCTH ero
ob111ee perreHre He MOXKeT OBITH HAWOEHO aHAJUTUIYECKH, OMHAKO OTHOCH-
TEJILHO HETPYIHO MOJIYUYNTh HEKOTOPLIE BIIOJIHE COMEPKATEIbHLIE YaCTHLIE
pettenus (CM. yup. 2), KOTOPBIE CIIyXKAT TAKXKE TECTAMU MPU Pa3paboOTKe
YUCIIEHHBIX METONOB Iyis ypaBuerus (11).

71 MOCTPOEHUsI 3aBEPIIIEHHON MOIEIN NBUKEHUS IPYHTOBBIX BOI He-
00XOIUMO 3HATDH BXOMHLIE NAaHHLIE N1 ypaBuerus (11): dopmy momcTumato-
et nosepxuocTu H (1, 1), K05hdUImenT k 1 KpaeBbIe YCIOBUS, 33, 0A0IINE
byHKIUIO h B HAYAJILHLIN MOMEHT BDEMEHU U HA IPAHUIAX IIIACTa, (U, OBITH
MOXET, B HEKOTOPBIX BBIIEJIEHHBIX 00JIACTIX IIaCTa, HAIPUMED, HA apTe-
3MAHCKON CKBaxuHe). Bosee monpobHO HOPMYIUPOBKA KPAEBBIX yCIIOBUM
IS YypaBHEHU TapabOInIecKoro Tuma obcyxmaercs B § 2. 3mech oTMme-
TUM TOJIBKO, UTO IPOCTERIINM BAPUAHTOM (HOPMYIUPOBKA KPAEBBIX yCJIO-
Buil miist ypasuerus (11) gBisieTcs 3aaHUe JIUIIL HAYAIBLHOTO YCIIOBUS —
byuxuun h(z,y,t) B Mmoment t = 0:

h(z,y,t =0) = ho(x,y), —xo<r<oo, —o0o<y< .

Takas mocTraHoBka oTBeuaeT 3adavwe Kowwu miis ypasuenus (11), pe-
IIaEMOT'0, eCTECTBEHHO, TaKXe B o0jmacT —o0 < £ < 00, —oo <y < 00. B
3amaue Korm 1mo m3BeCTHOMY pacIpenelieHri0 YPOBHS I'PYHTOBBIX BOX hg
HaxonuTcs GyHKMa h misa Bcex ¢ > 0.

PaccmoTpenue nitacta 6€CKOHEUHBIX PAa3MEPOB, KOHEUHO XK€, UIeaIIN-
sarusi. OmHAKO ecliu M3ydaeTcsl TeueHre B HeOOJIBINION MEeHTPAILHONE 00-
JIACTU TIJIaCTa HA OTHOCUTEJILHO HeOOJIBIIIOM IIPOMEXYTKE BPEMEHU, TO
BIIUSTHUEM TPAHUIL TJIACTA MOXKHO IpeHebpednb, u pelrnenne 3anauu Korm
OIUCHLIBAET BIOJIHE PEAJILHBIN IIPOIIECC.

OTMeTuM Takxke, YTO HEKOTOPHIE KPAEBLIE YCIIOBUS OB GaK TUIECKT
HESBHO BBENEHBI B MONENb IIPU BHIBOAE ypaBHeHUs byccuuecka. IIpemmo-
JIOXKEeHWE O HEMPOHUITAEMOCTHU IIJIAaCTa OBIIO UCIOIB30BAHO MPU MOy YeHUU
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ypaBHeHUs Oajianca, a 6e3 MPenrnoNoXeHns 5) O «3a30pe>» MEXIY MOBEPX-
HOCTBIO 3€MJIN U1 IIOBEPXHOCTBIO I'PDYHTOBEIX BOI (T. €. KOr'na BCd XUIOKOCTHb
HAXOMOUTCS B TIOPUCTON Cpene) Hellb3s ObII0 ObI MCIIONIB30BaTh 3aKOH Jlap-
CH BO BCell paccMaTpuBaeMon obnacTu. PaszymeeTcs, BEIIOTHEHNE STUX U
IPYTUX IMPEAINOIOXeHNN MNOXKHO KOHTPOIUPOBATHCI NPU U3YUEHUU MaH-
HOT'O OOBEKTAa Ha OCHOBE MOCTPOEHHOU MOMEIIN.

I[Ipr BBemeHUUM MOONOJHUTENLHBIX MPENIOOXEHUN OOIas MOOEIb
ymporaercsa. Tak, eciim 0 KaKUM-TO MPUYMHAM PeIleHne He 3aBUCUT
OT BpeMeHU ¢ (CTAIMOHAPHBIN MPOIECC), TO MPUXOMUM K SILIAMTUYECKO-
MY YPaBHEHUIO

Oz Oz oy

IJIs PEIIeHUsT KOTOPOrO, ECTECTBEHHO, He Tpebyercs 3ananue dyukuuu h
B HAYAJILHBIA MOMEHT. B mpocteiinem ciayuae (12) npespaimaeTcs B ypas-
newue Jlanaaca (cm. yop. 3). Ecnu nonctumaiomnias moBepxXHOCTH TOPU30H-
rambha (H(z,y) = Hp = const), To ypaBHeHue Byccuuecka cTaHOBUTCS

O,E[HOpOI[HBIMZ
oh 0 oh 0 oh
T (ha—x) oy (’%)'

[Tpr mOMOTHUTETHEHOM MPENNONIOXKEeHU 00 OTHOMEPHOCTH TEUYEHUT,
KOT'[Ia UCKOMOE DPeEIlIeHNE 3aBUCUT JIUIIL OT OOHOM INPOCTPAHCTBEHHOU IIe-
PEMEHHOU, HAIIPUMED, KOOPAUHATHL &, IPUXOAUM K yPABHEHUIO

@:ki(ha_h), (13)

=GRk R [CRRE B (12)

ot oz oz

HA3LIBAEMOMY TAaKXE 00HOMEPHbIM YPABHEHUEM MUNG HeAunelinot men-
aonposodnocmu (cM. § 2) WM OMHOMEPHBIM YPABHEHUEM U30TEPMUUEC-
Kol punbrpanyu. OMHOMEPHBIMHI ABIAIOTCA, HAIPUMED, TEYEHUI B ILIac-
TaX, CUILHO BBLITAHYTHLIX IO OMHOMY U3 HAIPABIICHUII, TAK UTO W3MEHE-
HUEM BEJIMYMH BOJb IOMNEPEYHOIO CEUEHUs IJIACTA MOXKHO IpeHebpedn
(ecnu uepes OrpaHUUYUBAOIIAE €r0 B TOMEPEUHBIX HAMPABICHUSIX MOBEPX-
HOCTU XUIKOCTH HE IPOTEKaeT). Hakouerr, camast mpocTast MOIENIb TeYeHU S
I'PYHTOBBIX BOI HAETCS YPaAGHEHUEM TENAONPO600HoCmY (UITH YpasHeHUueM
dudyzuu sewecmea)

dh d’h

- kHO 7 5

dt dz?
IIOJIY YAIOIIUMCS Ipu yenoBuu h < Hy, T. €. miIs MaJIbIX U3MEHEHU YPOBHS
XKUOKOCTH IO CPABHEHUIO C TOJIIIIMHOMN IIJIACTA.

[locnenuue Tpu ypaBHEHNI OTHOCITCA K MapabOIMIecKOMy THUILY, IIPH-
yeMm ypaBHenue (14) nuHENHOE U CYIIECTBYIOT XOPOIIO U3BECTHLIE METO-
IBI TIOJIyYEHUs ero obIero pemenus. Pasymeercs, KpoMe mepedurnCileHHbIX
BO3MOXKHEI ¥ IPYTU€ YIPOILEHNUs NCXOMHON MOOENN, HAIPUMEDP IBYMEPHOE
ypasHuenue (13).

N3 ypasuenus Byccumecka OTHOCHTEIHLHO HETPYOHO MOIYUYUTL U 6O-
Jiee CJOXHLIE MOMENIN, KOTIA HEBEPHBI HEKOTOPLIE U3 CHOPMYIUPOBAHHEIX

(14)

5 A. A. Camapckuii, A. II. Muxaiios



66 TIOJIYYEHUE MOIEJIEN U3 ®YHIAMEHTAJILHBIX 3AKOHOB  [[JI. II

B II. 2 OPEnmoJioXeHui. B 4acTHOCTH, BO MHOTHUX CJIydYasX TPYHT HeOH-
HOpoOmeH, T. e. m = m(x,y), p = u(x,y), 1 HEOOXOOUMO YUUTHIBATDL IIO-
CTYIJIEHUE XUOKOCTHU B IIACT B PE3yJIbTaTe OCANKOB. Torma obobiieHue
ypaBHeHUs byccunecka uMeeT BUL

m(z,y) 0h _ 9 oh

. [m,y) (H + ) Z—Z] Fawy ), (15)

roe q(z,y,t) XapakTepu3yeT MOIIHOCTH OCANKOB B TOYKE I, i B MOMEHT
Bpemenu ¢ (cMm. ymop. 4).

WUrakx, mpumeHeHme QyHIAMEHTAJIBLHOTO 3aKOHA COXPAHEHUS MaCCHI
MO3BOJIAJIO TOJIYYUTH Pa3HOOOpa3HbIE MONEIN pPAaCCMAaTPUBAEMBIX IIPO-
neccoB. Paznmuume Mexny MoOmensaMu ONpenesisieTCs THUIOM IOy UYeHHBIX
ypaBHeHU (runepOomuyeckuii, mapabOIMUecKuil, SIUTUITUIECKUA), UX
IPOCTPAHCTBEHHO-BPEMEHHBLIMU XAPAKTEPUCTUKAME (CTAIMOHAPHOE, He-
CTAIMOHAPHOE, OMHOMEPHOE, MHOTOMEPHOE), HAJIIMIUEM WU OTCYTCTBUEM
HEIUHEWTHOCTEN, a TaK¥Xe MOCTAHOBKOM KpPaeBBIX yciioBui. Taxkum obpa-
30M, B 3aBUCAMOCTHU OT KOHKPETHBIX CBONCTB OOBEKTA U MOMOITHUTEITHHBIX
NIPENIIOIOKEHN, OCHOBBIBASCH HA OMHOM M TOM Xe QyHIaMEeHTAJIbHOM 3a-
KOHE, MOXKHO MOJIYYATH COBEPIIEHHO PA3JINUYHbIE MATEMATUIECKIE MOLEIN.
C mpyro# cTOpOHBI, KaK OyIeT He pa3 MOKA3aHO B MAJLHEHIEM, ONHU U
T€ XK€ MaTeMaTUYeCKre MONEIM MOIYT, B CAJIy CBOCU YHUBEPCAJIILHOCTH,
OTBeYaTh OOBEKTAM COBEPIIEHHO PA3HOU IPUPOIHI.

YIIPAXKHEHUA

1. Haitnure 3aMeHy IlepeMEHHBIX, CBOAAIYIO ypasHeHue (1) k ypasrenuio (3), u
t
IIOKAXWTE, YTO pelreHne B ciyuae v = u(t) umeet Bun (4), rme £ = x + fo u(t) dt.

2. Pemenue ypasuenus (13) suna h(z,t) = u(t) 6(x) (T. e. B pasmensommxcs nepe-
MEHHBIX ) HA3BIBAETCS YNopadoueHubim pexcumom Byccunecka B ciyuae, ecau u(t) — 0,
t — oo. ITokaxmure, uTo u(t) — creneHHas GYHKIUS BpeMeHN Opu GOJIbIIUX t.

3. YcraHoBUTE, IPU KAKUX MPEANOJIOXKEHUIX ypaBHeHue (12) cBommTCs K ypaBHe-
Huto Jlammaca.

4. Ilonb3ysach 3aKOHOM COXPAaHEHUs MaCChI 1 3ak0HOM llapcu, momyunTe ypaBHEHUE
(15).

§ 2. CoxpaHeHnmne sHepruu

3aKOH COXPAHEHNs SHEPTUKU BMECTE C HEKOTOPBIMU HOIIOIHIA TEILHBIMM
IPENIONIOXKEHUSIMI IPUMEHUM IS TTOCTPOEHUS MOJIEJIEN PACITPOCTPAHEHU S
Tema B ciuioirHon cpene. ChopMynupyeM TUINYHBIE KPAEBLIE 3a,0a4K OJIs
ypaBHeHuit Temmonepenaun. OOCyauM HEKOTOpbIE QU3NUECKUE U MaTEeMa-
TUYECKNAE CBOMCTBA MOJIYUEHHBIX MOIENEN.

1. IIpenBapuTesbHBIE CBEeIeHUA O IIPOIleccax TeIJIomnepena-
yn. TemnnoBas sHEPrus, WM TEIJIO0 — 3TO DYHEPTUSI XAOTUUIECKOTO IBUXKE-
HIST aTOMOB M MOJIEKyYJ BerecTBa. OOMEH TeIioM MeXIy Pa3InIHbLIMUI
yJacTKAMHI MaTeprajia HA3LIBAETCS mendonepedaueti, a CaMud MaTepUa-
JIBI, OOJIAMAIOIIE XOPOINIO BBHIPAXKEHHBIM CBOMCTBOM TEIJIONEPEIadun, —
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menaonpoeodubimy. K HIM OTHOCSATCS, HAIPUMEDP, METAJILI, B KOTOPBIX
TEIUIOBAs YHEPrusl MEPEHOCUTCS B OCHOBHOM CBOOOMHBIMU SJIEKTPOHAMIU,
HEKOTOpPBIE Ta3el U T. 1. IIpomeccl mepemaum Temsa pacCMaTPUBAIOTCS B
YCJIOBUSAX TAK HA3BIBAEMOTO A0KAAbHO20 MEPMOJUHAMUYECKO20 PABHOBE-
cug (JITP). Ioustue JITP nnsa rasos sBomurcs mpu A < L, T. e. Korma
IJINHA, CBOOOMHOTO ITpobera YaCcTUll BEIIECTBA MHOTO MEHBITIE XapaK TEPHBIX
pPasMeEpPOB PACcCMaTPUBAEMOro 00beKTa (cnaownag cpeda). JITP monpasy-
MEeBaeT TaKXKe, YTO IPOIECCH U3YUalOTCs IPU BpeMeHax, OOMIbIINX, YeM T
(BpeMst MeXIy CTOIKHOBEHUSIMU YACTHII), X HA Pa3sMepax, OOJNBIINX, YeM
A. Torma B 00TacTsIX BEIECTBa, Pa3MepPhl KOTOPBLIX MIPEBOCXOMST BEJIM-
yuHy A (HO MHOTO MEHbIIIEe BEJIWYMHLI L), yCTAHABIUBAETCS PABHOBECHUE
7 OJIT HUX MOXKHO BBECTHU CPEIHUE BEIUYUHBI MJIOTHOCTHU, CKOPOCTHU TeIl-
JIOBOTO NBUXEHWS YACTUIl U T. . JTU JIOKAJIbHBIE BEIMUMHLI (Pa3HLIE B
PaA3HBIX TOYKAX CPenbl) mpu ChOPMYIMPOBAHHBLIX MPEANOIOKEHUIX HAXO-
IATCS U3 PABHOBECHOTO MAKCBEJNIOBCKOTO PACIIpenesieHus JacTull (cM. § 3
ri. IIT). K wum orHOCUTCA M1 memnepamypa T, Onpenessionias CpemnHiow0
KMHETUUECKYIO SHEPI U0 YACTHUIL:

mu? 3

5 =3 kT,
TZI€ M — MAaCCa YACTUIBL, U — CPEIHSIST CKOPOCTD Xa0TUUECKOTO IBUAXKEHUS,
k — mocrosiuuas Bonbimana (B ciiyuae Tak Ha3BIBAEMOTO GOJILIIMAHOBCKO-
ro rasa).

Cs3aHHAsA ¢ XAOTUYECKUM [IBUXKEHUEM YACTHUI[ SHEPTUS BEIECTBA
(BHYTpPEHHsIsI SHEPTUS) ONPENENISIeTCS YePe3 TEMIEPATYPY C MOMOIIBIO Be-
MUIUHEL Ydeabnot menaoemrocmu c(p,T'), a MMEHHO

de(p,T)
C(,O,T) = a—fz’—'a C(p,T) >0,
re p = Mmn — INIOTHOCTD BEIeCTBa (N — YUCIIO YaCTHll B equHUIE 00be-
Ma), e(p,T) — enympennas snepeud edurnuybt maccol. Ipyrum croBamu,

TEMJIOEMKOCTH — 3TO YHEPrus, KOTOPYIO HAM0 COOOITATHL €NUHUIE MACCHI
BEIIIECTBA, YTOOBI YBEIIMUUTH €r0 TEMIEPATYPY Ha ONUH TPAOYC.
Hawubomee mpocToe BhIpakeHne il TEeIIOEMKOCTH ITOJIYyYaeTCs B CITy-
yae udeaabro20 2a3a (raza, 4aCTUILI KOTOPOTO B3aUMOMENCTBYIOT JIUIID
IIPY HEIOCPEICTBEHHOM CTOJIKHOBEHUU U, MOMOOHO OMILIMAPOHBIM IIapaM,
6€e3 oTEPU CYMMAaPHOI KUHETUIECKOM dHeprun). Eciau B HeKOTOpOM 00be-
M€ HUIeajJbHOrO T'a3a COmepXUTCsI N YacTHIl, TO UX IIOJHAS BHYTPEHHSII
SHEPTUS €CTh
2
mu 3 3 k
E=N ==-NkT =-M —T,
2 2 2 m
roe M = Nm — cymMMapHas Macca YacTHll, a yAeIbHas BHYTPEHHSS YHep-
TUs, UK DHEPTUs HA, eQUHUIY MACCHI, HaeTcss GOPMYIIOn
E 3k
E = — == — —
M 2m
T. €. TEINIOEMKOCTDH UIEAJIBLHOrO ra3a pasHa 3k/(2m) u He 3aBUCAT OT Be-
auamnH p, T

5*

T,



68 TIOJIYYEHUE MOIEJIEN U3 ®YHIAMEHTAJILHBIX 3AKOHOB  [IJI. II

B obr1iem citydae cBS3b MEX Oy BHY TPEHHEN YHEPTUEN U TEMIIEPATY PO
bonee crmoxuas. Hampumep, MOMUMO KUHETUUIECKOW SHEPTUN TBUKYIIIAX-
Cs YACTWUIl, BHYTPEHHSS YHEPTUs COMEPXKUT COCTABIIAIOIIYIO, CBA3AHHYIO
C MIOTEHIIMAJBHON YHEPTUEN X B3aMMONENCTBUS, 3aBUCIIIEN OT CPEIHETO
PACCTOSHIS T MeXTy HEME. B cBoIo ouepens r & (n)~ /3 = (p/ m)_1/3, rmue
N — YKCIO YACTUIl B eOUHUIE 00beMa, T. €. € 3aBUCUT OT INIOTHOCTH p.
[TosTOoMy B TeOpUHU TEILIONEPENAuN BEINYUHBL € (MU, YTO TO XK€ CaMOe,
¢) ABIAIOTCS, BOOOIIE TOBOPs, pyukimsamu ot p u 1. VIX KOHKPETHBIN BUI
OIIpenensieTCss CBOMCTBAMU PACCMATPUBAEMON CPEMIHI.

2. BroiBom 3akoma ®Pypbe m3 MOJIEKYJIAPHO-KMHETUUIECKUX
npencraBjeHuii. s momydeHuss MaTeMaTUYIECKON MOMENM TeIIomepe-
mauy HeoOXOMMMO, TIOMUMO OIMCAHHBIX B 1. 1 TIOHSATHUN, BBECTU BAXKHOE TI0-
HATUE TOTOKA, Tera. [lomokxom menaa (MM TEIIIOBOM SHEPTUN) B NAHHON
TOUKE HA3BIBAETCS KOJIMYIECTBO TEIJIa, IEPEHOCHMOE B €IUHUITy BPEMEHU
yepes eMUMHNYHYIO ITOBEPXHOCTH, IOMEIIIEHHYI0 B MAHHYI0 TOYKY BEIIIECTBA
(cp. ¢ momsTmeM mOTOKa Maccel B § 1). OueBUOHO, ITO MOTOK TEILIa —
BEKTOPHAS BEJIMYNHA, (MIOCKOJIbKY OHA B OOIIEM CIIyYae 3aBUCUT OT OPUEH-
TAIUU €NUHUYHON TIOBEPXHOCTHU B IPOCTPAHCTBE).

BoimesnuM B cpeme TOUKY C KOOPAWHATAMUA &, Y, Z U BEIYUCIUM KOMIIO-
HEHTEL IOTOKa W Tema mo cooTBeTCTBYyOmuM ocsiM (Benuuauuasl W,, W,
W.). Pacnionoxum miomanKy eIMHIYHON BeJIMYMHEI (IIITPUXOBAS JIMHUS HA,
puc. 25) NePHeHAUKYIISIPHO OCH . YaCTUILI, NBUXKYIIIUECS BIOIbL OCH X, TI6-

PECeKaroT ee CIIPaBa HAJIEBO U CJIEBA, HAIPABO
P C pPaBHOU BepOATHOCTHIO. OOHAKO €CJIM TeM-
v nepaTypbl 4acTuIrl (a, CIENOBATEIBHO, U UX
i . KWHETUYECKUE SHEPrUK) PasHbIE MO MPABYIO
: » ¢ U JIEBYIO CTOPOHBI IIOIIAAKA, TO B €NUHUITY

BPEMEHU 4Yepe3 Hee CIPaBa U CJIEBA II€PEHO-
CSITCSI pa3Hble SHEepruu. Pa3sHOCTh YTUX dHEpP-
ruii 1 GoOpMHUPYET IMOTOK TEMJIa BIOIL OCH X.
- Buioenuwm Ha puc. 25 00j1acT, OTCTOSIIITE HA,
pacCTOSHUE A = U7 OT INIOIIAJKU CIPaBa U
cimeBa. W3 wacTull, HaXOmSAIIUXCSA B IIPABOU
obnacTu, mpuMepHO 1/6 JacThb MBUXKETCS HAJEBO, TAK KAaK BCE IIECTH Ha-
paBieHnil (BBEPX — BHU3, BIIEPE — HA33, HAIPABO — HAJEBO) PABHO-
BEPOSITHLI. 3a BPEMsI T 5Ta YaCThb YACTHI[ C HEOOXOOUMOCTLIO IIEPECedeT
TJIOHIANKY U IIEPEHECeT SHEPTUI0, PABHYIO

Puc. 25

1 mu?2
=\ n
6" 2 7

re Uy — CKOPOCTD YaCTUI B IPABOT 06/1aCTH (BEIMUMUHEL 73, A CINTAIOTCS B
IepPBOM IPUOIINKEHNN PABHBIME TI0 06€ CTOPOHBI IJIOMIANKY ). AHAJIOTMYHO,
YaCTUILI 13 JIEBOU OOJIACTU MEPEHOCIT YHEPTUIO

1 mu?
2\ Dl
6"\ 2

Tlle V; — CKOPOCTH YACTUIL CIJIEBA, OT IIOMIAAKKA. Pa3HOCTH 3TUX dHEPI Ui,
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OTHECEHHasd K €IMHNIIC BPEMEHHU, IIPEOCTABIIACT cobon BEJINYMHY

1 mv:  mo? mnu
6 2 2 6 ( )
Ie €n, €n — BHYTPEHHsS SHEPIUs BEIIECTBAa COOTBETCTBEHHO CIIEBA, W

CIIPaBa OT IJIOMIANKM, & B KAUeCTBe v OepeTCs CPEmHIST MEXY Uy U Uy CKO-
pocThb yacTuil. B mepBoM nmpubIMXeHN BeJIMYNHEI €,;, £ MOXHO BHIPDA3UTH
yepes BeIMYUHY € (SHEpruio B TOYKE X, T. €. Ha IUIOMIAAKE) CIIEMYOIIIM
obpazoM:

Oe oT
n=f+A—=c+ I —,
€ €+ B €+ Ac gy
Oe oT
T=E—A— =€ —)Ac—.
€ € pe € c 97
[ToncTaBnss sTu GopMysbl B BeIpaxeHue mjias W, momydaem
oT
W, =—»x— 1
% ax ) ( )

rme »x = pcAv/3.
IIpoBons Takue xe pacCcyXIeHUs O KOMIOHeHT W, W, mpuxonum
K BBIPAXKEHUSIM

oT oT
_ = 2
W, » e w Sy (2)
O6benuuenue (1) u (2) naet zaxon Dypve
W = —sxgradT. (3)

Benuuuna 3¢ Ha3bIBaeTCS K09PPuUyuenmom menionpoeoonocmu.
3ameTuM, 94TO KOS(PGUIMEHT TEMJIONPOBOMHOCTHU 3aBUCUT B OOILEM
Clly4ae OT IJIOTHOCTHU U TEMIIEPATypPHl BEIICCTBA:

A
=20, (4)

IIOCKOJIBKY HE TOJBKO TEINIOEMKOCTBL ¢, HO U IJINHA CBOOOMHOIO Ipodera
A TakxXe MOXeT ObIThb dyHkuuenn ot p, 1. Tak, Hanmpumep, B rase, HaXo-
IAIIEMCS B OOBIUHBIX YCJIOBUAX, TEIIO TEPEHOCUTCSI MOJIEKYIIaMu ( MOJIEKY-
AApHAs TEIIONPOBOMHOCTS ). IIJIs BEJIMYMHBL A B TOM CJIydae CIIPABEIIINBO

w =

A~ 1/p, a Tak xak v ~ VT, To 3 (4) umeem 3¢, ~ V1T (TEWIOEMKOCTE
CUNTAETCS TOCTOSIHHON ). B mmasme (rme 0CHOBHYIO POJIb B TIEPEHOCE TEILIa,
UTPAIOT SJIEKTPOHBI) IMHA MPOGEra SJIEKTPOHA 3aBUCAT OT p, 1', Tak 4To

A~ T?p71 u nna BenwuWHEL 7, CIPABENINBO 2, ~ T, (¢ — mocrosHHAs).

Nrak, 3akon Pypbe TIACAT: TOTOK TEIJIa IPOTOPIINOHAIIEH T'PAIUECH-
Ty TeMnepaTyphl. Tak KakK TEmJIOBas YHEPTUS HEITOCPENCTBEHHO CBSI3aHA, C
TEMIIEPATYPOR, TO B OIMPENETIEHHOM CMBICIIE MOXKHO CUNTATh, YTO KITOTOK>
TEeMIEPATYPHI IPOMOPIIMOHAJIEH ITPAOUEHTY caMoil TemmepaTypul. Cosep-
IIIEHHO TaKUM XKe CBOMCTBOM O0jamaeT OMU3KUM IO CYIITHOCTU IIPOIECC
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nuddys3un BerecTBa (3akoH Puka). AHAIIOTUYHYIO UHTEPIPETAIINIO MOXK-
HO npunarh 3akoHy Hapcu (10) us § 1, XoTs NBUXKEHME TPYHTOBLIX BOI I10
CBO€H IPUPOEe NPUHINTKRAILHO OTIINYAETCS OT Ipoliecca TuPOy3un TEIIa,
(z 3akon Jlapcu He UMEeT CTOJIb OTHOCUTEBHO IIPOCTOTO TEOPETUIECKOTO
obocHOBaHMsI, KaK 3aKOHBI Pypbe u Puka).

3. YpaBHeHue 6asiaHca Temia. lIpuMeHUM B3aKOH COXpaHEHUS
SHEPTUM JIT MATEMATUIECKOTO OMUCAHUS MPOIlecca Teronepenadun. by-
IeM TP 3TOM CUYUTATh, YTO BHYTPEHHSS SHEPTUs BEIECTBA U3MEHSCT-
Csl IUIL OJIaTonaps MEXaHU3MY
TEIJIONIPOBOMHOCTH, T. €. IPYTHUe
BUMLI SHEPTUU TOJIAraeM HeCy-
IIIECTBEHHLIME (HAIIPUMED, IIpe-
HeOperaeM U3MEHEHUEM BHYT-
PEHHEN SHEPruu 33 CUeT XUMU-
JeCKUX PEeaKIni UiIn 33, CUET pa-
W, OOTHI CUJI NABIEHUS, CKUMAIO-
IITUX HEKOTOPBIN 00beM Trasa, u
T. II.).

Breimenum B TemiIonpoBOI-
HOU Cpene dJIEMEHTAPHBIA KY-

Puc. 26 6uk co crtopomamu dz, dy, dz

(puc. 26) w mpuBemeM MOOCUET

M3MEHEHNST COMEPKAIIENCS B HEM TEIJIOBOM YHEPrUM 33 MAJIBIA IIPOMEXY-

TOK BpeMenu dt. Ilo cmemaHHBIM MPEANONIOXEHNSIM 5TO U3MEHEHIE MOXET

OLITH BBEI3BAHO JIUIIL PA3HOCTHIO MIOTOKOB TEIJIA, BXOMSIIINX W BBIXOMSIITNX

Uyepes3 pasHble TpaHu Kyomka. Tak, MOTOKY BOOJIb OCH & TPUBOASAT K YMEHb-
IIIEHWIO WM YBEJIMUEHUIO BHY TPEHHER dHEPTUU 00beMa Ha BEITUIUHY

We(z,y,2,t) — We(z + dz,y, 2, )] dy dz dt,

z A

<V

rae dy dz — moiansL rpaHn, IePHeHauKyasspHon ocu x. B sToit dopmye
cuntaercsa, uTo W, kax GyHKIIUS BpeMEHU HEe CAILHO U3MEHSIETCS 33, IPO-
MEXYTOK df, 1 MOXHO B3sITh €€ 3HauYeHre B MOMeHT t. TOUHO Takum xe
00pa30M BHIYUCIISAIOTCS U3MEHEHUS BHY TPEHHEN DHEPTUU II0 OCIM ¥, 2:

(Wy(z,y,2,t) — Wy(z,y + dy, 2,t)] dz dz dt,

(W (z,y,2,t) = W.(2,y, 2 + dz,t)] dz dy dt.
Cymmapuoe usmenenne sueprun AFE = E(t + dt) — E(t) ecTtsb
AFE = —divW dx dy dz dt.

C npyroit cToponsl, BenmuuuHy AFE MOXHO BEIPA3UThL Yepe3 N3MEHEHNEe TeM-
epaTypsl 00beMa U Uepe3 ero TEeIJIOEMKOCTD 0 popMyIie

AE =(T(t+dt)—T(t))c(p,T) pdxdydz,

B KOTOPOHM M3-3a MaJIOCTU 00BeMa, 0epyTcs HEKOTOPHLIE CPEMHUE MO HEMY
3HAUEHUS TEMIEPATYPHI 1 TIIOTHOCTH.

[TpupaBHUBasg OBaA MOCIEMHUX BBIPAXKEHUS MNPYT OPYTY U YCTPEMIISISI
dt K HYIIO, TIOIyJIaeM o06ujee ypashenue, ONucbléGoULEe PACTPOCMPaHEHUE
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menaa:
C (98_7; = div(segradT), (5)
AMeEIOIIee B Pa3BEPHYTON GOpMeE BU
oT 0 oT 0 oT 0 oT
o5 =5 (5) oy o)t () @
rme C = pc.

YpaBuenne (6) — HecTanumonapuoe, TpexmepHoe (byukius T 3aBucuT
OT BpPEMEHU ¢ U TPEX MPOCTPAHCTBEHHBIX MIEPEMEHHBIX T, I, Z) YPABHEHUE
napabommaeckoro tuna. OHO HEOOHOPOMHOE, TAaK KAK TEINIOEMKOCTh, KO-
5}OUIMEHT TEIIONPOBOMAHOCTH U INIOTHOCTE MOT'YT OBITH, BOOOIIIE TOBOPS,
PA3HLIMU B PA3HBEIX TOYKAX BCIIECTBA, ¥ HEJIMHEAHOE, TIOCKOJIBKY (OyHKITIN
C M 3 MOTYT 3aBUCETH OT TeMneparypsl T (T. €. OT UCKOMOTO DEIeHNs).

[Ipu DOMOMHUTENLHBIX IPEOIONIOXKEHUAX O XapaKTepe MPOLeCcca Terl-
nonepenaun ypaBHenue (6) MoxkeT ympoinarbes. Tak, eciu mporecc cra-
IIOHAPHLINA, T. €. TEMIIEPATYPA HE 3aBUCAT OT BpeMeHnu, TO (6) mpeBpariia-
eTCS B YPABHEHUE IAAUNMULECKO20 MUNG

9 (O 0 (0T 90 ( OT\_, 1)
Oz Ox Oy Oy Oz 0z )

a ecii QYHKIUU ¢, ¢ HE 3aBUCIT OT TeMIeparypsl, TO (6) cTaHOBUTCS
AUHETHBIM NAPabOAUNECKUM YPAsHEeHUeM, KOTOPOE B CIIydae OTHOPOMHOIM
cpensl (7, ¢, p HE 3aBUCAT OT &, Y, ) IPUHUMAELT BUI

or = ko AT, (8)
ot
rue BemuuuHa kg = 7/C Ha3LIBaeTCSI K03 PPuyuenmom memnepamyponpo-
sodnocmu. Hnsa ypasuenus (8) OTHOCUTENBLHO HETPYMIHO BBITUCATDL OOIIIEE
pelreHue.
B omrOMepHOM cityuae (TeMmeparypa 3aBUCAT JIUIIL OT ¢ 1 ) u3 (6)

HOJLy 4aeM
or 0 oT
C—=—|»x—]. 9
ot Oz (% (93;) ©)
Ypasuenre (9) cBOOUTCS K yPABHEHUIO TUIA HEJIMHENHON TEIIONpO-
BOIHOCTH
ou 0 ou
= 2| E(u) = 10
at ax( () (')x) (10)
npu gonyierun, uro 0C' /0x =0, 0sx/0x =0 (cp. ¢ ypaBuenuem (13) u3
§ 1). Hakonen, ecimu 3 = 3, C = Cy, rme 3y, Cy — MOCTOSHHBIE, TO U3

(10) momyuaeTcs ypaBHEHME TEIIONPOBOMHOCTY — MPOCTENRINEe yPABHEHTE
mapaboJIMIecKOro TUMa,
ou 0%u
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Kax u B ciiyuae ypaBuenust Byccunecka, u3 ocHOBHOTO ypaBueHust (6)
MOXKHO MOJIYUUTH Pa3IuydHble 0000111eHn s, COOTBETCTBYIOIINE H0OIee CI0XK-
HBIM, Y€M PaCCMOTPEHLIE BBIIIE, MEXaHU3MaM Telonepenadn. Tak, mils
HEM30TPOIHON CPEnbI (T. €. KOTHa KO3MOUIUEHTHI TEMIOMPOBOMHOCTH Pas3-
HbIE [0 PA3HLIM HAMPABJIEHWSIM) C SHEPTOBLIAE/IEHNEM BMecTO (6) mmeeMm

Ca_T—i a_T _|_2 a_T _|_g a_T +f( tT)
ot oz \"azr) "oy "oy ) 8z \"* oz 59555,

(12)
TIoe 3, 3y, %, — KodbdunuerTsl B 3axoHe Pypoe (3) mo ocaMm z, y, z, a
byHKIUs f — MOIIHOCTD BLIZEeHus (MU TOTJIONIeHus1) suepruu. Heuso-
TPOMHOCTH, HAIIPUMED, B CIIyUae 3JICKTPOHHON TEIJIONPOBOIHOCTHU, MOXET
BBI3BIBATHCS MOCTATOYHO CUIIBHBIM MATHUTHBIM IIOJIEM, 33TPYIHSIONIAM
NBUXKEHUE TTEPEHOCUMKOB TEIIIa, TOMEPEK CUJIOBBIX JIMHUH TIOJIS, a BBIIEIIE-
HUE SHEPTUU MOXKET ObITh CBSI33HO C UAYIITUMU B BEIIECTBE XUMUICCKUMU
PEAKIUSIMYU WJTA TPOTEKAHUEM BJIEKTPUIECKOTO TOKA.

Bce monyuensbie B IAHHOM MyHKTE YPABHEHUS BHIBEJIEHBI C TIOMOIIBIO
byHIAMEHTAJIBLHOTO 3aKOHA COXPAHEHUs >Hepruu u 3akoHa Pypwe (cp.
BBIBOIIOM ypaBHeHus Byccunecka B § 1). Bmecre ¢ 3amanubivMu GyHKIums-
MU C, ¥, p U KPACBBIMU YCJIOBUSMU OHU MPENCTABISIOT COOOW 3aMKHY ThIE
MAaTEMaTUIECKIE MOMEIIN MPOIECCA TEIIONEPEIaAvn.

4. ITocTaHOBKa TUNMWYHBLIX KPAaeBbIX YCJIOBUN NJIsA YyPaBHEHUS
TeIIONPOBOAHOCTH. [l TpoCcTOTH OyneM paccMaTPUBATHL OMHOMEDPHEIE
MIPOIECCHI TEIITONPOBOAHOCTY. OHU UMEIOT MECTO, HAIPUMED, B IJINHHOM U
TOHKOM METAJIIUIEeCKOM CTepXK-
He (puc. 27), HArpeBaeMOM C Ofi-
HOTO U3 TOPIIOB, IPU YCJIOBUM,
UTO CTEPXKEHb WM30TPOIEH, €ro
HAYAJIbHAS TEMIIEPATypPa B JIIO-
OOM TMONEPEYHOM CEUEHUU HE 3a-
BUCHUT OT ¥, z (5TO XKe CBOMCTBO
IOJIXKHO COOITIIONATHCS U HA TOP-
I[aX CTEPXKHs), & MOTEPSIMU Tell-
718, ¢ OOKOBOU IMTOBEPXHOCTU MOXK-
HO mpeHebOpeub. BymeM cumTaTh TakXe, YTO TEINIOEMKOCTH CTEPXKHS IIO-
crosiHHA. Torma TeMmmepaTypa 3aBUCAT TOJIBKO OT T W t, U €e pacIpe-
IeJieHue BIOJIb CTEPXKHS B PA3IMYHBIE MOMEHTHI BPEMEHU OIMCHLIBAETCS

ypaBHeHI/IeM
oT 0 oT
E—%@ﬂﬁﬂ, (13)

cupasemyueiM pu 0 < x < I, ¢t > 0. s onpenenenust dyukuuu T'(z,t),
T. €. PeIleHns, JOCTATOUYHO 3a0aTh HAYAJbHYI0 TEMIIEPATYPY CTEPXKHS:

T(z,t) = To(x), 0<z <, (14)

Puc. 27

1 3HATHL TEMIIEPATYPY HA KOHIIAX CTEPXKHS B JIOOO MOMEHT BPEMEHN:

T0,8) = T (t), T(,t)=Ts(t), >0 (15)
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Bamaua (13)—(15) masweiBaeTCs nepsoti kpaesotli 3adauet Ny mapa-
6onuueckoro ypasuenus (13) na ompesxe = € [0,1]. Pusuuecku yciaoBue
(15) cooTBETCTBYET TOMY, YTO Ha KOHIIAX CTEPKHS C IMOMOIIBIO KAKUX-TO
BHEITHMX MCTOYHHMKOB TEIlJIa IIOOOCPXKUBACTCA OIIPCOCJICHHAs TeMIIepaTy-
pa, 3aBUCHIIAsA, BOOOIIE TOBOPS, OT BPEMEHN.

Ecnu xe Ha TOpHax cTepxkHs 3amarTcsa BMmecTo (15) moTokm Temia
KaK QYHKIIAU BPEMEHU:

KTO.0) 50| =W, KTOH) 5o =), >0, 16

TO Takas 330a4a HA3BIBAETCS 8Mopoti kpaesoti 3adauet na ompesxe [0,1].
HaHHAs cuTyamus peajan3yeTcs, HAIPUMeD, KOTIa TOPIIBI CTEPXKHS HaTpe-
BAIOTCS JIydaMU JIA3€PHOIO CBETA U3BECTHOU MOIIHOCTH.

Bornee crnoxubiil (HeMHENHBIN) BAPDUAHT yCJIOBUM HA TOPIIAX OTBEUAET
CUJILHO HAT'PETOMY U MO3TOMY M3IYYAIOIIEMY SHEPTUIO CTEPXKHIO, HE KOH-
TAKTUPYIOIIEMY C KAKUMU-TUO0 TemaMu. Torna B eMUHUIYY BPEMEHU CTEP-
CHb TepgeT Ha CBOMX IPaHUIaX (Topuax) sHeprumio, pasHyio o14(0,t) n

oT*(l,t) coorBeTcTBenHO, 1 BMecTO (15) mmm (16) momydaroTCa yCioBus

aT‘*(o,t):k(T(o,t))g—i K 0T4(l,t):—k(T(l,t))g—Z , (17)

r=I

r=lI

t>0,

roe o > 0.

B0O3MOXHBLI TakXe M UHBIE BUIALI KPAEBBIX YCJIOBU, COOTBETCTBYIO-
1€ UHBIM (QU3MUIECKUM CUTyauusMm. PasyMeeTcs, JOIMyCTUMBI DA3IIMIHbIE
koMOuHarmu ycnosuit (15)—(17), HanpumMep, Ha JIEBOM KOHIIE U3BECTHA TEM-
epaTypa, a Ha MPAaBOM MOTOK TeIIa, U T. 1.

Paznoobpasue mOCTAHOBOK KPAEBBIX YCIIOBUU IJIsi yPAaBHEHUU Tell-
JIOTIEPENauy CBA3AHO U C PA3IUYHBIMU UACAIIA3ANUAMYU UCXOMHON 330aUN
(13)—(15). [Ipu amamuse pacupoCTpaHEHUs TEIIA OKOJIO OTHOTO U3 TOPIIOB
IUTMHHOTO CTEPXKHs B TEUEHUE CPABHUTEIIHLHO KOPOTKOTO BPEMEHU BJIVSTHU-
eM IPYroro Topia MOXHO nperebpeusb. Bmecto (15) mocTtarouno 3amaThb
JIWINL OMHO U3 YCIIOBUR (M1 ONPENEIEHHOCTY Ha JIEBOM KOHIIE):

T0,8) = Ti(t), t>0, (18)

u pemats ypasuenue B oomactu > 0 ((13), (14), (18) — nepsasg xpaesas
3a0daua 8 NOAYNPOCMPAHCMEE).

O6cyxnapiiascst yxe Ha mpuMmepe ypaBuerus byccumecka (§ 1) 3a-
nada Koim paccMaTprBaeTCss BO BCeM MMPOCTPAHCTBE —o0 < & < 00. s
ypaBuerus (13) 3amaeTcs JUIlb HAYAIBLHOE PACIPENENICHIe TEMIIEPATY P
(14). Takas mocTaHOBKA BIIOJIHE PA3yMHA, KOTMA PACCMATPUBAIOTCS IPO-
IIECCHI B IEHTPAJILHOW YACTU CTEPXKHS U BIUSIHUE OOOUX TOPIOB MOXKHO
CUNTATh HECYIIIECTBEHHBIM.

715 MHOTOMEPHBIX YPABHEHUN TEIJIONPOBOMHOCTHY ITOCTAHOBKA, KPae-
BBIX YCIJIOBAHW IO CPABHEHWIO C OMHOMEDPHBIM CJIYYAaeM CYIIIECTBEHHO He
MEeHSeTCS: Ha TPaHuNax obnacTu 3amatoTces Iubo TeMiepaTypa, Judo mo-
TOK Tema, 1ub0 Kakue-TO 0oiee CIOXKHBIE UX KOMOMHAINW, a TakXke (B
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mMomeHT t = () HaUaJIbHOE paCIpeNeieHne TEMIEPATYPhI. 3aMETUM, UYTO B
Cllydae CTaIMOHAPHOrO ypaBHeHUs (7) 33[qai0TCs JIUIb TPAHUYHBIE YCJIO-
BUs. KpaeBbIe YCIIOBUA OJId YPAaBHEHUA OBUXKCHUMSA I'DYHTOBEIX BOHO U3 § 1
BIIOJIHE AHAJIOTUMYHBI OIIMCaHHBIM B 3TOM IIYHKTE (HpI/I 3TOM aHAJIOI'aMU
TEMIIEPATYPHI U MMOTOKA TEIIa B YPAaBHEHUU byccrHECKa CIyXaT ypPOBEHb
TPYHTOBEIX BOO M ITOTOK MaCCbI).

5. O6 ocobenHoCTAX MomeJiell Temyonepenaun. Hawuboiee mpoc-
Tas U3 BCEX OOCYXKOABIIIMUXCS BBIIIE 33,1814 TEIJIOMMPOBOMHOCTHY — 330393, O
CTaIMOHAPHOM mporecce st ypasuenus (11) ma orpeske [0, 1]:

o0*T
ko 8? — O, T(O) — Tl, T(l) — T2.

Fe pemenne — nuuenHas GyHKIUSI KOOPAWHATHL X:

T, — T
T(@:%Hﬂ, 0<z<l. (19)

Pemrerne (19) mmeer Bnonue oueBUmHBIN ¢usndeckumit cMeci. Heict-
BUTEITLHO, TIPU CTAIMOHAPHOM IIPOIIECCE MIOTOKM TETUIA, BXOMAIINAE B JTI000€
TIOMIEPEYHOE CEUEHME CTEPKHSI U BBIXOIAIIINE U3 HETO, PABHBI (MHAYE TEMIIe-
paTypa B ceueHur MeHsIIach 6b1). [I03TOMY IOTOK NOMXKeH OBITH TOCTOSTHEH
B J1t000U TOYKE &, UTO 1O 3aKOHY Pypbe (3) mpu 2 = 39 = const BO3MOXKHO
JIVIITH TTPU JIMHETHOM «IIPOGUIIES> TEMIIEPATYPHI.

Bmecte ¢ Tem mpumenenwme 3akoHa Pypbe MPUBOOUT K MOSBIIEHUIO
OMHOT'O He MMEIET0o (GU3NIECKOTO CMBICIIA 3PhEKTa, XapaKTEPHOTO IJIs
ypaBHEHU napabonmieckoro Tuma. lloscHuM ero, paccMOTpeB s ypPaB-
merus (11), pemraeMoro BoO BCeM MPOCTPAHCTBE —00 < & < 00, 33[4a4y O
TaK HA3bIBAEMOM M2HOBEHHOM MOUEUHOM UCTIOUHUKE menaa. Tpebyercs
HANTHU pacupeneiieHne TeMIepaTypsl opu Bcex £ > 0, —oo < x < 00, BHI-
3BaHHOE BhIZeneHueM B MOMeHT t = ( B mnockoctu £ = () HEKOTOPOTO KO-
nuuecTBa Temna (Jg. HauambHas TeMmmepaTypa CUMTAETCS PABHOU HYIIIO:
T(z,0) =To(xz) =0, —oo < x < oo. Takas mocTaHOBKa — UOEATU3AIINS
PeaJIbHOTO MPOIIECCa, CIIPABENINBAS IIPY BBIIOJITHEHUN COOTBETCTBYIOIINX
yCIIOBUN (HAIPUMED, MO IMEHTPY XOJOMHOIO CTEPKHS MPOIYCKAETCS MOIII-
HBIN IIONEPEYHBIN UMOYIILC 3JIEKTPUUIECKOTO TOKA, OEMCTBYIOIIETO OUYEHDb
KOPOTKOE BpPeMs U 3aTPArMBAIOIIET0 MAJIBIA yUACTOK MeTaJuia). Pemenue
MOCTABIIEHHON TaKUM OOpa3oM 3amadu OaeTcs GOopMyIon

m2

Qo (
o/t P\ Aot

UTO MPOBEPSIETCS HEMOCPEACTBEHHON MONCTAHOBKOW B ypaBueHume (11).
Cummerpuunas pyukius (20) B Cuily U3BECTHOIO PABEHCTBA,

T(z,t) = ) t>0, C=1, (20

/ eV’ dy = /7
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obJiamaeT CBOMCTBOM
00
/ T(x,t)dz = Qo, t >0,
—o0

TaK UTO 3aKOH COXPAHEHUS YHEPTUU BHIMTOIHAECTCS. B TO ke BpeMs coryac-
HO (20) TemmepaTypa B 000N TOYKE MIPOCTPAHCTBA B JTE060i MOMEHT ¢ > ()
OTIUYHA, OT HyJIst. Tem cambiM Momesnsb (11) u MHOTHME Apyrue MOMENN Terl-
JIOTIEPENAYN ONMMUCHIBAIOT IPOIECCHI

¢ OECKOHEUHOM CKOpOCTBIO pacnpo- T(wz,t) A
CTPAHEHUs BO3MYIIEHM (Temmuepa-
Typa npu t = 0 ObLIa HYJIEBON I
BCEX ).

OTOro HENOCTATKA JIUIICHBI (HO
JIUIIB TIPY ONIPEIEIEHHBIX YCIIOBUSIX )
VPAaBHEHUS TUIIA HEJIMHEMHOW TeIl-
nonposongsoctu (10) (B wacTHOCTH,
ypaBuerue (13) § 1). Hus momenu

0<t <t <tz <ty

(10) c k(T) = koT?, o > 0 paccmoT- 0 >
PUM IPOIECC PACIPOCTPAHEHNUs Tell- Dty Dty Dtz Dty *
JIa, B HOJIyIPOCTPAHCTBO = > () mpnm Puc. 28

3a[JaHHON Ha TPaHUIE TEeMIEepaTy-

pe: T(0,t) = T1(t). Hauanbuas TeMmepaTypa Cpenbl CUMTAETCS HYJIEBON:
T(x,0) =To(x) =0, x> 0. HacTHOe pellieHne 5TON 3a1a4M, OTBEYAOIIIEE
IPAHNYHOMY 3aKOHY

D2 1/0
Tl(t):("ko t) . t>0,

umeeT Bui Geryirein BomHbL (cp. ¢ pemrenuem (4) § 1), pacnpocTpassio-
IIeCS OT T'PAHUIBI BIIIyOb BEIECTBA He ¢ OECKOHEYHOU, a C KOHEUHOU
ckopocTsio D > 0 (puc. 28):

1
D\ e
<a_> (Dt — z)'>, < Dt,
T(z,t) = ko t>0. (21)

0, x> Dt,

OnHako 9TO CBOWCTBO PEANM3YETCs JIUIIL IPU PACIPOCTPAHEHUHN TEILIa,
B XOJIOOHYIO CPENy M TepseTCs B CIydae OTJIMYHOM OT HYIIS HAYAJILHOUN
TeMIepaTypsl BemecTBa (6omee mogpoOHO 5TOT KPYr BOIPOCOB PAacCMaT-
PUBAETCS B IIL. V).

Onucanubii medexT, CBI3AHHBLIN C HEIPUMEHIMOCTBIO 3aKOHa, Dypbe
(u 3axona Ilapcu B cityuae ypaBHenus Byccunecka) B OkpecTHOCTE PPOHTA,
pacIpoCTpaHeHnsl TEMJIOBOM SHEPTUU, He MPEMATCTBYET HIMPOKOMY ITpU-
MeHeHUIO napabonuueckux ypasaenuit (u3 (20) BUOHO, UTO OIS SHEPTUM,
CONMePKAINENCSI B BEIECTBE IIPU HOCTATOYHO OONBIINX 3HAUYEHUSX T, HUU-
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TOXHO MaJla B CPABHEHUM C IOJHOU SHepruein (Jp). Ouum ciyxar Xopo-
UM IPUMEPOM YHUBEPCAJILHOCTH MATEMATHUUECKUX MOIEJIEH, OIMUCHIBAI
6OIBIIIOE KOIIMIECTBO PA3HOOOPA3HBIX mpomueccoB (cMm. Takxke § 1 ri. IV),
IMEIOINX TPUHIININAILHO PA3HYIO IIPUPOLY.

YIIPAZKHEHNU A

1. HaiinuTe mHTErpaJbHYyIO 3aMeHy GyHKnmu 7', ¢ IOMOIIBIO KOTOPOW ypaBHEHUE
(9) npunumaer suz (10).

2. Ucnionb3y s Te e pacCyXAEHUs, YTO U IPYU BEIBOIE 3aKOHA (3) u ypasueHus (6),
nosyunte ypasHenue (12).

3. Momyunte pemenne (20) ni1s 388391 0 MCHOBEHHOM TOU€TIHOM MCTOYHUKE TEILIA,

npencrasisia ero B sune 1'(z,t) = f(t) p(&), roe & = x/+/4kot.

4. Iloctpoitte pemenne (21) mis ypasuenns (10) ¢ k(T) = koT?, o > 0, npencra-
BuB Temmeparypy B sume T(x,t) = Af(§), A >0, £ = Dt — x. Y6enurecs B TOM, 4TO
B TOuKe (HPOHTA BOJHBEL & = Dt NOTOK Temna paBeH HyII.

§ 3. CoxpaHeHUe YncIa TACTHUIL

Beemem HEKOTOpBIE TMOHATHUS TEOPUM TEIJIOBOTO U3IIyUEHUS, IIEPEHO-
CHMOI'O B Cp€lle CBETOBLIMIU KBAaHTaMM. 3aKOH COXPAHEHMUS YNCIIa KBAHTOB
HCITOJIB3YEM IS TIOJTyYeHU I KMHETUIECKOTO YPaBHEHM I, KOTOPOMY ITOIYIN-
HsaeTcs QyHkus pacupenenenns GorornoB. O6CyoIuM HEKOTOPHLIE CBOMCTBA,
MMOCTPOEHHOU MOMENIN JIYUNCTOTO TEIMIO0OMEHA B BEIIIECTBE.

1. OcHoOBHbBIE TIOHATHS TEOPHUHU TEMJIOBOTO U3JIyueHus. B Be-
IIECTBE, HATPETOM N0 JOCTATOYHO BEICOKOU TEMIIEPATYPHI, OOJIBITYI0 POJTh
UTPAIOT MPOIECCH TEPEHOCA YHEPTrUM CBETOBBIMU KBAHTAMU ((POTOHAMMU).
PacnpocTpansasace B cpene, pacCenBasCh W IMOTJIONIAsSCH HA aTOMaX M MO-
JIEKYJIaX BEMIeCTBA, & TAKXKe UCITYCKAasICh MU, (POTOHBI OOECTIEUNBAIOT JIY-
YUCTHIA TEIIOOOMEH MEXTy PAa3JIMIYHBIMU yUYacTKaMu cpenbl. bmaromaps
MMEHHO 5TOMY MEXAaHW3MY TOPSAIIAN KAMWH HAarPEBAET BO3MYX B MOMeEIIe-
HUU.

[Tone m3mydeHms, 3amOJTHAIONIEE TPOCTPAHCTBO, MOXHO PaCCMATPHU-
BaTh KaK 3JIEKTPOMATrHUTHOE U3JIyUeHNE C YaCTOTON KOIeOaHuil ¥ 1 NJIMHON
BOJIHBL A\, CBSI3AHHBIMU Y€pe3 CKOPOCThb cBeTa ¢ (A = ¢/v). Ecnu ke roeo-
PUTH O TOJIE U3IYUEHUS KaK O COBOKYITHOCTU OONIBITIOTO YMCITA YACTHUI] —
CBETOBBIX KBAHTOB, TO HEOOXOMMMO BBECTU TOHSTHE SHEPTUU KBaHTa hv
(h — mocrosiuuas [lmanka), IBUKYIIErOCsI CO CKOPOCTHIO ¢. B oTiuume ot
TIOJIA TEMIIEPATYP, XapPaKTEPU3YEMOTO KOOPAWMHATAMA I, Y, 2 U BPEMEHEM
t, IJId ONMMCAHUS U3JIyUYEHUs] BaXKHO 3HATH TAK¥XKE €ro 4acToTy v (BOOOIIE
TOBOPSsI, PA3HYIO IJIsl PA3HBIX KBAHTOB) U HAIPABIIEHUE MBUKEHUS KBAHTOB
B JIIOOON TOYKe ITPOCTPAHCTBA B JTI0OOON MOMEHT {.

[TpocmenuTs TPaeKTOPUIO KaXIOTO M3 OTPOMHOTO YKUCITa (POTOHOB B
BEITECTBE MOITPOCTY HEBO3MOXKHO. [IoaTOMY B Teopuu n3mydeHus NCIOIb3Y-
€TCs CTATUCTUUYECKUN BEPOSITHOCTHBIN MOOXOM, OCHOBAHHBLIN HA BBEOCHUN
Pynryuu pacnpedesenud 4acmuy. ITO BaXKHOE IMOHATUE YCIEIIHO UCIOIb-
3yeTcCs OJI U3YUEeHUS COBOKYITHOCTH OOJIBITIOTO YUCIIA, TACTUIl UITU WHBIX
OOBEKTOB B PA3IIMUHLIX O0IACTAX 3HAHUA (CM., Hampumep, § 3 ri. I1I).
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dyukiua pacnpenenerus dororoB f = f(v,7,€),t) 3aBucuT oT Yac-
TOTHI KBAHTOB, PAINYCa-BEKTOPA 7 (T. €. OT KOOPDAWHAT I, Y, Z), HAIIPAB-

JeHWs] IBUCKEHWUS 4acTui §! u BpemeHu t. Ee
CMBICII COCTOUT B clemymiIieM. Paccmorpum B
HEKOTOPBI MOMEHT BpeMeHH ¢ 3j1eMeHT 00beMa,
dr” okoso Touku 7 (puc. 29). Torna Benuuuna

Fw, 7 Q,t) dv di d§ (1)

TI0 ONPENENIEHII0 — HTO YUCIIO KBAHTOB, HAXO-
OAIIAXCST B CIEKTPAJIBLHOM uHTepBase (v,v +
+ dv) (T. e. UX YACTOTA JIEKUT MEXKIY 3HAUE-
HUSMU V U V + dV), 3aHEMAOIIUX 00beM dF u

Puc. 29

MMEIONINX HAIPaBJIEHUE OBUXKEHUS B OUAIA30HE OT Q mo O + df (ﬁ —
enMHUYIHBIA BeKTOp). Pasmep obbema di mpemmonaraercs ropasno 6osbIie
IIAHBI BOJIHBL A, TaK UTO BOJHOBBIE 5DGEKTHI HECYIIIECTBEHHEI.

Oyuknus pacnpenenenus (1) — OOHO U3 UCXOMHBIX MOHATUN TEOPUM
JIyIMCTOTO TemI000MeHa, C TTIOMOIIBI0 KOTOPOTO BBOASITCS U BBIYUCIISIOTCS
BCE OCTAJILHBIE XapAaKTEPUCTUKY, OMMMCHIBAIOIIE STOT mpolecc. Bemuauna,
I,,, onpenensemas o dopmyie

I, (7§, t) = hwef (v, 7,9, 1), (2)

HA3BIBAETCS CNEKMPAALHOT UHMEHCUBHOCTBIO udayuenud. OHA TpencTaB-
JITeT cOOOM KOIMUECTBO JIyUNCTON SHEPTUA B CIIEKTPAJLHOM MHTEPBAJIE OT
v mo v + dv, neperHocumoe GOTOHAMU 33 €I1-
HUIY BPEMEHU Yepe3 eqUHUYHYIO IIJIOIIAIKY,
IIOMEIIEHHYI0 B TOYKE T 1 MEPICHIUKYJIIpP-
HYI0O K HAIOPABIIEHUSM WX MOJIETa (KOTOPBIE

o]

=3y

MexaT B muamasoHe yrioe ot ) no € + dQ;
puc. 30).

IleficTBUTENBHO, TAK KAK SHEPTUS KBAH-
Ta paBHa hv, a 0bI1Iee YuCIIo KBAHTOB C 9aCTO-

) Puc. 30
TON OT V IO V + dl/ I C HallpaBJICHUEM II0JIETa

ot 2 mo ) + df2 B emunuIe 06BEMA paBHO f dv df), TO IepeHoOCUMAas UMU 33,
1 ¢ uepe3 PaCHOIOXKEHHYIO MEPIEHINKYIISPHO MOIETy IIIOMANKy B 1 cm?

sHeprus pasHa hvcf dv dS), aro cormacyercs ¢ onpenenerueMm (2).
Cnexmpasvnad naommocms U3y YeHns

U, (7. 1) :hu/fdﬁ: %/L,dﬁ (3)

4r 47

MIPENCTABIsIET COOOM KOJUUECTBO JIYUUCTOM DHEPIUU KBAHTOB, COMEPKAa-
mmxca B 1 cM® mpocTpaHCTBa B TOUKE 7 B MOMEHT t B eMUHUIHOM MHTEP-
BaJie YaCTOT U UMEIIUX YaCTOTY V.

E1tte omaOM BaXHOW XapaKTEPUCTUKON CITYXKUT CNEKMpatbHbiti nomox

usayuenud S, . POTOHBI, IEPECEeKAIOIINe ENIMHNIHYIO IIOMIAIKY C HAIIPAB-
JIEHUEM HOPMAJIN 71, IEPEHOCAT Yepes Hee sHepruio (B 1 ¢ B MHTEpBaJe OT V
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no v + dv) pasnyio hve [ fcosf dQ (puc. 31). AHAJIOTMYHO BBIYUCIISETCS

27
9HEPIrUA, PaCIIPOCTPAHAIOIIAACA Yepe3 IIJIOLIaIKY CIIpaBa Ha-

JIeBO, HO MHTETPUPOBAHME BEIETCS MO JIeBOu moiycdepe. Ux
PA3HOCTh U [AET BEIIUUUHY S, :

S, (7, t,7) = hve / f cos 8 dS2, (4)
47

Puc. 31

roe 0 — yToJl Mexny HalIPpAaBICHUEM OBUXCHUA KBAHTOB N

HOpMaJIbio. Benmumunna S, — mpoekIus BeKTopa S, Ha HOPMAaJIb 17, 8 CaM
BEKTOD eCThb

g - / G dg. (5)

47

3amMeTuM, 4TO MpU U3OTPOIMHOM (HE 3aBUCAIIEM OT HampaBiieHus §))
U3JIyYEHUN CIIEKTPAJIbHAS MJIOTHOCTD, KaK cienyet u3 (3), paBHA

U, =4rhvf,

a m3 (5) BLAHO, 4TO DOTOK S, PABEH HYIIO B JOGON TOUKE IPOCTPAHCTBA.

HOJIHBIQ MHTEHCUBHOCTD, IIJIOTHOCTH M IIOTOK M3JIYUYCHUA MOXHO IIO-
JIVAUTBh M3 CIICKTPAJIBHBEIX XapPaKTECPUCTUK MHTCI'PUPOBAHUCM IIO BCEMY
CIIEKTPY YaCTOT V.

2. YpaBuenue 6GajlaHca umcja (GOTOHOB B cpeme. Brmemem
YPABHCHME, ONMCHIBAIOIICE IMEPEHOC M3JIYYCHMS B CpENe, IMOIb3YICh 3a-
KOHOM COXPAHCHUA YHUCIIa, 9ac-
TUI] U CICOYIOIIAMI IIPEIIIONO-
KCHUAMMN:

1) mporecc pacmpocTpane-
HUAd KBAaHTOB OI[HOMGpHBIﬁ, T. €.
f — f(l/,il?,Q,t);

2) paccesiHEIEM KBaHTOB CBE-
Ta Ha A4TOMAaX WM MOJICKYJIaX
(T. €. U3MEHEHUEM UX HAIIPABIIE-
HUS) MOXHO TIPEHEOPEUD;

3) m3BeCTeH XapakTep NO-

>
0 z r +dz r TJOIIEHUS W WUCOYCKAHUS CBe-
Puc. 32 Ta aTOMaMHU U MOJIEKYJIaMU Be-
IIIECTBA;

4) GOTOHBI CAMOIPOU3BOILHO HE UCUYE3AI0T U HE MOSABIISIIOTCS.
PaccmoTpumM 6alnaHc 4acTHUIl B BJIIEMEHTAPHOM ITUIWHADPE, WMEIOIIEM

ocb B Hanpasnenuu ), nuuny ds = dx/ cos § u ocaoBanue do (puc. 32), rme

6 — yron Mexmy ocbio £ u BeKTOpoM ). Bynem mHTepecoBaTBHCS MBIy Ue-
HUEM YaCTOTHI V B €IUHUYHOM MHTEPBAJE UaCTOT, PACIPOCTPAHSIIOIINMCS

BHYTPpHM €AMHUYIHOTO TEJIECHOI'O yI'Jla B HAIIPABJIICHUHA Q.
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B coorsercreum ¢ (1) (cMm. Takxke ompemenenue (2)) 3a BpeMms di B
JIEBOE OCHOBAHUE LUIMHIPA BXOLUT YUCIIO YACTUL, PABHOE

cf(v,x, Q, t)do dt.

3& TO XK€ BpEMA U3 €I'0 IIPaBOI'O OCHOBAaHUA BBIXOAUT UYMCJIO YaCTHUI]

(cf (v, 2,9, t) + cdf) do dt,

Tlle BelIuunHa, df OMUCHIBAET Npupallienne Gyuknuu f mpu mnepexone OT Of-

HOTO OCHOBaHUs K npyromy. I[lockombky f = f(v, 2, x,t), TO 5Ty Bequuuny
MOXHO IIPEICTABUTE B BUIE

0 0 dz
df:—fdt—i——fds, ds =
ot 0s
rIIe IePBOE CIIaraeMoe OTBEYACT €€ IPUPAILCHUIO II0 BPEMEHN 33, IPOMe-
XKYTOK dt, 8 BTOpOE — IPUPAILICHUIO 110 KOOPAUHATE S.

Y4uuThIBas, 4TO CKOPOCTH (GOTOHOB PaBHA ¢ u dt = ds/c, momydaem

_(10f of

cosf’

Nrak, uncio GOTOHOB B HMIMHAPE 3a BpeMs di M3MEHUJIOCh HA BEJIMUYNHY

of of B of aof
_(E_Fc%) dsdadt-—(at +CC0808:1;) ds do dt. (6)

HanmomuuM, uT0 uepe3 GOKOBYIO HMOBEPXHOCTL HUIMHOPA (HOTOHBI, MMEIO-

—

e HAIIpPaBJIeHNE IoJeTa () 1 He MPeTepIIeBAOIINe PACCESHUI, HE IIPOJIe-
TaloT.

TakuMm oOpa3oM, U3MEHEHNE YKCJIa KBAHTOB B 0OBEMe IIUJINHIPA, MO-
XKET BBI3LIBATHCS JIMIIb WX MOTJIOIIEHWEM UJIM KCIIYCKAHUEM aTOMaMU 1
MOJIEKYJIaMU BEIIeCTBA, HAXOMAIIETOCS BHYTPHU HuiuHAOpa. [asa Beraucie-
HUS 5TON BEIIUYUHBLI BBOOAUTCS TOHITHUE PABHOBECHO20 UAYUEHUIL, KOT I,
YMCIIO KBAHTOB, MOTJIOIIEHHBIX BEITECTBOM, PABHO YUCJIY UCITYIIIEHHBIX 1aC-
Tull (M3JIyYeHre U BEIECTBO HAXOMATCSA B PABHOBECUU) B JIFOOON MOMEHT
Bpemenu. PaBHoBecHas byHknms pacupeneneHus f, ects (2axon ILianxa)

212 hv
= —exp|(]1l— — 7
roe T — TeMmmepaTypa BeIIeCTBa (CUMTAETCS, UTO CPENa HAXONUTCS B

YCIOBUSAX JIOKAJIBLHOTO TEPMOMUHAMUUECKOTO DABHOBECHUs, U B JIIOOOU ee
TOYKE MOXKHO BBECTU TaKWE XapPAKTEPUCTUKHU, KAK TEMIEPATYypPa, BHYT-
PEHHSSI SHEPTHUSA U T. I.).

B orcyrcrBue paBHOBeCHS MEXOY M3JIYUYEHUEM U BEIIECTBOM WHTEH-
CUBHOCTB IOTJIOIIEHNs (UCIIyCKaHus) (HOTOHOB MPOMOPIMOHAIBLHA, PA3HOC-
TN MeXny f, u f, T. e. BelIudIuHe

»,C (f - fp)7
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roe s, = x, (1 —exp(hv/kT)), a 3], — K03bOUIMEHT MOTIIOIIEHS, OIPe-
NeJIsIeMBIN COCTOSIHUEM CPeIbI U ee CBoicTBaMu. VI3MeHeHre q1ciia KBAHTOB
B 0ObeMe IIIUHAPA 33 BpeMs dt PABHO

s, (f — fp) do dsdt. (8)

[Tpupasausas (6) u (8), momyuaem mitst GYHKIUYA PACIPENEIIEHUS K-
HEMUUECKOE YPasHeHUe, ONMICHIBAIOIICE IIEPEHOC U3IIYUYCHUI B CPEIe:

0 0

a—{—i—ccosﬁa—i:%y(fp—f), (9)
roe fp 3amaercs dopmyion (7). Ypasuernue (9) BMecTe ¢ byHKIUIAME [, 5,
U KPAEBLIMU YCJIOBUSMU IIPEACTABIIsIET COOOM 3aMKHYTYIO MOIEIb PACIPO-
CTPAHEHUs JIYIUCTON SHEPTUM MIPHU CHEJIAHHBIX BBIIIE TPEIIOJIOXKEHTIX.

3. HekoTopble cBolicTBa ypaBHEHHUs II€PEeHOCA M3JIydeHUs.

[loryuenHoe Ha OCHOBAHUW 3aKOHA COXPAHEHUWsS YUCIIA YACTUI] HECTAINO-
HAPHOE OMHOMEPHOE HEOMHOPOMHOE runepbomueckoe ypasuerue (9) moxer
OBITH OOOCHOBAHO TAKXKeE U C TIOMOIITBIO 3aKOHA, COXpaHeHus sHeprun. lein-
CTBUTEIIHHO, B IWJINHIPE PACCMATPUBAIICS OAITAHC TACTUIL, IMEFOIITAX OI[-
HAKOBYIO YaCTOTY V U, CIIENOBATEIBLHO, OMUHAKOBYIO SHEPTUIO hV. Y YUTHI-
Bas 510, (9) JIerko mepenucaTh Kaxk ypaBHEHUE OTHOCHTEIBHO CIIEKTPAIhb-
HOW MHTEHCUBHOCTU m3nyuenus [, = hvcf:

Lol + cosd Ol
c Ot or

KOTOpOE 9KBUBAJIEHTHO (9), HO mMmeeT 6olee HETOCPENCTBEHHBIN (hu3nIec-
KN CMBICII. .

[Tpu unrerpupoBaruu (10) mo Temecuomy yriy ) (T. e. O BceM Ha-
PABIIEHUSM TI0JIETA KBAHTOB) MOJyYaeM yPABHEHUE, CBSI3LIBAIOIIEE TIIIOT-
HOCTB u3nyueHus (3) u ero notok (4):

oU, N 05,
0t ox

OTO ypaBHEHHE MOXHO TPAKTOBATH KAaK YPABHEHWE HEPA3PBLIBHOCTHU
IUTST U3JTYICHUST MTAHHOU YaCTOTHI, BHIPAXKAIOIIEE 3aKOH COXPAHCHUS U3ITY-
YEHUsI U BIOJIHE AHAJIOTUYIHOe ypaBHeHuO (7) § 1 B Teopuu ABUKEHUS TPYH-
TOBBIX BOI ¥ ypasHenuio (5) § 2 B Teopuu Temmonposoguoctu. Haubosee
OYEBUIIHA HTA AHAJIOTUsI B TPEXMEPHOM Ciiyuae, kormna ypaBuerus (10) u
(11) npuHUMaOT BUL

101,

= Ay (L/p — 1), (10)

= cs, (Uyp — Uy). (11)

Py +QVI, =, (1,, — 1), (12)
10U, R
T +div S, = ¢, (Uyp, — U,). (13)

Xots ypasuenus (9)—(13) nuueinbie, HEIB3sT, BOOOIIIE TOBOPSI, Y TBEPXK-
NaTh, UYTO MOMEJN JIYUINCTOTO TEII00OMeHa MPOIle HEJIMHENHBIX MOIENel,
paccMoTpenHbix B § 1,2. Bens, permas (9)—(13), MOXHO HOIyYaTh KaXIBIN
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pa3 JuIIb CIeKTpaiabHble (T. €. IJIsl JAHHOW YaCTOTHI V) XapPaKTEPUCTU-

KU U3JIYYEHUsI, PACIPOCTPAHSIIONIErOCsS B 3a0aHHoM HamnpaBieraun ). s
TIOJTHOM KapPTUHBI HEOOXOMMMO HANTHU HYXKHBIE BEJIMUMWHBLI IJIs BCEX 3HAUe-

HUU V, 0 (MU KaKme-TO MHTErpajibl OT HUX), UTO SBIISIETCA ropas3no 6o-
nee TpymHOR 3amadein. K ToMy ke B 60Jiee CIIOXHBIX CATYAIUsIX (HAJITUIUe
paccenBanust GOTOHOB 1 T. A.) camu momenu (9)—(13) MoryT 3HAUMTENHHO
VCIOXHATHCA.

Haubomee nmpocTas Momens mepeHoca usinydeHus noiayuaercs u3 (10),
€CJI TIOTJIOIIEHNEM U UCITyCKAHUEM KBAHTOB MOXKHO NHpeHeOpeub U pac-
CMaTPUBATH CIyYall, KOTOa BCe YACTHUIBI OABUXYTCSI B OMHOM HaIIpaBlle-
uuu. Torma mis 00X 3HAYEHNNA ¥ MOXKHO IOJIOXUTE COsSf = 1 u npuiitu
K YPaBHEHUIO

101, N oI,

c Ot Oz
HOJTHOCTBIO UAEHTUIHOMY ypaBHeHuo (3) § 1 miist noToka HeB3aumMOmEeCT-
BYIOIIIAX MATEPUAIHHEIX TACTHUII.

Ecnu nHTEeHCUBHOCTE U3y YeHU HE 3aBUCUT OT Bpemernu, To (10) mpe-
BpAaIlaeTCsI B HEOMHOPOOHOE JINHENHOE NUuppepeHnaabHOe yPaBHEHNIE

=0,

dl,
cos @ - = + 3,1, = 0,1, (14)
o0I111ee pellleHne KOTOPOTO UMeeT BUI
X
I,(z) = /%,,L,pe_”(x,) dz' + I,,e=*(@0). (15)

o
Bnecw x(z') = [ 50, da", s(zg) = f;o s, dx"  (mma mpocrorsr B (15) mo-

noxeno cosf = 1), [,, — MOCTOSHHAS MHTETPUPOBAHUSI.

He ocramasnuBasich mogpobHO Ha Gu3muecKoM cMbIcie pernenus (15),
MOSICHUM, YTO MEPBBIA 4jIeH O0A3aH CBOMM IIPOUCXOXKICHUEM WU3JIydYeHUIO,
BOBHUKIIIEMY B BEILIECTBE HA OTPE3KE OT Lo IO % (U OCIAOIIEHHOMY IIOTJI0-
menueM ). Bropoe ciiaraemoe mpencrasiseT cO60i U3y YeHre OT KAKUX-TO
BHEIITHUX UCTOYHUKOB, BXOMSIIINX B BEIIIECTBO HA €10 TPAHUUIIE Lo (U TAKKE
OCJIABJIEHHOE TIOTJIOIIEHNEM TI0 MEPE PACIPOCTPAHEHUS 110 CPele).

Ecmu I, m 7, — u3BeCTHHIC QYHKIMN KOOPOMHATHI T (1A 3TOTO
IOJIKHBL OBITH U3BECTHBI TEMIIEPATYPA U IJIOTHOCTD BEIECTBA, BIOIL TPa-
eKTOPUU YACTHUIL), TO pellienre ypasHenus (14) cBomUTCs K KBaIpaType.

B mpoTUBOMONOXHOM PACCMOTPEHHOMY CIIy4ae MPOCTPAHCTBEHHO OIl-
HOPOMHOTO 1oJist m3inyuerus u3 (10) momyuaem

l oI,
c Ot

[Iporecc, onucbiBaeMbrit ypasaenueM (16), COOTBETCTBYeT CUTYAILINH,
KOT[13, B HEOIPDAHUYEHHOMN U MIEPBOHAYAIILHO XOJIOMHOM cpene (T. €. B MOMEHT
t = 0 U3JIyJeHus HET) C TIOCTOAHHON IO THOCTHIO IPOUCXOMUT OBLICTPHINA Ha-
I'PEB BEILIECTBA 0 HEKOTOPOR TeMIepaTypsl 1', KOTopas 3aTeM MON e K-
BAETCs HEM3MEHHON BO BpeMeHU. II0CKOMbKY MOTeph M3IIYUYEeHNI C TPAHMNI

=3, (I, — L), (16)

6 A. A. Camapckuii, A. II. Muxaiimos
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HET, TO NPOCTPAHCTBEHHBIE IPAAMEHTEL 1 PaBHBI HYIIO 1 77, I, He 3a-
BUCAT OT Z, Y, 2. BO3HUKIIIEe B pe3yibTaTe HATDEBA U3JIyUEHUE TAKKE
umeeT HysieBou rpamueHT (T. e. I, = I,,(t)) u, obMeHUBasICH HHEpPruen C
BEIIIECTBOM, CTPEMUTCSI C TEUEHNEM BPEMEHU K PABHOBECHOMY 3HAUEHUIO
[0 SKCIIOHEHINAJIBLHOMY 3aKOHY .

YIIPAZKHEHNU A

1. IIpoBepsTe MPaBUIILHOCTL BHIpaxkeHwus (5).

2. IloBTOpsst paccyXmeHus I. 2, mojryuute TpexMmepHoe ypasuerue (9) mnm (10) B
ciaydae, Korga (pyHKUUsS PACHpPENesIeHus 3aBUCUT OT &, Y, 2.

3. Ucnomw3ys onpenenenus (3), (4), seiBenure u3s (12) ypasuennme (13).

4. Ilomyunte pemenve (15) ypasHenmsa (14) ¥ KOHKPETH3MDYWTE €ro B CIIydae
HOCTOSIHHBEIX 7y, , I,,p.

5. Y6enurech B TOM, UTO peIlleHNe ypaBHEHWs «HacwimeHuss (16) (cp. ¢ ypasue-
uHueM (12) § 1 ra. I) mmeeT 5KCIOHEHIMAJIBHEBIN BUL, X HAMANTE HOKA3aTEJIb SKCIOHEHTHI.

§ 4. CoBMecTHOE MpUMEHEHNE
HECKOJIBKNX PpyHIOaMeHTaJIbHBIX 3aKOHOB

3aKOHBI COXPAHEHUST MAaCCHI, UMITYJIbCA, YHEPTUHN UCIOIB3yeM IS TIO-
CTPOEHMSI MAaTEMATUUYECKON MOJIENIN, ONUCHIBAIONIEN TeueHue CXKUMaeMOro
raza. O6cynuM OTINYUS MOJIYUEHHON MOOEIN OT MOMIEJIEH, pacCCMaTPUBae-
MBIX B § 1-3, a Takke HEKOTOPLIE CJIEAYIOINe U3 Hee CBONCTBA, Ia30quHA-
MUYIECKUX NBUXKEHUN.

1. IlpenBapuTesibHbIE IIOHATUSA T'a30BON AUHAMUKM. 3aMETHOE
M3MEHEHNE TIJIOTHOCTEN XKUIKOCTEN M TBEPABIX TEJI MOXET MOCTUTATHCS
JINTITH TTPA OTPOMHBIX MABJIEHUSIX B MECATKW W COTHU THICAY aTMOChep m
BhITIIE. ['a3000pa3HbIe Cpembl TOPA3N0 JIETUe MOMBEPTAIOTCI CXKATUIO: MPH
repenange MaBIeHWs B OOHY aTMOCHepy MIIOTHOCTH r'asa, MEPBOHAUYAILHO
HAXOMUBIIIETOCS TPU aTMOCHEPHOM MABJIEHNU, YMEHBIIIAETCS WU YBEJIN-
YWBAETCS HA BEITUUNHY, COMMOCTABUMYIO C HAUAJILHON €T0 TIIOTHOCTHIO.

B razoBoil muHaMuKe, M3yYaIOIIEN MBUXKEHUE CXKUMAEMBIX CPEIl TION
MENCTBUEM KAKUX-TO0 BHEIITHUX CUJT UJIW CUAJI MABIIEHUS CAMOTO BEIIECTBA,
CUUTAETCS BHITTOJIHEHHBIM HEPABEHCTBO A K L, rme A — niuHa cBOOOIHOTO
npobera, L — xapakTepHbIE pa3Mepbl 061aCTU PACCMATPUBAEMOrO Tede-
Hus (crwtommHas cpena). CunTaeTcs TakXke BBIIOIHeHHON rumoTesa o JITP
(cm. . 1 § 2). B ycnoBusax JITP cxumaemyio cpemy MOXKHO paccMaTpU-
BaTh KaK COBOKYITHOCTH OOJIBITIONO YMCIIa XKUOKUX YACTHUI] C PA3MEPAMU,
MHOTO OOJIBIIIUMHU A, HO MHOTO MeHbIUMU, ueM L. I[j1a KaXnov Takou Jac-
THUIBI, CBI3aHHON C HEOONBINON PUKCUPOBAHHON MAaCCOU CPembl, BBOMSTCS
XapaKTEePU3YIOIe €€ CPeMHUE BeIMUYNHBI — INIOTHOCTDL p, NABJIEHUE P,
TeMrnepaTypa 1', BHyTPEHHSS DHEPrUs € U T. O., & TAKXKe CKOPOCTH U ee
MaKPOCKOIIMTYIECKOTO MBMXKEHUS KAaK €IUHOrO I1eJI0r0. Bece 3Tu BeIUYuHBI B
00I1IeM CIIydae 3aBUCAT OT TPEX TPOCTPAHCTBEHHLIX IEPEMEHHBIX I, ¥, Z U
BpEeMeHU ¢.

B nmanpaenmeMm OymeM TakxKe IIPEANoaraTh OTCYTCTBUE B Cpene mMpo-
IIECCOB TEIUIONEPEeNadn, BA3KOTO TPEHUs, UCTOUYHUKOB M CTOKOB SHEPIUU,
HAIIpUMeED, U3IIyUeHUs, U, KPOME TOTO, OTCYTCTBHE BHEITHUX OOBEMHBIX
CWJI ¥ MICTOYHUKOB (CTOKOB) MACCHI B BEIIIECTBE.



§ 4] COBMECTHOE ITPUMEHEHUE HECKOJIBKIX 3AKOHOB 83

2. YpaBHeHHe Hepa3pbIBHOCTHU MJisg CXKuUMaeMoro rasa. llpu-
MEHUM PACCYXKICHUs, AHAIIOTUIHBIE T€M, UTO UCIOIH30BAJINCH OIS BLIBOMIA,
ypaBuenuir HepaspoiBHOCTH (7) § 1, (5) § 2 myisa TedeHUs! TPYHTOBBIX BOM U
mmpoliiecca Temonepenaan. PaccMoT-
PUM B HEKOTOPOM 00JIaCTH IPOCTPAH- z A ¢ pUz
CTBa, 3aHATOW MBUXYIIIAMCSI Ta30M,
3JIEMEHTAPHBIA KyOUK CO CTOPOHAMU | i P
dx, dy, dz n momcuuTaemM B HeM Oa- puy ! ?
JaHC MaccH 3a Bpems di (puc. 33). —> F-r-
31echb vy, Uy, U, — KOMIIOHEHTHI CKO- , 4
POCTH IO COOTBETCTBYIOIIAM OCSIM. dy

ITo ocu = yepes rpasb ¢ KOOPOU-

<V

HATOW X B KyOuK 3a BpeMs dt mocTy- 0
raeT Macca rasa, paBHas
;lpd dt * ovs
v z
ple @Y ’ Puc. 33

IIOCKOJIBKY Be€JIM4YWHA pPU; HE 4YTO
MHOE, KaK MOTOK MAaCChI 10 HAMPABJICHUIO OCH Z. 33 TO XK€ CaMoe Bpe-
M$ 73 TPAHU C KOOPOWHATON T + dX BBITEKAET MaCCa

[pvz + d(pve)] dy dz dt,

raie uepes d(pv, ) 0603HAUEHO TPUPAIIIEHIE TIOTOKA, MACCHL IIPU TEPEXOE OT
KOODIOUHATEL T K KoopauHaTe % + dz. CyMMupys 06a MOCIeIHNX BEIPAXKE-
HUS U yYUTBIBAS, YTO

0
d(pvz) = o1 (pvz) dz,

MIOJIyYaeM BEJIMYMHY W3MEHEHUs MacChl B KyOuke 3a BpeMs di Gmaromaps
IBUKEHUIO T'a33 BIOOJIb OCHU T:

0
dm, = — 92 (pvg) dx dy dz dt. (1)

Touno Takum xe 06pa,301v1 HaXOOM M3MECHCHUA MaCChI 3a CUET OBU-
2XKEeHNs II0 OCAM Y, Z:

dmy, = — ;—y (pvy) dx dy dz dt,

(2)

dm, = — % (pv.) dx dy dz dt.

B ¢dukcupoBanHOM 00beMe KyOuWKa M3MEHEHUE HaXOMAIIEHCS B HEM
MAaCChI T'a3a BBIPAXKAETCSI TaKXKe Uepe3 M3MeHeHUe ero INIOTHOCTHY CO Bpe-
MEHEM:

dm = g—i dt dx dy dz. (3)

Cymvupys dm,, dmy, dm, n TpupaBHUBAs pe3ynbTaT K dm, MOIy-
yaeMm u3 (1)—(3) uckomoe ypaBHeHUE HEpa3PLIBHOCTU
dp

5 + div pv = 0, (4)

6*
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BBLIPAKAIOIIIEE 3aKOH COXPAHEHMs] MACCHI BEIIECTBA, IPUMEHNTEIILHO K IBU-
KEHUIO CKUMAEeMOro rasa. [1o cBoeir popme 1 CMBICITY (CKOPOCTH U3MEHEHUSI
BEJIMYUHLI OIPENENAeTCs NUBEPTEHIINEN TTOTOKA, HTON BEJIMYMHBI) OHO BIIOJI-
He aHAJIOTMYHO ypaBHeHUo HepaspbiBHOCTH (7) § 1 u ypaBuenusam (5) § 2,
(11) § 3.

Omnako aHAJOrMsa C TEYEeHMEM TIPYHTOBBLIX BON HA STOM 3aKAHUU-
Baercsa. llpu cBOOOOHOM MBUXKEHUN rasa €ro OUHAMHUKA OIPEIeIseTCs
JIAIIL CAJIAMY OABJIEHUS CAMOLO Ta-
z A 38, B OTJINYME OT OBVKEHUI XKUIKOC-
t+ dt THU, UCILITHIBAIOIIEN COIPOTUBIICHIE

p(y) ° p(y +dy) HacTHUI T'DYHTA.
- 3. YpaBHEHUs NBUXKEHUS r'a-
3a. g ux momydyeHus NIPUMEHNM
, U BTOpOIl 3ak0H HbloTOHa K siemen-
TAPHON XUOKOW YACTUIE, MMEIOILeN
. » B HEKOTODPBIN MOMEHT t popmy KyOu-

nyr
1

v -4
IR~

0 y y+dy ¥ ka c rpausmu dzx, dy, dz (puc. 34).
Kunkasgs vacTtuiia — 5TO IepeMe-

v IIAIOMIWICA B IPOCTPAHCTBE U Me-
Puc. 34 HSIOIIUY CBOIO GopMmy oObeM, comep-

XKAIUU B pa3HbIe MOMEHTHI BpeMeHNU
{ omHM U Te Xe aTOMBI U MOJIEKYJHHI ra3a. TeM caMbIM ero macca dm 1o-
cTosHHA. 79 TpOCTOTHI BEIBOMA OymeM CUMTATh, UTO 33 KOPOTKOE BPEMS
dt xyOuk He MeHSeT CBOel (GOPMBI U CMEIHIAETCS IO BCEM HAIIPABIICHUSIM
Ha PACCTOSHUE, MHOTO MEHbIIIee ero pa3MepoB.

Onpenenum cHauasa Cuily, OENCTBYIOIIYIO HA KyOuK, HAIIPUMED B Ha-
npasiieanu ocu Y. OHA, OYEBUIHO, PABHA PA3HOCTU HABJIEHUN HA JIEBOW U
OPABOI TPAHSAX, YMHOXEHHON HA WX TUIOMAAYN (MHBIX CHJI TI0 MPEATIOIOKe-
HUIO HET):

Fy = [p(z,y,2,t) — p(z,y + dy, z,1)] dz dz.
Cuna F), paBHa yCKOPEHUIO XWIKOH YaCTUILI B HAIPABJICHAN Y, YMHOXKEH-
HOMY Ha ee maccy dm = pdx dy dz:

d
F, = % pdz dy dz. (5)

3aMeHssI B IIEPBOM BBIPDaKEHWM IJIs [, Pa3sHOCTDb HABJIEHUHN Yepe3 IIPOU3-
BOMHYIO OT IABJICHUS I10 Y U NMPUPABHUBAS €ro K (D), IPUXOAUM K ypaBHE-
HIIO, OIIMCHIBAIOIIEMY OBUXKEHUE I'a3a BOOJIb OCU Y:

dv dp
por =L (©)
dt Oy
TOUIHO TaK XKe II0JIy4aeM YPaBHCHUA OBUXKECHUA 110 HAIIPaBJICHUSAM T, 2
dv Op
p — e~ (7)
dt ox
dv, Op

dt:_('?—z’ (8)
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umeronme, Kak u (6), O4eBUIHBIN GU3MIECKUI CMBICII. B BeKTOpHOM hopme
ypaBuernus (6)—(8) umeroT Bun

dv

p —_—

dt

[Mosicuum, uto B (6)—(9) uepes df /dt obosuauena momuas (cyGeTan-

[[IOHAJILHASI, T. €. CBA3AHHAS ¢ PUKCUPOBAHHLIMU UYACTUIIAMU T'a3a) MIPO-

M3BOMHAS IO BPpEMEHU KAKON-INO0 BEJIMUMHBI, XapaKTEPU3YIOIIen TaHHYIO
HEM3MEHHYI0 MacCy rasa.

PackpuiB df /dt uepe3 wacTHBIE IPOM3BOMHBIE O X, Y, Z U t B COOT-

BercTBUM C mpaswioM df /dt = Of /0t + (Vgrad) f, npunem x ypasnernugm
dsuscenud iaepa

= — grad p. (9)

ov 1
8_11: + (vgrad) v = — P grad p. (10)
By,[[yt{I/I 3alllCaHbl IIOKOOPONHATHO, OHU IIPUMHUMAIOT BII
0v, 0v, ov, ov, 1 Op
—, T U A = T T Ao 11
5 T s T, T, T S as (11)
Ovy vy vy vy 1 Op
Py - -2 12
ot e Ty T, T T ooy (12)

ov, ov, ov, ov, 1 dp
— UtV v, — = —— —. (13)
ot Ox Oy 0z p 0z

B ornuune oT TedeHus IrPYHTOBBIX BOM, TPAMIUEHTHI TABIICHUS B YPaB-
HeHusxX NBUKeHus rasa (6)—(13) onmpemensioT KOMIIOHEHTHI YCKOPEHUs Be-
IIIECTBA, 4 HE KOMIIOHEHTHI ero ckopocTu (cp. ¢ 3akonoMm Hapcu (9) § 1).

Ypasuenus (4), (11)—(13) comepXaT nsSTh HEM3BECTHBIX BEJIMINH — p,
D, Uz, Uy, V. II714 UX 3aMBIKaHUS eCTeCTBEHHee BCErO MUCIOIb30BATh 3aKOH
COXPaHEHUs YHEPTUN.

4. YpaBHeHUe sHeprum. s ero momaydeHus UCIOJIB3YEM Ty XK€
VIIPOIIEHHYIO CXEMY, UYTO 1 B II. 3: OyJeM pacCMaTpPUBaTh U3MEHEHNE BHY T-
pPeHHel YHeprun GUKCUPOBAHHON MACCHI T'a3a dm 3a KOPOTKUI TPOMEXKY TOK
BpeMmenu dt. Tak Kax 1Mo cOeTaHHBIM IOMYIIIEHUSM B BEIIECTBE OTCYTCTBY-
eT TEeIJIONPOBOMHOCTD, BA3KOCTh M MCTOYHUKK (CTOKM) DHEPTUM, TO STO
M3MEHEHNE BBI3LIBAECTCS JIAIIL PAOOTOU CUII OABJIEHUS HA I'paHIX KyOuka
IIPU €r0 CXKATUYU WA PACIIUPEHNN.

Pabora maBnenus, cBsA3aHHas C OBUXKEHIEM I'PaHell 00beMa BIOIL OCH
2, OYEBUOHO, PABHA,

dA, =p (v, (x) —ve(z + dz)) dt dy dz,

e cilaraeMble B CKOOKaxX MOXKHO, OTOpachiBas 4JIeHBI BTOPOTO IMOPSIKA
MaJIOCTH, [IEPENUCATH Yepe3 MPOU3BONYyI0 Ov, /0T M MOINyInTH

dA, = —p 88%‘” de dy dz dt.
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3mecs, p — cpenHee OaBIEHNE B SJIEMEHTapHOM o0beMe. AHAJIOrMYHO,

Ov
dA, = —p 8—; dx dy dz dt,
A, = —p 2% 4w dy dzdt.
0z

[Tosmras paboTa, coBepIlleHHAS HA ra30M 3a BpeMs di, eCThb
dA =dA, +dA, + dA. = —pdividz dy dz dt.
Ona paBHA M3MEHEHUIO BHYTPEHHEN sHepruu obbeMma, T. €.
dA = pde dz dy dz,

€ — yhmenbHas BHyTpeHHsas sHeprus. IlpupaBusas 06a BuIpaxkenus mjst dA
U YCTPEMUB K HYJIO di, OKOHUYATEJIBHO MOy IUM

de

Pt

rae de /dt — nonuas (cyOCTaHIMOHAIBHAS ) IPOU3BOLHASI BHY TPEHHEN SHED-
I'UM 110 BDEMEH.

3aMeTuM, 9TO ¢ IOMOIIBIO YPABHEHWI HEPA3PLIBHOCTY U IBUKCHIA
ypaBuenue (14) npuBonutcs, monobuo (4), k dusepzenmuomy 6udy

o I N v’ S
a (p{f + T) = —div [p’U (5 + 7) +pU] . (15>

CreBa B (15) cTOMT NIPOM3BOMHASI OT MOJIHOW (BHY TPEHHEHN U KHHETUIECKON )
SHEPTUNU T'a3a B JAHHOU TOYKE IMPOCTPAHCTBA.

Tak kak TEPMOONMHAMUYECKUE CBOMCTBA, BEIECTBA, MPENIOIAralTCs
U3BECTHBIMU, TO € — U3BECTHASA DYHKIUS yXKe BBEICHHLIX BEJIUYUH P U P,
u ypasuenue (14) au6o (15) maeT HETOCTAIOIIYIO CBA3DL I ONPENEIICHIUS
MCKOMBIX Ma300UHAMUYECKUX BEIINYUNH.

5. YpaBHeHus ra3zoBoil AUHAMUKKA B JiaIPaHXKEBbIX KOOPIU-
HaTaxX. B MolyuyeHHBIX MONEJIIX TEUEHUE I'a3a XapaKTepU3yeTCs 3aBUCH-
MOCTBIO BEJIMYUH OT NEKAPTOBBLIX KOODAWHAT I, Y, Z U BpeMeH:u t. DTOT
croco6 omucanus (3taepos n0dxrod) TPAKTYeT NBUNKEHUE CPENbl C TOYKU
3PEHUS HEMOABUKHOIO CTOPOHHEr0 HAOIIIOAATENS 1 YIOOEH, HATPUMED, [IPH
u3yueHuun OOTEKAHUsS Ta30M MOMEJEN JIETATENbHLIX AlapaTOB B adPOIU-
Hamuueckux tpybax. B aaepanscesom nodrode xoopauHaTa CBI3BIBAETCS
HE C OIIPENEJICHHON TOYKOU IIPOCTPAHCTBA, & C ONPENeIeHHON, (GUKCUPOBAH-
HOU YaCTUIEH BEIIeCTBA — XKUMKOU YaCTUIEH. JIarpaHKeBbl KOOPANHATHI
yIOOHBI, HAIIPUMED, [IPY AHAJIN3€E HEKOTOPBIX BHY TPEHHUX IIPOIIECCOB, IPO-
TEKAIOIX B YACTUIIE, CKAXKEM, XUMUUECKUX PEAKIIUN, CKOPOCTh KOTOPBIX
OIIpPENENIeTC s He MPOCTPAHCTBEHHBIM MMOJIOXKEHNEeM YaCTHUIILI, 8 €€ TeMIIe-
pPaTypoil U INIOTHOCTBIO. JlarpaHxkeB mOOXOm MOXKET OLITHL IOJIE3€H M II0
IPYTUM TPUYMHAM: OH, HAIIPUMED, HEIBHO UCIOIL30BAJICA B M. 3, 4 Ml
YIPOIIEHHOTO BLIBOMA YPABHEHWI IBUXKEHUS U SHEPTUH (PACCMATPUBAIACH
KUMKAS YACTUIA B BUIE KyOUKa).

+pdivi=0, (14)
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OcobeHHO HATIISIAHYIO U TPOCTYI0 (POPMY Ta300MHAMUYIECKNE YDPaBHE-
HUs B JIATPAHXKEBBIX KOOPAWHATAX MMEIOT B OMHOMEPHOM cityuae. Iemct-
BUTEJILHO, B35IB B HAIPABJIEHUU OCHU T CTOJIO €MUHUYHOTO CEUYEHUs, JIeBas
CpaHUIla KOTOPOTO MOABUXKHA M CBsI3aHA C PUKCUPOBAHHBIMU YACTUIIAMN
BEIIIECTBA, MOXKHO BBECTH JIArPAHXKEBY KOOPAUHATY IO IIPABUILY

€T

m(x) = /p(ac,t) dz, dm = pdx, (16)

Zo

roe To(t) — KOOpAWHATA JaCTHIl CTOI0A HA €ro JIEBOM KOHIE, T(t) — Te-
KyIllas KOOPAMHATA, (B KAUEeCTBE YACTUILI C KOOPAMHATON Zo(t) MOXKHO
BHIOPATH YACTHUILY OKOJIO TBEPIOW CTEHKW, OTDAHWYMUBAIOIICH Ta3, WA Y
T'PAHUIILI C TyCTOTOM, €CIIM TAaKOBbIe uMeIoTcs). Benuunua m(z) — macca,
cTOI0a MEXMY TOUYKAMU Zq, T.

Ces3pb (16) maer Hambosee €CTECTBEHHBIA U TPOCTON CIIOCOO BBEIEHUS
JIarDAHXKEBOU MEPEMEHHON (HA3BIBAEMON B 9TOM CIIyUae Macco80tl K0opou-
namot). Temepsb Bce rasonMHAMUYECKUE BEIMUNHBI TPAKTYIOTCS KaK 3aBU-
cAIme He OT &, t, a oT m, t. [lomyunm mjis HUX ypaBHEHUsS NBUXKEHUS U3
OOHOMEPHBIX YPABHEHUU B SUJIEPOBOU (popMe

dp dp ov

o Yoz~ Pz

o v 1o .
at ' or p Oz’ (17)

Oe N Oe p Ov
— v — == —.
ot oz p O0x
Bripaxenus, crosiume B (17) ciieBa, 5TO yKe BBOMUBIIMECS CyOCTaH-
IMOHAJIBHBIC IIPOM3BOMAHBIC, OIIMCEIBAIOIIIC N3MCHCHIC CO BPEMCHCM BCJIN-

UWH, OTHOCAIIINXCS K (PUKCUPOBAHHON MaCCOBOW KoopauHaTe m. Torma, uc-
nosb3ys (16), u3 (17) momygaem

01 ov
ot ; = o (18)
dv  Op
Oe ov
E =P 6_m : (20)

3necy 0/0t — cybGcTaHIMOHAIBLHAS IPOM3BOMHASI TI0 BDEMEHU OT COOTBET-
cTByoLmX BenuuuH. Pusmueckas TPAKTOBKA ypaBHeHuil nsuxenus (19)
u sueprum (20) Ta XKe, UTO U B DIIEPOBBIX KOOPAUHATAX (B OTIMAUUE
oT ypasHenus nepaspeisHocTH (18)). [locnenuee npencrasiser coboir oue-
BUIIHOE CBONCTBO: 06beM (& ¢ HUM U IJIOTHOCTH) (PUKCUPOBAHHON XKUIKOM
TACTULBI U3MEHIETCS CO BpEMeHeM Oj1arofapsi pa3HOCTUA CKOPOCTEN Ha ee
TPaHUIIAX.
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C momotnpio (19) ypaBHEHUE SHEPIUU MOXKHO 3aIUCATHL B NUBEPTEHT-
HOM BUJIE

% (e + ?) = - % (pv), (21)

rOe CjIeBa CTOUT IIPOU3BOMHAS IO BPEMEHU OTHOCUTEJIBHO MOJIHOU SHEPTUU
YACTUIIHL.

Ecnu pertenne narpaHxeBbIX ypaBHEHUN HAWIEHO, B YACTHOCTY, HAM-
neH ynenbubin oobeM V(m,t) = 1/p(m,t), TO 3aBUCUMOCTD ra30MUHAMUY-
4eCKUX (PYHKIUU OT SUJIEPOBOM KOOPAWHATHI HAXOOUTCI M3 KBAAPATYPHI

(cm. (16))
dx =V (m,t) dm, z(m,t) = /V(m,t) dm + zo(t).

C moMoIibio Takux XKe PacCyXOeHUU HeTPYOHO MOIYUYUTH JIarpaH-
2KEBbI YPABHEHUS B CJIydae HUWINMHIAPUIECKON U CPEepUIEeCKON CUMMETPUH,
KOTa Ta30OMHAMUYECKNE BEIIMYUHBI 3aBUCSAT JIUIIL OT OOHOU IPOCTPAH-
CTBEHHOM KOOPIUHATHI I (T — PACCTOSHUE OT OCU WJIK OT IIEHTPA CUMMET-
pun) u or Bpemenu t. OHEU TakkKe UMEIOT BECHMA MPOCTON M HATJISIHBIN
BU, Y€TO HEJILb3S CKa3aTh O IBYMEPHOM U TPEXMEPHOM CITyUae.

HecmoTps Ha pasubie GOPMBI 3aIIMCH, SAJIEPOBLI U JIATPAHXKEBBI YPaB-
HEHUs T'a30BON NWHAMUKU 0O0JIaNAI0T, €CTECTBEHHO, aHAJIIOTUUHLIMUA CBOU-
CTBAMU, SIBJISISICH HEJIMHENHBIMU TUTIEPOOIMUECKIMY YPABHEHUSIMHA B YaCT-
HBIX MPOM3BONHLIX (HECTAIMOHAPHBIMEA W B OOIIEM CIly4ae MHOTOMEp-
HeiMu). Ha ux oCHOBe MOmydaroTcs 6OJiee CIIOXKHBIE MOMEIU BUKEHUS
CKUMAEMBIX CPEIl, BKIIIOUAIONIEe NONOJHUTENbHBIE (PU3MUecKue IIPOIEC-
col. Tak, mig rasza, 00JTaIAIONIETO TEIIIONPOBOMHOCTHIO, YIACTBYIOIEN B
POIECCe IEPEHOCA YHEPT UM, YpaBHEHU Hepas3pbiBHOCTHY (18) 1 nBuxkeHus
(19) ocrarorcs B cuie, a ypaBHEHUE YHEPTUM TPUOOPETAET BUI

Oe ov OW
%~ Pom om (22)
roe W = —p 0T /0m — norok Temna, » = »#(p,T) — xosdduimesT rer-

JIOIPOBOOHOCTU. BHY TPEHHSIS SHEPTUsI XKUIKON YACTUIIBI TAKOTO a3 N3Me-
HSIETCS HE TOJIBKO 33 CYeT PAOOTHI CUII MABJICHUSI, HO U U3-33 HAJIMYIUS TEll-
nonepenauu. Bomnee npocteie, yem (18)—(20), Momenu rasoBoil TUHAMUKY
HOJIyYAIOTCS IPU COOTBETCTBYIOIINX MOMOIHATEIHHBIX MPENITOJIOKEHUSIX
(cMm. m. 7).

6. KpaeBble yciioBus nOJiss ypaBHEHWUIA Tra30BOMl AWHAMUKIN.
Haubomnee HarnsmHa mX MOCTAHOBKA B CIIyYae OMHOMEDHOIO TEUEHUS Ta-
3a, onuceiBaeMoro ypasrerusmu (18)—(20). PaccmorpuM Takoe Tedenwme
B TpyOe, BHYTPU KOTOPOU MOMEIIEH I'a3, OTPAHUYEHHBIN CIpaBa U CIEBA,

HEMPOHUIIAEMBIMU TBEPIALIMU CTeHKaMu — nopinusmu (puc. 35). Yacru-
11aM, HAXOOSIIIMMCS Y JIEBOU CTEHKHU, IPUNUIeM Koopauuaty m = 0; Torma
KOOPAWHATA YACTUIl y TIPABOM CTeHKU paBHa m = M, rme M — monuas

MacCCa T'a3a MeXIy MOPIITHIMY B CTOJIOE eMMHUIHOTO ceueHus. BHyTpeHHue
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yacTunbl uMefoT koopauuaty 0 < m < M. Ypasuenus (18)—(20) paccmat-
puBatoTcsa B obsmactu 0 < m < M u npu ¢t > 0.

g onpenenenus Tevenus npu Bcex 0 < m < M u t > 0 HeoOXOOUMO
3314 Th:

1) HavaJbLHBIE YCIIOBUS, T. €. COCTOsAHME ra3a B MOMeHT ¢ = 0,

v(m, O) — UO(m)a p(m, O) — pO(m)7 p(ma 0) — pO(m)v (23)

0<m< M;

B (23) BMECTO p WK p MOXKHO, IOJIB3YSICh YPABHEHUSIMYU COCTOSIHUSL CPEIbI,
3amaBaTh HauabHyo Temueparypy 1'(m,0) = To(m);

2) "paHUYHBIE YCIOBUA, T. €. 3aBUCUMOCTb OT BPEMEHU Ta30MUHAMU-
YEeCKUX BeNIUUuH Ha rpanunax m = 0, m = M, HanpuMep, 3aKOH U3MEHEHU S
IABIICHUS

p(07 t) =N (t)a p(M, t) = P2 (t)a t >0, (24>

VI 38KOH W3MEHEHUs CKOPOCTH MOPIIHEHR (T. €. UX TPACKTOPHUIO B SIIIepO-
BBIX KOODAMHATAX, TakK Kak 0x /0t = v)

v(0,t) = v (1), v(M,t) =vs(t), t > 0. (25)

3uanme kpaesbix ycnoBuit (23) u (24) (nmu6o (25)) HOMHOCTBIO Ompe-
NeJisieT OMHO3HAUHOE PEIIeHre PACCMATPUBAEMON 3adaut, 0 nopuske.

B kauecTBe T'DAHUYHBIX YCIIOBUI MOMYCKAIOTCS TAaKXKe PATUIHBIC
komOuHarmu (24) u (25), KOorma Ha JEBOIl PAHUIE MONIEPKUBACTCS MU3-
BECTHOE naBjeHue pp(t), a Ha IMPABOU 3a0a€TCS U3BECTHAS CKOPOCTD Vs (1)
(mmm HAOGOPOT, KAK HA puc. 35).

Ecnu wHTEpecOBATHCS JIUIIL TEYEHUEM B OKDPECTHOCTH OIHOTO U3
NOPIIHEN, CUNTAs BIIUSIHUE BTOPOTO MOPIIHS HECYIIIECTBEHHBIM, TO MOCTa-
TOYHO 33[aTh JIAIIb OIHO U3 yCIOBUN
(24) (mmm (25)), manpumep, npu m = 0, . -
u ycnosue (23) npu Bcex m > 0 (ras 3a- vo(m), po(m),
HIIMAaeT M[OJyIPOCTPAHCTBO, orpanm- v(0,t)P] = .po(m) . p(M, 1)
YEHHOE CJIEBA, [IOPIITHEM ). '

Hakoner, rpaHUYHBIE YCIOBUSI
(24) wnu (25) BOOOIIIE HE 3aMAIOTCH,
KOT[Ia, BJIMSHUEM TDAHUIl HA, [BIXKe- . . -
HIE T'a3a B IIEHTPAITHLHON 00JIaCTI MOXK- 0 M m
HO mpeHeOpeub (paccMaTpuUBas MPO-
1IeCC MPU ONOCTATOYHO MAJIBIX BpeMe-
Hax). Torma w3 ucxomuoit 3amaum s ypasuenuit (18)—(20) momywaercs
samaua Komwm — samaua 06 5BOMIONNMEM CO BpPEMEHEM HEKOTOPOIrO Iep-
BOHAYAJILHOTO PACIPENEIeHNs Ta300MHAMAYIECKIUX BEJIMUINH, 33aHHOTO B
HEOIPAHUYEHHOM NpocTpaHcTBe. [Ipu sToM Hauanbuble nanube (23) onpe-
MeJIeHbl NI BceX —o0 < m < 00, & YPaBHEHUS PEHIaloTCs B 001acT —00 <
<m<oo, t>0.

BaxHbIi1 KI1acc KpaeBbIX YCIOBUN — YCIIOBUSI HA TPAHUIIE C BAKYYMOM.
[IycThb CHIIBHO CXATHIN T'a3, UMEIOIINI BLICOKOE MABJICHUE, HAUNHALT UC-
TEKATh B CPABHUTENILHO PA3PEKEHHYIO CPENy, HAXOMSIIIYIOCS TPU HU3KOM

Puc. 35
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nasieHnn. neanusupys 5TOT IPOIece, MOXKHO CINTATH HABIICHUE U ILJIOT-
HOCTb B IIPOCTPAHCTBE, B KOTOPOE MCTEKAET I'a3, PABHLIMU HYIIO, T. €.
3amaBarhb ycioBue pi(t) = 0, t > 0, mubo po(t) = 0, t > 0 (;mbo p;(t) =
= p2(t) =0, ¢ > 0), B 32BUCUMOCTHU OT KOHKPETHON IOCTAHOBKY 33AYML.

7. HekoTopble ocoGeHHOCTH MoMeJIeill I'a30BOM OUHAMWNKMN.
I 715 mosiCHEeHns 5TUX 0COOEHHOCTEN IPEABAPUTEIILHO YIPOCTUM YPABHEHI S
(18)—(20), ucmonb3yst ABa 06CTOSTENLCTBA. IlepBoe U3 HUX — OTCYTCTBUE B
cpene (Mo MPENOIIOKEHNIO) U3MEHEHUN SHEPT U 33, CIET TEILIOMPOBOMHOC-
THU, BA3KOCTHU, U3JIYUYCHN, BHEIIHNX UCTOYHUKOB I CTOKOB SHEPIruy U T. .
C TepMOONMHAMMYECKON TOYKM 3PEHUs 5TO O3HAYAET, YTO IPOILECC aaua-
6aTUYECKUN 1 SHTPONUI S KaxXNOoi GUKCUPOBAHHON XKUIKOW UACTHUIILI CO
BpeMeHeM He MeHseTcs. Torma ypasuerue sueprun (20) MOXKHO MEPEnucaTh
B 9KBUBAJICHTHOU (HOpMe

oS
ot
B sToM mHeTpymHO yOemumThCs, TakxXke YuCTO (GOPMAJILHO TPUMEHSIT
BTOPOE HAYAJIO TEPMOIUHAMUKNA

TdS = de + pdV (27)

0. (26)

K XUIKOWU YaCTHUIIE.
BTopoe o6cToITENHECTBO — 0COOEHHAS ITPOCTOTA BLIPAXKEHUS SHTPO-
Y Yepe3 DaBJIEHNE U IIIOTHOCTD B CJIyUae UAEAJIHHOTO I'a3a;

S =Cylnpp~" + So, (28)

roe v > 1 — nokazaTenb aauadaThl, PABHBIA OTHOIIEHUIO YAEJILHOU Temn-
JOeMKOCTH 1pu mocTossHHoM pasierun (C)) u nocrosuaoMm oobeme (Cy ),
Sy — HeCcyIecTBEHHAs KOHCTAHTA.

N3 (26) ¢ yuerom (28) umeem

O(pp™")
ot 0,

4YTO S5KBUBAJICHTHO BBIPDAXKCHUIO

pp” " = p(m), (29)
O3HAYAIOIIEMY HE3aBUCUMOCTEL OT BPEMEHM SHTPOINMK 00N JaCTHULBL Ta-
3a. Oyuxmusa @(m) OMUCHIBAET paCIpenesieHre SHTPOIMK 110 Macce rasa,
OIpeeNseMOe TI0 33JaHHBIM B MOMEHT ¢ = 0 dyukumsiM po(m), po(m).
Ucnonb3ys unTerpain (29) Bmecto nuddepeHIuaIbHOr0 ypaBHEHUS
(20), ceemem (18), (19) kx mubdepeHIMATBEHOMY YPABHEHUIO BTOPOTO IIO-
PANKA OTHOCATEILHO TIOTHOCTH:

a2p _ 8 ~+1 ap
o~ am (W a—m> ’ (30)

TOe ag = 7YYo, & DOCTOSTHHAS (P9 — SHTPONUS, IPEamnojaraeMas He 3aBUCS-
el TAKXKe ¥ OT MACCOBON KOOPAUHATHI (CIIyUYail M39HTPOIUIECKOTO TeUe-
HUS).

IMunepbomuunocTs ypasuenus (30) u TeM caMbIM ypaBHEHU T'a30BOi
NVHAMUKY JIETKO YCTAHOBUTH He Tpuberas K BEIUUCIEHNIO XapaKTEPUCTUK,
a TOJIyYMWB €r0 JIUHENHBIN aHaJIor. I[J1g 9TOro paccMOTpUM MAaJible BO3MY-
ITEHNS Ta30ANHAMUYIECKUX BEJIMUNH B OKPECTHOCTH MOCTOSHHOTO PEIIeHUS]
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p(m,t) = po. llpencrasisas Bo3MmyllleHHOe perierue B Bune p(m,t) = po + p
U MPEATOJIaras MajbIMU KaK CaMU BO3MYILIEHUs, TAK U UX MPOU3BOMHLIE,
u3 (30) mosmyuyaeM ypaBHeHUe miist p (YEPTOUKY OIIYCKAEM ):
2 2
Q = 2 0”p (31)
ot? O Om?2
Jluneitnoe ypasHernue (31) IONMHOCTBIO AHAJIOTUYHO YPABHEHUIO KOJIe-
b6anuit cTpyusl u3 § 2 ri. 111, umerorieMy, Kak U3BECTHO, TUIIEPOOINIECK AN
Tun. OHO OMUCHIBAET PACIPOCTPAHEHUE MAJILIX (3BYKOBBIX) BO3MYIIIEHUI B

rase (ypasHerue aKycmuky) CO CKOPOCTHIO 3BYKa Co = \/YPo/po U, B CUITY
JIMHEWHOCTH, [JI HETO HETPYMHO HAUTU OOIllee pelleHune.

Errie omuo ymporrenue ypasraeruit (18), (19), (29) nonyuaercs B mpen-
HOJIOXKEHUM O TOM, YTO TEUEHUE MMEET XaPAKTED MPOCTOM BOJHEBL, T. €.
I00bIE Ta30NMHAMUYECKNE BEJTMINHBL ABJIAIOTCS QYHKIIASIMU KAKOU-TO OIl-
HOU BLIODAHHON BeJMYUHBI, Hanpumep miotHoctu. W3 (18), (19), (29) u c
Yy4eTOM TOTO, 4TO v = v(p), MOIydaeM

dp

_i@zvﬁ v@:—aﬂ_l—
p2 ot " om’ P ot 0 om’

rie v, — IPOM3BOOHASA CKOPOCTHU IO IIOTHOCTH. Mckimodas u3 mocneqanx
YyPaBHEHUH BEJIMUNHY v,, IPUXOIUM K ypasneruto Xongda

v+1 Op

op a1 B
E*‘\/@P preniall (32)

Ypasuenue (32) mepBoro mopsmKa, HO OHO CONEPXKUT TUINMIHYIO T'a-
30MMHAMUYIECKYI0 HEJIMHEMHOCTDH, W MOYTOMY CIIYXKUT XOPOIIEN MOMEIHIO
IJIs. U3y4EHUsI HEJIMHEUHBIX 3(h(PEKTOB, XapaKTEPHBIX IS TEYCHUU CXKU-
MaeMoro rasa. CaMblil IPKUR U3 HUX — «TPAOUEHTHAs KaTacTpoday, 3a-
KJTIOUAIOIIAsCS B IMOSBIEHNM B BOJIHAX CXKATUA OECKOHEUHBIX I'DAIUEHTOB
ra3oNMHAMUYECKUX BEJIMUMH, HECMOTPS Ha TO, YTO B HAUAJIBHBIA MOMEHT
BpeMeHU Bce QYHKIIUM SBIISIOTCS TJIaIKUMMU.

[ToscarM 5TO TOHSATHE CHEOVIOIIUMU HTPOCTBIMU PACCYXKICHUSIMA.
Ypapuenue Xomda MOXKeT ObITH 3aIUCAHO B XapaKTEPUCTUICCKOM BUIE

(%)S = 0. (33)

3mech MHOEKC s 03HAYAET, UTO IOJIHAS [IPOU3BONHAS [0 BpeMeHu Oe-
pPeTCst BIOJIb XapaKTEPUCTUKY — JIMHUU B KOOPAUHATAX M, t, HA KOTOPOR
3HAUEHUE PEIeHus (IIIOTHOCTH) OCTAETCS MOCTOSIHHBIM BO BCE MOMEHTHI.
PackpeiBas (33) B Bune

Op  dms(t) Op _
ot dt Om

raoe ms(t) — 3HAUYEHME KOOPAWHATHI 1M MJis HaHHOU XapPAKTEPUCTUKHA B
pas3Hble MOMEHTHI BpeMeHu, u cpaBHuBas (32) u (34), Haxonum ypaBHEHUE
XapPAKTEPUCTUKN

0, (34)

a1

ms(t) = Vao p2 ¢t +ms(0).
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I/IB 9TOI'O BBIPAXECHUA BUOHO, YTO COCTOAHUA C 6(5HBHIMM 3HAQUYEHUEM
IIJIOTHOCTHY PACIPOCTPAHAIOTCS IO Macce ra3a ¢ 60IbIIell CKOPOCThIO, YeM
COCTOSHUS C MEHBIIIEHN IIJIOTHOCTBIO, I B KaKON-TO MOMEHT BpEMEHU «KOOIO-
HIIOT> Nociienuue. B perenuu o6pa3yeTcs HEOMHO3HAYHOCTD, €r0 TPAINEH-
THI B TOUKE «CJIUSIHUI> COCTOIHUN C Pa3HBIMU IIJIOTHOCTAMU HEOTI'PDaHNYCH-
HO BO3pacTaT. CxeMaTU4ecKn STOT IPoIece n3obpaxeH Ha puc. 36, roe
TIOKA3aHa HBOJIIONNUS CO BPeMEHEM HAYAJIBHOTO MPOPUIIS MIIOTHOCTHU TPe-
YTOIBHOM (DOPMBI: BEPIITMHA, TPEYTOILHUKA Yepe3 HEKOTOPOe BPeMs OKa3hI-
BAE€TCSI B TOUKE C TOU XK€ KOOPAMHATON My, ITO U €ro mepenHuit ppoHT.

p(m,t) A
P femmm ey ey e -
to 1 to t3 ik
PO
: | >
0 mo mg m
Puc. 36
«['pamuentaas xaracTpobda» — HenuHenHBI 3PdexT (mompobHee

cM. ti1. V). OH He BO3HUKAET B JIMHEAHOM ypaBHeHuu (31) u juHETHOM
ypaBHeHuu nepenoca (3) § 1, momyuaromemcs u3 (32) mpu pacCMOTDPEHUN
MAJIBIX BO3MYIICHWII B OKPECTHOCTM IOCTOSHHOro pemrexus. CyimecTso-
BaHUe 5>TOro >pdexTa MPUBOAUT K HEOOXOOMMOCTH PACCMATPUBATL Pas-
PBLIBHBIE DEIIEHNs YPABHEHUN I'a30BOM NUHAMUKYA (3aMETUM, UTO IIPU IIPO-
XOXIEHUY PA3PBIBa Yepe3 XKUAKYI0 YaCTUILy ee SHTPONUS U3MeHsieTcs). B
5TOM COCTOUT BaxXHOE OTIINUNE HEITUHENHBIX TAIIEPOOINYIECKUX YPaBHEHUN
oT mapabomuueckux (Momenu B § 1, 2).

YIIPAZKHEHN A

1. IlomyunTe ypasuenue (21) u3 (20), ucnonssys ypasuenue (19).

2. Mlciosb3yst 3aKOH COXPAHEHUS SHEPTUN MPUMEHUTEIHFHO K BHY TPDEHHEN SHEPT UM
KUIKON YaCTUIEI, BEIBEOUTE ypaBHeHue (22).

3. Y6enurech B 5KBUBaJEHTHOCTH ypasHeHmit (26) u (20), ucnonssys (27) u (28).

4. ITosmyunre ypasuenue (31) me u3 (30), a u3 (18), (19), (29), npumenss Te xe
PACCYXKIEHUS.

5. Ucnone3ysa xapakTepucTuueckyio ¢GopMy ypaBHeHuUs Xonda, HANANTE MOMEHT
tp U TOUKY Mp «TPATUEHTHON KATACTPOQBI> NJIA CATYaIlUMu Ha puc. 36.

BuGnuorpadus x rmase 11: [30, 43, 44, 55, 69, 74].



'JIABA III

MOOEJIN U3 BAPUATIMOHHBIX ITPUHIIUIIOB,
NEPAPXVN MOIEJIEN

§ 1. YpaBHeHus OBUXKEHNs, BAPUANMOHHbIE MPUHIIAIILI
M 3aKOHBbI COXPaHEHMs B MeXaHUKe

[IpuBenem siieMeHTAPHBIE CBEOEHUS U3 KJIACCUUECKOW MEXAHWUKI, WJI-
JIIOCTPUPYIOIINE CBsA3b MEXNy ypaBHeHusMu nuHamuku Heioroma m Jla-
TPAHXa, BAPUAIMOHHLIM IPUHIIUIIOM ['aMUILTOHA, 3aKOHAMI COXPAHEHMS
IIJIsI MEXAQHNYIECKUX CHCTEM U CBOMCTBAMU IIPOCTPAHCTBA-BPEMEHN.

1. YpaBHeHUsA ABMXKEHUs MeXaHHUYECKON cucTeMbl B ¢dopme
HuioTrona. [lunHaMuka cucTeMbl, COCTOsIIEN 13 N MaTepuajJbHBIX TOYEK,
HCIBITBIBAIOIINX MNENCTBUE KAKUX-JINOO0 CUJI, ONMCHIBAETCS YPABHEHUSIMU

d?7; > .
m; dt;: ., i=1,...,N, (1)

rIe m; — Macca MaTepUaJIbHOW Touku, t > () — Bpems, 7; — ee paauyc-

BexTOp, F; = F}(t,ﬁ dr’/dt) — pesyabTHUpYIOIIas BCEX NEACTBYIOIIAX HA,
Hee cuii. Yepes 7 0003HAYEHO MHOXKECTBO KOODAMHAT BCEX TOYEK CUC-
Tembl. Benmmuuuer F; cumTaloTca 3a0aHHBIMA U MOTYT 34BHCETH KaK OT
BPEMEHU, TaK U OT MPOCTPAHCTBEHHBIX KOOPAMHAT U CKOPOCTeR (mpudem
He TOJILKO BBINEJIEHHON -l TOYKM, HO U BCEX PACCMATPUBAEMBIX TOUEK).
Cucrema (1) — MaTeMaTHUECKOE BBIpAXKEHME BTOPOro 3akoHa HbloTOHA,
IIPUMEHEHHOTO K COBOKYIHOCTU MaTEPUAILHBEIX TOYEK. 3alNCAHHASL B IIO-
KOOPAMHATHON (POpME OHA, OUEBUIHO, COCTOUT U3 /N ypaBHEHUN BTOPOTO
MOPSIIKA OTHOCUTEIBHO 3N HeusBeCTHLIX KoopauHaT &;(t), yi(t), z;(t), ¢ =
=1,...,N. Ecimu u3Bectusr Hauambubie koopauuaTsl z;(0), y;(0), z;(0),
i=1,..., N, Touek u ux ckopoctu dz;/dt, dy;/dt, dz;/dt B momenT t = 0,
To cucteMa (1) maeT BO3MOXHOCTH HAUTU KOOPAWUHATHI U CKOPOCTU BCEX
ToueK mpu JIFOObIX ¢ > 0, T. e. pemuTh OCHOBHYIO 33034y KJIaCCUIECKON
MEXaHUKMN.

Ypapuenus nuunamuku B hopme (1) cripaBemIuBLL IITSL UHEPUUAALHOU,
U 2a4u4ee60tl cucmembt omcuema. B Heit cBobomuas MaTepuaabHas TOU-
Ka, T. €. TOUKa, HE UCILITLIBAIOLIAA KAKUX-JIN00 BO3MENCTBUN, OBUXKETCS
PABHOMEPHO U MPIMOIUHEWHO. J[pyruMu ciioBaMu, B 5TOW CHUCTEME KOOP-
IVHAT BBLIIOIHACTCS epBhlil 3ak0H Hoiorona. IIpuMepomM MOXeT CIyXUTh
CUCTEMa OTCYETa, KECTKO CBA3AHHAS C TOE3I0M, ABUXKYIIUMCSI C IIOCTO-
AHHOI CKOPOCTBLIO IO NPSAMOM M TOPU30HTAJILHO POBHOM XKEJIEe3HOMOPOXK-
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Hou Koitee. Illapuk, MyIIeHHBIN O TJIAOKOMY MOy BaroHa TAKOTO IIOEe31a,
6yneT OBUraThCS OTHOCHTEIHLHO HETO PDABHOMEDHO ¥ IIPSIMOJIMHENHO (3TO
CBOMCTBO CPa3y XK€ yTPAUMBACTCI PN TOPMOXKEHUAX U yCKOPEHUAX I0E3-
Ila, Ha IOBOPOTAaX, MOABEMAX M CIIyCKaX — CHUCTEMa OTCUYETa CTAHOBUTCA
HerHepuaibHO! ). KOHeUHO Xe, NHepIMaIbHas CUCTEMa OTCUeTa — HUIe-
AJM3MPOBAHHOE MOHATHE, ONPAaBIAHHOE, ONHAKO, IPU PACCMOTPEHNUN MHO-
I'IX BaXKHBIX MEXaHWYECKUX sBieHnit. O4ueBrIHOE OTCYTCTBUE NHEPIIAAID-
HOCTHU CHCTEMBI OTCUETA, XKECTKO CBSI3aHHOI ¢ 3eMieil (X0Ts ObI u3-3a ee
BPAILIEHN ), HE MEIIAeT C XOPOIIEH TOUHOCTHIO OMUCHIBATD PSII «3€MHBIX>
IOBUXKEHUA TAKUX, KAK IBIKEHUE [0e3/1a [0 ee IOBEPXHOCTU ([JIs HOJIeTa
6aIIUCTUIECKON PAKETHI TONOOHOE ONMUCAHUE MOXKET OBITD YK€ HETOUHBIM ).

JIrobas cucTeMa OTCUYeTa, MOKOSIIAICA WIN IPAMOJIMHENHO IBUXKY-
II1asCa ¢ MOCTOSHHOM CKOPOCTBIO IO OTHOIICHNIO K HEKOTOPOU MHEPIIAJIb-
HOW CUCTeMe, TaKXe sABJIIeTCs NHepIUaIbHOR. MHOXEeCTBO TaKX CUCTEM,
«IIOPOXKIAEMBIX®» UCXOMHOU CUCTEMOU T, Y, 2, T, OIPeNensaeTcs CIenyOnu-
MI IIPEOOPA30BAHUAMI KOODAWHAT U BPDEMECHHU:

%

xr*=x+a, yY'=y+0b, 22r=z4+c =1,

* * *

=z, y*=y, 22¥=2z, t*=t+a,

* *

¥ =xzcosa+ysina, y*=—xsina+ycosa, z2z*=z, t*=t,

"= —v,t, Y =y—uvt, zF=z-wvit, =%,

a Takxke JTI00bIMI KOMOMHAIIMAMY 3THUX IIpeobpasoBaunii. 30eck a, b, ¢, vy,
Uy, U; — IPOM3BOJIbHEIC IIOCTOAHHEIC TAaK XK€, KAK M (@ — YTOJI IOBOPO-
Ta CHCTEMBI OTCYETA OTHOCUTEIBLHO ONHON M3 OCEH KOOPAWHAT (B HAHHOM
citydae OCH Z).

Kimaccuueckas MexaHWKa MCXOMUT U3 TPUHITUIIA OTHOCUTENbHOCTH ['a-
nuiess — PABHOIPABUS BCEX WHEPIMAIBHBIX CUCTeM (2), T. €. U3 TOrO, 4TO
3aKOHBI MEXaHWKY OMWHAKOBHI B JTIO0OM M3 HUX. DTOT IPUHIAI OTPAXKAET,
B YACTHOCTHU, OMHOPOTHOCTH IMPOCTPAHCTBA U BpeMeHHU (IEepBOE U BTOPOE
npeobpasoBanus (2)) U U30TPOMHOCTD MIPOCTPAHCTBA — OTCYTCTBUE B HEM
BEHIZIEJIEHHBIX HANPaBiieHuil (TpeTbe mpeobpasosanue). [locmenuee us mpe-
obpa3oBaHuil (2) — mepexoi K CUCTEME OTCUETa, NBUXKYIIENCS C MOCTOSH-
HOWM CKOPOCTBIO OTHOCUTEIIEHO UCXOMHOW, — HA3BLIBAETCS NPE0OPa306aHUEM
I'anuaes.

3aMeTuM, ITO €CIIM MO KAKUM-TO IPAINHAM MPUXOMUTCS PACCMATPH-
BAaTh IBUXKEHUE B 3aBEIOMO HEMHEPIIUAJIBHON CUCTEME OTCUETa, TO BTOPON
3akoH HetoTona B dpopme (1) He Beimonusiercs. Tak, mapuk, myeHHbIN 110
IJIaOKOU TOPU3OHTAJIBHOU IIOBEPXHOCTH BPAIIIAIOIErOCs NUCKA OT LIEHTPA K
€ro Kpalo, B CUCTEME OTCUETA, XKECTKO CBI3aAHHON C MUCKOM, IBUXKETCS YKe
He IIPSAMOJIMHENHO, a MO KPUBON TPAEKTOPUU, KAK OBl MCHBITHIBAS OEHCT-
BU€ HEKOTODPOU BHEITHeW cuibl. s HemHepIMaIbHBIX CUCTEM YPABHEHUS
(1) u mpyrue 3aKOHLI MEXAHUKU CTAHOBATCS CIPABEIJIUBLIMU IIPU UX OTHO-
CUTEITbHO HecJIoXHOU Monudukanuu. Fe cyTh 3akmouaeTcs B noOaBIIEHUN
K OEHCTBYIOIIUM HA CUCTEMY CUAIaM «GUKTUBHLIX®» BHEUIHUX CUA UHEP-
YUY, BEJIMINHA KOTOPBIX OIPENessieTCs U3 XapaKTepa MBUXEHUs HeuHep-
IIUAIILHON CACTEMBI OTCUETA IO OTHOIIEHUIO K BLIOPAHHOU MHEPIIUAJILHON
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cucteMe. OOLIYHO XK€ MCXOMHAS CUCTEMA OTCYETA B MEXAHUKE CUMTAETCS
MHEPIUAJILHON, a €€ HEMHEPIINAJIbHOCTD CIENNaJIbHO OrOBAPUBAETCS.

HeusMmeHHOCTD 3aKOHOB MEXAHUKY IO OTHOIIIEHUIO K ITPe00pa30BaAHUSIM
(2) MOXKeT BBIpaX)aThCs PA3IUYHBIM 00pasoM. Kcnu niis ypaBHeHuit, cooT-
BETCTBYIOIIAX 3TUM 3aKOHAM, IIPU IIEPEXOle K HOBOU CUCTEME OTCUETA,

1) He MeHseTCS UX CTPYKTYPA,

2) He MeHsAeTCs BUO QYHKIIMA OT KOOPAUHAT, CKOPOCTEN U YCKOPEHU,
GUTypUPYIOIINX B YPABHEHUSAX (UMY SABJISIOTCS CUIIBI, YHEPTUS, KOJTUIECT-
BO IBUXEHUS U NPYTHUe MEXQHUUIECKUE BEJIMUUHEI),

TO YPABHEHUSI UHBGPUAHMHbL TIO OTHOIIEHUIO K 33JaHHOMY Ipeodpa3oBa-
Huto. [Ipumepom cnyxaT ypaBHEHUS

d?r
my dt21 =—k(l+7r1—12),
: )
r
mo dt22 = —k(ro —r — 1),

Hern3MEeHHBIE 1IpH JII060oM npeobpasoBarun (2) (cMm. Takxke yup. 1).
YpaBHenue, onucwiBatoiiee kojebanus komen CarypHa, u3 m. 3 § 2
ri. |
d?r r
Mg ——a — M1M2
az (r2 + R2)%
WHBAPUAHTHO TP KCABUTES BpeMeHU t* = t + a, HO u3MeHIeT CBOI (GOpMY
MIPU «CIABUTES> KOOPAWHATHI r* = 1 + a:
d?r* r* —a
My —— =~yM1 M
2 7 1 2 ((’r* . (1,)2 —|—R(2))3/2 )

dt?

B TOM CMBICJIE, UTO BEIPAXKEHNE, CTOSIIEE B €r0 IMPABON 4acTh (T. €. CUiIa),
KaK (QYHKINS KOOPAMHATHI 3AMMCLIBACTCS MHAYUE, UYeM B MCXOOHOM YPaB-
Henru. PoOpMa 3aMUCH yPABHEHUI MEXAHWKU, TEPSIOIAas CBOMCTBO 1), HO
COXPAHSIONIAs CBOUCTBO 2) MpHU NMpeobpa3oBaHusax (2), HA3BIBAETCS K06a-
puarnmuot. VI3 mokoopouHATHON 3amucu ypaBHeHUn (1) HEMOCPENCTBEHHO
CIleyeT WX KOBAPMAHTHOCTH OTHOCHTENBHO mpeobpasoBanuil (2) (omHAKO
npu 6oJiee CIIOXKHBIX MTPeoOPaA30BAHUIX MCXOMHOW CUCTEMBI OTCUEeTa, Ha-
pUMeED, IIPU HePexone K MUINHAPUIECKIM U CHEepPUIeCKIM KOOPANHATAM,
KOBapPUAHTHOCTD ypaBHEeHU nBuXkeHus B hopme HpioToHa yTpaunBaercs).

2. YpaBHeHus nsumxkeHus B dopme Jlarpamxka. Ypapuenus Jla-
rpaHxa — ymoOHas 3aMrCh BTOPOrO 3aKOHA HBIOTOHA, KOBAPUAHTHAS TIO
OTHOIIIEHUIO K TOpasno 60jiee IMIPOKOMY KITacCy TpeoOpa3sOBAHUMN CUCTEM
oTcueTa, Hexenn (2) (KOBApUAHTHOCTD TIOHUMAETCSI B TOM K€ CMBICIIE, UTO
U TIpu IpeoOpa30BaHUAX MHEPUUAIbLHBEIX cucTeM). lloscHuM, Kak mosyda-
IOTCS OTU YPABHEHNUS, HA IIPUMEPE CAMOU MMPOCTON MEXAHUUIECKOU CUCTEMBI,
COCTOSIIEN W3 OOHOM MaTEPUAILHON TOUYKM, COBEPIHIAIOIIEN OMHOMEDPHOE
nBUXeHne. B mcXomHOW MHEPIUAIBLHON CUCTEME KOOPAUHAT OHO OMUCHIBA-
eTCsl ypaBHEHUEM

d’r dr
- _=F — ) 4
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[IycTs 3amano mpeobpasoBanue koopaunat r(t) = r(q(t),t), roe q(t) —
HOBasl KOOPAWHATA, MATEPUAIBLHON TOUKM. [IJIs ee CKOPOCTHU Oy YaeM Ciie-
mytolee BeIpaxkenue depes byukuuun r(q) u g(t):

U_@_g'-l-g
_dt_ﬁqq ot

3nech ¢ = dq/dt — «CKOPOCTB®» TOYKM B HOBBIX KOODAMHATAX (5TO B 00-
IIEeM CIIy9ae y2KE HE PeAJIbHAd KMHEMATHYCCKAsd CKOPOCTh, & BCErO JINIIb
XapaKTEePUCTUKA, TEMII U3MEHEHUsS KOOPIUHATHI ¢ TOUYKU CO BPEMEHEM).
«HacTosmas» xe CKOpOCTb ¥ B HOBOW CHUCTEME OTCUETa, B OTJIMYIUE OT
CTapOl, CTAHOBUTCS COMIIACHO (D) PYHKIMER KOOPANHATEL ¢ U CKOPOCTH (¢,
T. . v = v(q, ¢, t). Beruucnum Temepb yCKOpeHUe TOUYKU W B HOBBIX KOOD-
IUHATAX, IPENCTABAB €r0 MPEABAPUTEILHO B SKBUBAJICHTHOM BIIC:

w_ﬂ_dv 1 dvor 1 i /Uﬁ —vi@
Cde2 dt " Oq dt Oq |

()

dat or/0q dt 8q or/0q
[Iponuddepenruposas (5) Mo ¢, TOTYyIUM
or Ov
5= 90"
T. €. BRIPAXKCHIE [JIA IPEoOpPA30BaAHM IEPBOTO YJICHA, B KBAPATHEIX CKOO-
kax. Iljs BTOporo usena, yuurhiBas (5), ©MeeM IEMOYKY PABEHCTB

iar(q(t),t)_azr_Jr@zr_g @ng _Ov
dt g 02?1 8qot  oq |ag? T 6t T 8q-

I/ICHOJIB3Y$[ ABa IIOCJICEOHUX PAaBEHCTBA, IIp1UOeM K OKOHYaTEJIbBHOMY BEI-
PaXKEHUIO

| d 0(v?/2) 0(v?/2)
NONCTABUB KOTOPOE B (4), MOIyYnM ypaBHEHUE
d O(mv?/2) O(mv?/2) . or
— — = F —.

B (6) Bemuuuna F'(q, ¢, t) — cua, CTOSIIAs B IPABON YacTu ypaBHeHus (4),
HO 3aIIMCAHHAS B HOBLIX KOOPOMHATAX, 3aBUCUMOCTD €€ OT apryMEHTOB ¢, ¢,
t B of1em ciryuae He Takas, Kak OT r, 7, t. Y paBHenue (6) — mpocreiiiee
ypaBHeHue npuxenns B hopme Jlarpamxka. B ero nepoit yactu mom 3HaKamMu
nupPepeHIMpPOBAHNSA CTOUT, OUEBIUIHO, KNHETUIYECKAS SHEPT A TOUKM, a B
IPaBON — MEMCTBYIOMIAs HA Hee CUJIa, YMHOXEHHAs Ha Beauuuny Or/dq,
XapaKTePU3YIOLIYIO CBA3b MEXKAY CTAPLIMU U HOBBIMU KOODIUHATAMIA.
[Tpy TpexMepHOM NBUXEHWU TOYKKA BMECTO KOOPAWHAT I, Y, 2 HEOOXO-
IVMO BBECTU TPU HOBLIE KOODAWHATEL 1, §2, ¢3. IloBTOpUM paccyxneHus,
IPEIIeCTBOBABIIME BEIBOAY (6), HO BO3bMEM B KauecTBe v, w, F' mooue-
PEIHO Vg, Uy, Vz; Wy, Wy, Wz Fy, Fy, F, — COOTBETCTBEHHO IPOEKIINN
CKOPOCTH, YCKOPEHUS U CMIIBL. PacCMOTpUM MOOYEpPEnHO UX KaK (PYHKIUN
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apryMeHTOB q1, 1, t; Qo, g2, t; g3, ¢3, t ¥ TIONCTABUM MOJIYYeHHBLIE BHIPAXKe-
HUSI B 3AMUCAHHBIE TIOKOOPAWHATHO ypasHeHus Hviorona m dv, /dt = F,,
mdvy /dt = F,, mdv,/dt = F,.
B pesynbrare mpumem yxe K TPEM yPABHEHUSM, AHAJIOTUIHBIM (6).
Hampumep, nmepBoe n3 HUX UMEET BUI
d oI 0T oz oy 0z

Rl N Jt R (Rl
dt 0¢1 Oq o Y oq oq

roe T = m (v2 + vz + v2)/2 — KWHeTUYECKas SHEPTUs TOUKM.

(7)

N3 sTux mpuMepoB SICHA MPOIENypPa IS OOIIEro Ciiydas TBUXKEHUS
N TOuek, MOJIOXKEHNE KaXION U3 KOTOPBIX OMPENessieTCs] TPeMsT KOOPIIU-
maramu z;(t), y;(t), zi(t), t =1,..., N (BLIKJIaIKU BIOJIHE CXOXU C TEMH,
YTO UCIIOJIB30BAIUCH pu nostydenuu (6), (7), u He NPUBOOSITCS BBUMY UX
rpomosnkocTu). [lepexon x HOBBIM KOOPAMHATAM 330A€TCS IIPOU3BOIbHBIM
mpeobpa3oBaHUEM

T; = xi(qla .- -:QnBt)v
vi = vi(q1, .-, qn3t), (8)

zi = 2i(q1,. .., qn; ),

roe i =1,...,N, n=3N.B (8) Bemuunss! ¢;, 1 < j <3N, — Tax Ha-
3BIBaEMEIE 0000wennvlie Koopdunamet. Ux obliilee umcio, Kak m B CTApPOR
CHCTEeMe OTCYeTa, eCTeCTBeHHO, paBHO 3/N. IIpu mepexone x xoopamHATAM
q; mobas cTapasd KOOPAMHATA MOXET 3aBUCEThb, BOOOIE IOBOPSA, OT BCEX
HOBBLIX (KK, HAIPUMED, B CIy4ae Mepexona OT JeKAPTOBBIX KOOPIUHAT I,
Y, Z K chepuueckuM KOOpAMHATAM p, @, ). [lo3TOMy B mMpaBBIX 4aCTAX
dopmys (8) mpemycMOTpeHA 3aBUCUMOCTD OT BCEX BEJIMUUH ;.

[Tocne momcuera «IpoOeKNuins> (TOUHEE, KOMIIOHEHT ) BCEX BEKTOPOB U,

Wi, F’,, +=1,..., N, Ha BCEC HOBBIC «KOODJUHATHEIC OCI» (;, IOOCTAHOBKI
TTOJTY YEHHBIX Bpra}KeHI/IeI/I B IIOKOOPAMHATHEIE Y DABHEHI (1) m ux cymmu-
POBAHUS IO UHAEKCY ¢ TP GUKCUPOBAHHOM 3HAUECHUN j TPUXOAUM K OOILIIM
ypasnwenudam Jlaepamnrca

d 0T 0T
—— — — =9, ) =1,...,n. 9
dt aqj 8%’ I J " ( )
B (9), xax u mpu N = 1, Benuuuna T — KUHETUUIECKAS SHEPTUS CUCTEMBI
mv? N ;- 7
AL 1V " Uy .
T - Z DL AL S NN

=1 =1

3aIMCaHHAsd B KOODAWHATAX ¢;. Bemmauner

il ox; 0y N
(I)' = F@w_l Fz = Fzz ﬁl P B
=2 ( dg; g g > Zl @.4¢

=1

(10)

MOXHO [IOHIMATh KaK BBIPDAXKEHHEIE B KOODIWHATAX ¢; «IIPOEKIums cuil F;
Ha OCU ¢; — o0Oobwennvie cuavy (byukuuu |0r;/0q;| — Koadduyuenmoy

7 A. A. Camapcknii, A. I1. Muxaiinos
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- — —

Jlame; gepes A - B 0003HaueHO CKAJIAPHOE NPOM3BeNeHUE BeKTOpoB A u

—

B). B yxasaunoil TpakTOBKe ypaBHeHus (9) mpemcTaBIisiroT cOOON 3amuCh
BTOpOrO 3ak0oHa Hetorona (1) B «mpoeknusx» Ha OCH ¢;.
OHu 3aMeTHO yIPOIAIOTCS B CIyUae, KOTIA, BCE CUITBI TOTEHIINAJIBHEI,

T. e. cymectByer dyukmsa [I(zy,...,ZN;Y1,---,YN; 21, .-, 2ZN; 1) Taxasd,
YTO
oIl o1l oIl :
Fix:_c’?_m’ Fiy:_a_yi; F; :—a—Zi, ZZl,...,N.

[MoncraBum 5Tu Bopaxenus B (10) u momyanm

N
b, = — .
J Z (6:}0@ an + 6yz 8(]]' + 827, an)

i=1
3amensas B mocienHeM paBeHCcTBe B ¢yHkuuu Il crapbie apryMeHTHI HA
HOBBIE, IPUXOAUM K BBIBOMIY, UTO €0 HpaBas YaCTh MPENCTABISIET COOOU

YACTHYIO TPOU3BOMHYIO0 HEKOTOPOU dhyukiuu V (q,t), HA3LIBAEMOR NOMEH-
YUaA0M, IO APTYMEHTY ¢;, T. €.

pyrumMu ciioBaMu, €ClI MCXOOHLIE CUIIBI MOTEHIINAJIbHBI, TO U 0000-
II[EHHBIE CUJIBI IOTEHIINAJILHLI, U ypaBHeHus (9) npuobpeTaioT Bu

d 0L OL
—_——_———= ) =1,... 11
L=T-V. (12)

[Ipw nomyuenun (11), (12) yureno, uro dyukuus V (q,t) He 3aBucuT OT
¢, u mosromy 0L/0q; = 0T /0¢;. B ypaBrenusx Jlarpamxa (11) Bemuunna
L — pa3HOCTh KMHETUYECKON U TMOTEHIMAJIHLHON SHEPTUN CUCTEMBI, BbI-
PaXKEHHBIX B HOBBLIX KoopauHaTax. Ee mHaswBaroT @ywxyueti Jaepanica,
AGZPAHHCUAHOM U KUHEMUBECKUM TLOMEHUUAAOM CUCTNEMbL.

Ypasuenus (9), (11), monyuenusie u3 ypasaenuin Heiorona (1), koBa-
PUAHTHEIL, KaK CIENyeT U3 UX BUOA, OTHOCUTENLHO IPOU3BOILHOIO MPeod-
pazoBanus (8) MCXOMHON CUCTEMBI OTCUETA, 8 BXONAIINAE B HUX (DYHKIIUN
UMEIOT SACHBIN MEXaHUYEeCKUN CMBICI. I UX HANMCAHUSA MPUMEHUTEb-
HO K KOHKPETHOW CUCTEMe HEOOXOMUMO BHIMIOJIHUTE CIIEAYIONINE NeNCTBU:
BEIOpPATH HE3ABUCUMBIE KOOPIAUHATHI (1, . - - , n; HAUTU OOOOITIEHHBIE CUJIBI
(10) xak HyHKIMM HOBBIX KOOPAUHAT (€CIIM CUIIBI MIOTEHIIAAIIBHEL, TO 3TOTO
NIeJIaTh He HYXKHO); BEIPA3UTh B HOBBIX KOODAUHATAX KUHETUUECKYIO SHED-
ruto T’ v moTeHIuaabHy 0 SHepruto 11 u HaiTu marpamxuan (12) (B ciayuae
NOTEHIMAIBHBIX CHJI); TIOACTABUTH MOJydYeHHbIe Beipaxenus B (9), (11).

OTa cTapmapTHAs MPOIENYPA HASBIBACTCS AA2PARHCEBLIM (POPMAAUS-
mom. Ilocie ee peanmusanuum nmosydyaeTcs cucteMa u3 3N nuddepeHInarb-
HBIX YPaBHEHUI BTOPOTO MOPSIKA I KOOPOUHAT (1, ..., (,, BCELIa pas-
peruMasi OTHOCUTEIBHO UX BTOPBIX MPOU3BOMHBIX:

(jj :Gj(q,q',t), j:1,2,...,n. (13)
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IIpn m3BectHbIx HauambHBIX 3HauUeHmsax ¢;(0), ¢;(0), j=1,...,n,
ypaBuerus (13) maioT BO3MOXHOCTL ONMUCATH IBUXKEHUE CUCTEMBI B JIIO-
oont MoMeHT ¢t > 0, T. €. pEIIUTHL OCHOBHYIO 330341y MEXAHUKN.

[IpeumyiiiecTBa JarpaHXeBa MOMXOMA 3AKIIIOYAIOTCI B €r0 eIuHO00-
pasun (KOBAPUAHTHOCTD), B IMOJYUYEHUN OTHOCUTENILHO IIPOCTOTO MaTEMAa-
TUYECKOTO ONMCAHNS ABMKCHISA OUYEHD CIIOXKHBIX MEXaHMIECKUX YCTPOMCTB
(Hampumep, pOOGOTOTEXHUUECKUX) B MPOU3BOJILHBIX CUCTEMAX OTCYETa (B
TOM 4YKCIIe, KaK BUAHO 13 (8), 1 B HEMHEPIUAIILHBIX cUCTeMax 6e3 BBeme-
HUS MOTIOJTHUTENBHBIX CUJI MHEPIUH). 3aMeTUM, 94TO ypaBHeHus (1) Takxke
MOTYT OBITH BLIMMCAHLI B BUIE, KOBAPUAHTHOM IO OTHOIIEHUIO K IIPeob-
pazoBanusaM (8). OOHAKO OHU HE PA3PEIIaOTCs OTHOCUTEIBLHO CTAPIIUX
TIPOMBBOMHBIX U CONEPKAT TOpasfno 0osbliie (0 CPABHEHUIO C yPABHEHUEM
(9)) dyHKIMIT OT HOBBIX KOODAUHAT, HE UMEKIINX K TOMY XK€ IIPOCTOrO
MEXaHUIECKOI'O CMBICIIA.

E1ie onao nmpenMyIecTBo onucagHoro GopMain3Ma, IPOIBIAETCS IPK
U3YYEHUN CUCTEM C METLAHUYECKUMY CEA3AMU (BO BCEX MPENBIOYIINX PaC-
CYXIEHUSIX [IJIsI YIPOIIIEHNS PACCMATPUBAIIUCH CBOOOMHBIE cucTeMbI). CBsi-
31 HAKJIAOLIBAIOT Ha IBUXEHNIE TOUEK CUCTEMLI ONpeNelIeHHLIe OrpaHnye-
HUs, BEI3BAHHBIC IIPUCY TCTBUEM MATEPUAJILHEIX OOBEKTOB, HEIIOCPEICTBCH-
HO B HEE He BXOOAIIuX. IIpuMepaMu CIyKaT CBA3M U3-3a HAJIMYNS XKECTKON
IOBEPXHOCTH, OTPAHNYMBAIOIIEH IBMKEHNE KATAIIEroCa IO Hell IIapuKa,
IJI HEBECOMOTO XKECTKOIO CTEPKHS, COSIUHAIOIIEr0 IBE TOUCUHBIE MACCHI,
U T. I _

Ces3u 3amatorcs mabopom K cootnorennit suna, fi (7, 7,t) =0, 0 <
< k < K <3N, KOTOPBIM [IOJIXHO YIOOBIIETBOPATDL PeEIIeHUe YPaBHEHWUI
Heroroua (1). Camu xe ypaBuenus (1) B 5TOM cityyae MOOUPUIIUAPYIOTCS,
B X NPABLIX YaCTAX cjenyer (IpU HEKOTOPBIX MPEMNOIOXEHUAX O Xa-

pakTepe CBs3€ll) MONCTABUTH BMECTO ﬁ’, BEJIMUNHY ﬁ’z + ﬁz Cuia, R} —
BBIUUCIIEMAs M3 TeX WM WHBIX cooOpaxxeHuu peakyud ceszeti. [loaTomy
npu nonxone HuioToHa onucanre HECBOOOMHBIX CUCTEM IO CPABHEHUIO CO
CBOOOMTHBIME MOYXKET 3aMETHO yCIIOXKHUTHCS.

[Tpu momxone JlarpaHxa peaknuu CBS3€H HJIST OYEHBb IITUPOKOTO KJITAC-

ca dyukuuii fi(7;, ¥, t) yINTHIBAIOTCS ABTOMATUYECKHU, B PE3YILTATE YETO

oGobimenHbie cuist (10) He conepxat B cebe Bemmaume R; (cama mpomemypa
OJIydYeHus: ypaBHeHUR Jlarpanixka MOITHOCTBIO AHAJOTUYHA CIIydal0 CBO-
6omubix cucteMm). Bomee Toro, uncio ypapaenuin Jlarpanxa paBHO KOJIHU-
YEeCTBY TaK Ha3bIBAEMBIX cTemeHen cBobomwl [ = 3N — K u MoxeT ObITh
3HAUUTEIILHO MEHbBIIEe, YeM MJIsI CUCTeMbI 6e3 cBsa3ell. Umeio HOBBIX He3a-
BUCHUMBIX KOODIMHAT ¢;, €CTECTBEHHO, TaKxXe paBHO 3N — K.

WNrak, ypaBuenus Jlarpanxa BeIBOmsATCS u3 ypaBHeHun HvioToHa, m
HaobopoT (ymp. 2). Takum 06pa3oM, JarpaHxeB MOOXOM, KAK U TOMXOI
HebroToHa, MOXeET OBITH MOJIOXKEH B OCHOBY MEXAHUKM.

3. Bapuanmonubsin npuanun I'amunbToHa. B xagecTBe dynna-
MEHTA MEXAHUKU MOTYT PAcCMaTPUBATHCI HE TOIBKO NuMDGEpPEHITNATbHBIE
ypasuerus (1), (9) mwmu (11), cBA3BIBaOIITE MEXAHUYECKUE TAPAMETPHI B
MAHHBIE MOMEHT BpPeMeHH f, HO TakKxXe HEKOTOphIe OOIIre CBONCTBA, Xa-
pPaKTepU3yIoIle OBUXKEHNE MEeXaHUYECKOW CUCTEMBI B HEJIOM, Ha JII000M
MIPOU3BOJILHOM OTPE3Ke BPEMEHU OT tg OO t1. YOemuMcs B 5TOM, aHAIU3U-

7*
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Pyl BEIUYNHY

Q= / Lq(t), d(t).t) dt. (14)

Ha3bIBaeMyto deticmeuem no I'amusvmony wa ompeske [tg,t1]. OueBunuo,
uto (14) saBrsSeTCA QYHKIMOHAIOM, 3ABUCIIIUM OT TOrO, KAK IBUKETCS
CHUCTEMA B MOMEHTHI tg < ¢ < 17.

Bosbmem B (n + 1)-mepuoM npocTpascTse ¢, t nBe Touku Mo(q(to), to)
u Mi(q(t1),t1), 3aduKCUpOBaB TeM CaMBIM MOMEHTHI to, t; U IOJIOXKE-

HUE CUCTEMBI B 9TH MOMEHTHI («CKOPOC-

TU> ¢ B MOMEHTHI g, {1 He QUKCHUpY-

iorcs). U3 touku My B Touky M; cuc-

TeMa, MOXKET IONACTb, IBUTAIChL B IIPO-

CTPAHCTBE ¢, t, BOOOILE TOBOP, IO JIIO-

OBIM KMHEMATUYECKNM BO3MOXKHBEIM TPa-

eKTOPUAM (KIIyTAMS), T. €. IO IIyTIM,

IIOIYCKAEMBIM CYIIECTBYIOLIUMU CB35-

» g, MI& (CM. puc. 37 I ciydas IpOCTPaH-

0 CTBa ¢1, g2, t). IlycTh cpemu sTux my-

Tell UMeeTCs TaK Ha3LIBAEMBIN NPAMOU

nymo (crutoraas nuuus). Ha sHem dbyHk-

Puc. 37 nun q;(t), j=1,...,n, B moboir Mo-

MEHT BPEMEHU MOMUUHAIOTCS YPABHEHM-

am Jlarpamxka (11). OcTanapHbIe Iy TH HA3BIBAIOTCS 0KOAbHbIMY (IIITPUXO-
BLIE JIMHIAN).

Ipunyun I'amusvmona dbopMmynupyerTcs Tak: merctBue () UMeeT Ha,
IPSAMOM IIyTH SKCTPEMAIILHOE [0 CPABHEHUIO C OKOJIBLHLIMU Iy TAMU 3HAUE-
HUE.

OxapakTepusyeM BCE BO3MOXKHLIE IIYTH ONHONAPAMETPUYECKUM Ce-
MeNCTBOM (OYHKIIAT

quQj(taa)a to St <ty |Ol|<6<00, 17=1,...,n,

q1

rae 3HavYeHnio o = () OTBeYaeT MPSIMON Iy Th, & 3HAUEHUIM ¢ 7 () — OKOJIb-
uele myTu. Torna meictsue (14), oueBUIHO, ABIAETCSI QYHKINENA TapaMeT-
pa a:

t1

Q@) = [ Llay(t.0).ds(t.0). 1 dr

to

Bapmnamus () npu BapbUpOBaHUU MAPAMETPA (X €CTh

t1 t1
50 " oL oL .
0Q = =~ da / SL dt / ]Zl ( P, 6q; + 53, 5%) dt,  (15)
to to -

T. €. paBHA CyMMe IPUPAIICHWI, BBEI3BAHHBEIX BAPUAIMEC KOODIUHAT
dq;(t, @) u ckopocreit §¢;(t, a).
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[IpomHTErpMPOBaB O YACTSIM BTOPOU WieH B npaBoit yactu (15), mo-

JIydaeM
t1 t1
“\ 0L "\ (d 0L 0L
30 = — 6(q; —/ (——,— )5 - dt,
to to

I, UCIIOJIB3Y S MEPECTAHOBOYHOCTD OIEPAIINl BAPbUPOBAHUS IO & 1 Aud-
depennupoBanus 0o t:

3(ay) =0 | L | = L 2 ait,0)6a =

OPUXOOUM K PABEHCTBY

"\ 0L d 0L 0L
0oQ = ; 90, 5‘1] /Z (E 24, ) 0g; dt. (16)

d d
T [8_04 q;(t, @) 504] = E&Zja

Jq;

ITo nocTpoenuto Bapuamuu §¢g; () paBHBLI HYJII0 B MOMEHTHI tg, {1, T. €.
paBeH HyJII0 MEPBHIN wieH B npasoul uyactu (16). st mpsamoro myTu mo
OIIPENEeNIEHNIO CIpaBeMNInBhl ypaBHeHus Jlarpamxka (11), mosTomy paBen
HYJII0O TAKXKe M BTOPOH UJIEH.

Taxum obpasom, Ha npsmoM myTu d() = 0. B sTom cocTouT MmaTemaTn-
yecKoe BhIpaxkeHme npuununa ['amunbToHa. Ero eie Ha3LIBAIOT npunyu-
noM HauMeHbULE20 Jeticmeud, TTIOCKOJIBKY OeNCTBIE BIOJL IIPSMOIO IIyTH,
KaK MOXHO IOKa3aThb MPU HEKOTOPBIX HOMOJHUTEILHBIX IIPEOIOI0XKEHN-
SIX, UMeeT HaUMeHbIllee B CPABHEHUU C OKOJLHBIMU IIyTSMU 3HAUECHUE.
st 6omee OOIINX MEXAHUYECKUX CUCTEM (HE MONUUHSIOIIAXCS YDaBHE-
M (11)) cxoxkee yTBepkKIeHUE HA3BIBACTCSI Npunyunom I amuibmona—
Ocmpoepadckozo.

HanmoMumM, 4TO B TEPMUHAX BAPUAIIMOHHOIO MCUUCICHUS YPABHEHU
(11) maswiBaroTcst duddepenyuasbuoimu ypasrenusmy Jiiepa Ny Bapua-
IIAOHHOU 33,1aUN

t1
0Q = 5/L(q,q,t)dt =0,

OPsAMOl IyTh — IKCMPEMAIbIO, & OTBedaroinee emy uuciio Q(a = 0) —
CMAYUOHAPHBIM 3HAUEHUEM PYHKYUOHALG ().

Herpynuo ybenuThCcs B COpPaBEMJIMBOCTUA YTBEPXKICHUS, OOPATHOTO
npuHIuny ['aMuiIbTOHA: €CIu MJIsi HEKOTOPOTO MYTU BBITOIHIETCS CBOU-
cTtBO 0() = 0, TO 5>TOT WyTh sBIIsieTcs npsaMbiM (yup. 3). [losTomy Bece Tpu
PACCMOTPEHHBIX BHIIIE TOAXONa PABHOIIPABHLI M MOT'YT OBITH IOJIOXKEHEBI B
OCHOBY MAaTEMATUYECKOTO OIMUCAHUS MEXAHUUECKUX CUCTEM.

4. 3aKOHBI COXPaAaHEHMs M CBOMCTBA HPOCTPAHCTBa-BPEMEHMH.
Ananus nHTErpalIbHLIX MEXaHUUECKUX XaPaKTEPUCTUK HE CBOTUTCS K GHOp-
MYJIUPOBKE IPUHIATS ["aMUILTOHA 1 Pa3IUIHBIX ero 0600mennit. OH mos-
BOJISIET YCTAHOBUTD U Apyrue GyHIaMEHTAIbHBIE CBOMCTBA MEXaHUTIECKUX
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cucteM. [IpomeMOHCTPUPyeM HEKOTOPBIE U3 3TUX CBOWCTB B CIydae OBU-
}KeHI/Iﬁ B IMIOTEHIIMAJIbHBIX IIOJIAX, KOT'OJa KaK BHEIITHNE, TaK 11 BHYTDCEHHUE
CHJIBI, HeﬁCTBYIOHIHe Ha TO4YKHM CUCTEMBbI, IIOTCHINAJIBEHEIL. I[J'[f[ 3TOI'O IIO-
HaOOOUTCS BLIUMCINTEL Bapuanuioo nericTtsus () Ha Oosiee oOIEM, HEXeIN
COBOKYITHOCTbH MPSMBIX W OKOJILHBIX ITyTE€H M3 M. 3, CEMEWCTBE KPUBBLIX B

(n 4+ 1)-MepHOM IPOCTPAHCTBE q1, - - . , Gn, L.
PaccMoTpuM 5TO OMHOIAPAMETPUIECKOE CEMECTBO
q1 :(h(t)a)a ceey  Q4n = Qn(taa)a (17)

rae o — MapaMeTp, OMHO3ZHAUHO ONPENeSIMIOINi KPUBYIO, B YACTHOCTH €€
HUXKHUI> U «BEPXHUI®> KOHITBI B MIPOCTPAHCTBE ¢, ¢ (puc. 38). Ha myuok
(17) He HAKIIANBIBAETCS KAKUX-JIMOO OTPAHUYEHUN, IOSTOMY KPUBBLIE MO-
I'yT «HAUMHATBLCIS> U KKOHUATHCS> B
pas3HbIe MOMEHTHI BpeMeHU to(a) u
t1(a)  t1(a), mepecekaTbCst MeXIy COBOIA,
pa3Hble KPUBLIE MOTYT COBIAAATH B
HAYAJILHBIE U KOHEYHBIE MOMEHTHI 1
to(a)  T- O. Bapumanus neiicteus

t A

a9 tl(a)

.o 5Q = 6 / La,d,1) dt

to (a)

a1

71
Ha myuke (17) HAXOmUTCSI C TOMO-

Puc. 38 IIIBIO PACCYXIEHUN, BIIOJIHE AHAJIO-

TUYHBEIX TEM, 4YTO HCIIOJIBE30BAJINCH

npu nosydennu (16), OMHAKO COOTBETCTBYIOIINE BEIKIIAIKA TOPA3I0 CIOXK-

Hee, TaK KaK Ha4YaJIbHOEC N KOHEYHOC IIOJIOZKECHUA KPHUBBIX CEMENCTBA B

MIPOCTPAHCTBE ¢, t 3aBUCAT OT mapamMeTpa «. [loaToMy mpuBememM TOIIBLKO

KOHEUHBI pe3ysibTaT: o0Ias Gopmyita st 6() B Ciiydae OOHOIMApaMeTPH-
1eckoro myuka (17) mmeer Bun

O‘ t1 (a)

i d 0L OL
p;6q; — H 6t / (——. - >6q dt. (18
; T Z_: dt 0g;  0Og; ’ (18)
J to(a) to(a) J

Cwmbica byukimit p; u H Gyner pasbsaCHEH HUXe.
OueBnIHO, YTO €CIM HAYAJIA U KOHITEI BCEX KPUBBIX IIYUYKa COBIAIAIOT,
10 6g; = 6t = 0, m u3 (18) cpasy cuenyer (16), nunu npuanun ['amMunbTOHA.
Oyuxnun p; u byskius H Ha3LIBAIOTCS COOTBETCTBEHHO 0606UjeH-
HBLMU UMNYALCAMU X 2AMUADMORUAHOM CUCTEMb. BeTUInHbL p; BBOAATCS
KaK JaCTHBIE [IPON3BONHEIC JIAIDAHKMAHA 110 CKOPOCTSIM ¢

OL . .

I B NPOCTEUINEM ClIydae OBUXKCHUS TOUYKM B INEKAPTOBBIX KOODAUHATAX
B CTAIMOHAPHOM NOTEHIMAILHOM noje (byukmus II u3 n. 2 me 3aBucur
SBHO OT BPEMEHH) COBIAINAIOT C IPOEKIUSIMU KOJIUIECTBA IBUKEHUS HA
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ocu z, Yy, z. B cuny He 06CyX)maeMBIX 3/1eCh OOIIUX CBONCTB JIArDAHXKUAHA,
cooTHomternust (19) MOryT ObITH paspelleHbl OTHOCUTENIBHO OOGOOIIEHHBIX
CKOPOCTeI:

q; = h](Qapa t):
T. €. CyILIIeCTBYE€T B3alIMHO OI[HO3HanHbII71 nepexon OT JIa'PaHXKEBBIX IIepe-

MEHHBIX ¢, ¢, I K TaK HA3bIBAEMBIM 2GMUADMOHOEbIM NEPEMEHHBIM ¢, D, T.
Oyukrus H onpenensercs paBeHCTBOM

H(q,p,t) Zpgqg L, (20)

rae jgarpaHxuaH L m 0000meHHBIE CKOPOCTY BBHITMCAHLI B IIEPEMEHHBIX (,
p, t. 'aMunbTOHMAH UrpaeT BaXHYIO POJIb IPU U3YUYCHUU MOTEHIIUAIb-
HBIX IBUXEHUN, B Y4CTHOCTH IOTOMY, 4TO 13 ypasHenui Jlarpauxka (11)
HOJIyYAIOTCS yPaBHEHUs NBUXeHUS B popme ['aMunbToHa (KaHOHUYECKUE
yPaABHEHUS )

j=1,...,n, (21)

u Ha060poT (yup. 4). Pyukius H uMmeeT sICHBIN MEXAHUYECKUI CMBICIT: €CJIH
Ipeo6pPa30BAHMS NCXOLHON CUCTEMBI (8) CTAIMOHADHEI (SIBHO HE 3aBUACST OT
t), TO B J1I060M MOMEHT BPEMEHU T'aMIJIbTOHUAH YKUCIIEHHO PABEH TOTHON
SHEPTUU CUCTEMEL, T. €.

H=T+I1=FE.

ITocste »TUX TOSICHEHUHA YCTAHOBUM CBSI3b 3aKOHOB COXPAHECHUS B Me-
XaHIKE CO CBOMCTBAMU HPOCTPAHCTBA 1 BpeMeHn. PaccMoTpuM omHOIapa-
MeTpUuYecKoe Mpeodpa3oBaHNEe CUCTEMBI OTCUETA ¢, t

Q;k — ()Oj(th7a)7 .7 — 17 RN LD t* — 1/)((],15,06) (22)

TakKoe, YTO OHO TOXKMIeCTBeHHO npu « = 0 u IJ1s HEro cymniecTByeT obpaTHOE
mpeobpa3oBaHUE.

I[IycTs marpamXmaH 3aMaHHON MEXaHUUECKON CUCTEMBI, MBUXKYIIEH-
Cs1 B MOTEHIUAJILHOM I10JIe, MTHBAPUAHTEH OTHOCUTEJILHO IIPpeoOpa30oBaHUN
(22). OTO0 3HAUMT, YTO HOBLIN Jlarpamxkuan L*(q¢*, ¢*,t") He 3aBUCHT OT «
1 KaK QyHKIuI ¢*, ¢*, t* uMeeT TOT Xe BUO, YTO U UCXOMHBIN JIATPAHKMAH
B IIEPEMEHHLIX ¢, ¢, t. Torma cymecTByeT GyHKIUSI OT P, ¢, t

¢(¢,p, 1) Zpg(a%> —H<%> : (23)
a=0 a=0

HE MEHSIOIIAs Ha MPSAMBIX MyTsSX CBOErO 3HAUEHUs C TEUYEHUEM BPEMEHU
(mepBeiit uHTErpan aBuxkenus). B (23) p;, H — cooTBeTCTBEHHO 0600IIEH-
Hble UMIyIbCH (19) u raMmunbToHnan (20), 3aNKMCAHHLIE B IEPEMEHHBIX P,
q, t.

CxeMa moKa3aTenbCTBa CHOPMYIUPOBAHHOTO YTBEPKIAEHUS (TeopeMa,
Hérep) Boirmsaout Tak. B mpocTpancTse ¢, t Buibupaercs kpusas ¢(t), Ha
koTopout 6¢) = 0, T. e. OTBEUAOIIAS YACTU HEKOTOPOrO IMPSIMOrO IyTH Ha,
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oTpeske [to,t1]. B coorBeTrcTBUM ¢ (22) 5Ta KpUBas «IOPOKIAET> B IPO-
cTpaHCcTBe ¢*, t* cemeiicTBO KpuBbIX ¢* (t*, ). Ha Hux, B cuiy uHBapuanT-
HOCTU JIArPAHKIAHA, BAPUALIS JEICTBU PABHA, HYJIIO IIPU BCEX 3HAUCHMIX
a, win, o ¢opmysie (18), mpuMeHeHHOR NI TPOCTPAHCTBA ¢*, t*,

t (o)
0Q= (> pjoqg — H" ot" -
= t5 ()
(o)

"\ d OL* oL

_ 3 — Sgtdr =0. (24
/ ar o og ) =0 (@

t5(a)

j=1 j

Ecnu B (24) momoxuts a = 0, T. €. B3SITh TOXIOECTBEHHOE IIPEO6PA30Ba-
HUE, TO NONLIHTErPAJbHOE BLIPAXKEHME OOpAIaeTCs B HYllb, TAaK KaK B
KOODAMHATAX ¢, t KpuBas ¢(t) — OPsAMOR My Th, U HA HEM YIOBIIETBOPSIOT-
ca ypasuenus Jlarpanxka (11) mna L = L*. 3uaunr, He06X0MUMO, 4TOOLI
BBITIOJTHAJIOCH

i ti (o)

Z(p;‘ oq; — H* t™) = 0.

7= t5(0)] 0o
Orcroma ¢ yueToM CBOUCTB mpeobpasoBaHus (22) HETPYOHO BBIUUCIUTH
0g; m 0t* m, ycTpemus a K Hyinwo, nonyunTh dopmyiy (23). Hockonbky
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